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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of trigo- 
nometrical study suflBciently extensive to enable the student to com- 
prehend readily any applications of trigonometry he may meet with 
in the works of the best modern mathematicians. With this object, 
some topics have been introduced which are not usually found in 
works devoted specially to this subject. 

Among those topics, the most important is the solution of the 
general spherical triangle, or the triangle whose sides and angles are 
not limited, acconling to the usual practice, to values less than 180°. 
The advantage of introducing such triangles into astronomical inves- 
tigations is sufficiently shown in the applications made of them in the 
works of Bessel and other Grerman mathematicians ; and esjxjcially 
in the Theoria Motun Corporum Codestium of Gauss, who was the 
first to suggest their employment. 

The subject of Finite Diflferences of triangles, plane and spherical, 
occupies a large space in Cagnoli's treatise, but has not been admitted 
into more recent works. It here occupies only a few pages, but no 
important result of Cagnoli's Table has been omitted, while a number 
of the formulae are much simj)ler than the corresponding ones given 
by him. 

Although my plan embraces a much more extensive course than is 
contained in the text-books commonly used, I have studiously kept 
in view the wants of academic and collegiate classes; and have so 
arranged the work that a selection of subjects of immediate impor- 
tance may be readily made. The more elementary portions are 
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4 PREFACE. 

printed in a larger type, and are intended to form, independently of 

the matter in the smaller type, a connected treatise which may be 

studied as though it were in a separate volume. 

Those who may afterwards wish to extend their knowledge will 

appreciate the advantage of having the higher departments of the 

subject treated in connection with those fundamental ones to which 

they are most intimately related. 

W. C. 

U. S. Naval Academy, 

Annapolis, Md., May 1, 1850. 



NOTE TO THE FOURTH EDITION. 



In this edition, besides a number of minor changes, and the correc- 
tion of some typographical errors, a very important modification has 
been made in the solution of the equation tan a;=ptan y by series 
(p. 145), which was given in former editions in the usual form as 
stated by all writers on trigonometry. This form was discovered to 
lack generality, and consequently to fail in certain applications, in 
consequence of the omission of the arbitrary term ut: now introduced. 
Several subsequent investigations, depending on this, have in like 

manner been rectified. 

W. C. 
U. S. Naval Academy, AprU 1, 1854. 
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PLANE TRIGONOMETRY. 



CHAPTER I. 

MEASURES OF ANGLES AND ARCS. 

1. Trigonometry is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Aiigidar Analysis. 

3. By the sohitioii of a triangle, in trigonometry, is meant the 
computation of unknown parts of tlie triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement : a method of inferior accuracv, on account of the 
unavoidable imperfections of the instruments em])loyod, and tho 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 
given without a side, because there may be an indefinite number of 
plane triangles, whose angles are equal to the same three given ones, as 

2 U 
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FIG. 1. in Fig. 1, the triangles A B C, A'B'C'y 

etc. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of ^ J5 to ^ C 
is equal to the ratio of A' B' to A^ C, 
'^' etc. ; so that the ratios of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, etc. ; and the number expressing a 
side is the numl>er of units of the adopted kind that the side con- 
tains. 

5. The units by which angles are expressed are, the degreCy minute^ 
and second; distinguished by the characters ° ' ". 

A degree is an angle equal to ^ of a right angle ; or a degree is 

^^ of the whole angular space about a point, or ^-^ of four right 

Fig. 2. angles. Thus, Fig. 2, if the angular space about 

O is divided into 360 equal parts, of which AO B 

is one, then AO B \fi one degree. The right angle 

,B will be expressed by 90° ; two right angles by 

180°, and the whole angular space about a point 

by 360°. 

A'n A minute is an angle equal to ^ of a degree. 

Therefore, 1° = 60' ; and a right angle == 90 X 60' = 5400'. 

A second is an angle equal to -^^ of a minute. Therefore, 1' = 
60" ; 1° -= 60 X 60" = 3600" ; and a right angle = 90 X 60 X -60" 
= 324000". 

Angles less than seconds are sometimes expressed by thirds^ 
fouHhs, fifthsy etc., marked '" ^^ "", etc. ; a third being ^ of a second ; 
a fourth, -g^ of a third ; etc. But the more convenient method is to 
express them as decimal parts of a second ; thus tJ^ of a right angle 
will be either 

12° 51' 25" 42'" bV\ etc. 
or more conveniently 

12° 51' 25"-714, etc. 

6. The above division of angles is called sexaffesimal, from the divisor 60 employed 
in the subdivision of the degree. The centesimal division, however, would be prefer- 
able in all cases, but cannot now be generally introduced without, at the same time. 
changing the arrangement of all our tables, the graduation of astronomical and 
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other instruments, charts, etc. Nevertheless, the attempt has been made in France, 
and several standard works exbt in the French language, in which it is employed 
througliout. 

In the centesimal or French division, the right angle is divided into 100 degrees; 
the degree into 100 minutes; the minute into 100 seconds, etc. The reduction of 
these denominations from one to the other requires only a change in the position 
of the decimal point; thus, in this system 60® 75^ 84^^-8 is the same as 607684^^*8 
or 60*''75848 or 0« '6075848, the symbol q denoting a quadrant or right angle. 

To convert centesimal into sexagesivuU degrees, since 100** dec. = 90® sex. deduct one- 
tenth from the number of eentesinud degrees. 
Example. Reijuired the numl)er of sex. degrees in 85** 47^ 43^^ dec. 

8o®-4743 cent. 
Deduct iV ■=. « -^^TiS 

76°'92687 sex. degrees and dec. parts. ^ 

55^-()122 
36^^-732 

or 76® 55' 36''-732 sexagesimal. 

Td convert sexagesimal into centesimal degrees^ since we must take ^ of the sex., divide 
by 9 and move the decimal point one place to the right. 

Example. Required the number of centesimal degrees in 76® 55' 36'''732 sex. 
Reducing the minutes and seconds to the decimal of a degree, we have 

76°-92687 .sex. 
^ of which is 85®'4743 cent, 

or 85® 47' 43" centesimal. 

To distinguish the degrees of the centesimal from those of the sexagesimal division, 
the former are frequently called grades^ and are denoted by the character « instead 
of ® ; thus the preceding angle would be 85^ 47' 43". 



Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to the 
arcs of the circumference intercepted between their sides, these arcs 
may be taken as the measures of the angles, and we may express 
both the arc and the angle by tlie number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a sec- 
ond, respectively, at the center. A degree of arc is thus always 
yj-g^ of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of 
an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle AOA^, Fig. 3, and its measure, the 
quadrant A A', are therefore both expressed by 
90^ ; the semi-circumference by 180°, and the 
whole circumference by 360°. """-^JT 

8. The radius of the circle employed in measuring angles is then 
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arbitrary, and we may assume for it such a value as will most sim- 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degrees, 
minutes, etc. 

The semi-circumference of a circle whose radius is unity is known 
to be 3'14159265; or, the radius being 12, the semi-circumference is 
314159265 i?. Hi^nce 

Wheni? = l 
Arc 180° = 3-14159265 22 =3*14159265 
" lo =0-0174532931? =0-017453293 
^ V =0-00029088821? =0-0002908882 
" 1'' =0-000004848137 12 = 0-000004848137 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulae 

Arc ir = 0-01 7453293 a;° 
= 0-0002908882 x' 
= 0-000004848137 a:". 

As these factors for finding the length of an arc are often used, it 
is convenient to have their logarithms prepared.* Thus 



Arcx = 



.T° 



x' 
x'' 



8-2418774 

6-4637261' 

= [4-6855749' 

in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a; = 38° 17' 48'', the 
radius being = 1. 

38° 17' 48"= 137868" log. 5-1394635 

Log. factor for seconds 4-6 855749 
a; = 0-6684031 log. or "9^250^84 

10. To find the number of degrees, etc, in an arc equal to the 
radius. 

We have, from the preceding article. 



* The logarithms in tlie examples of this work will l)e taken from Stanley's Tables, 
(published in New Haven, by Durrie and Peck,) the best tables of seven-figure logar- 
ithms yet publishetl in this country. 
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1 RO^ 

^= 3^-14159265 ='"°-2«^^^«^ 
= 3437'-74G77 = 206264' -806 

11. The angle at the center measured by an arc equal to the radius, is oflen taken 
as the unit of angular measure, as this angle will be of an invariable magnitude, 
whatever is the length of the radius. If x is the number of such units in a given 
angle, the number of degrees, etc., in it will be found by multiplying by the value of 
the radius in degrees, etc., found in the preceding article. Thus, 

x° =xiJ° =57<>-2957795 z= [1-7581226] x 
j/ =xR' = 3437^-74677 x = [3-6362739] x 
x'' z=zW = 206264''''-806 x = [5-3144251 ] x 

Reciprocally, the angle being given in degrees, etc., we reduce it to the unit radius, 
by dividing by /2°, R\ or R'^, thus, 

^~ R''~ R'~ R'' 

which is evidently the same as multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the length 
of the arc which measures the angle in the circle whose radius is unity. Hence, an 
angle thus expressed is said to be given in are. If we put (as is usual) 

IT = 3-14159265 - • - 

TT is the circular measure of two right angles, or it is the expression of two right angles 
in arc In trigonometry it is therefore common to employ tt to denote an angular 

IT 

magnitude of 180° ; — a right angle ; 2 it four right angles, etc 

12. The complemeyit of an angle or arc is the remainder obtaine<l 
by subtracting the angle or arc from 90°. 

Tlie siippletnent of an angle or arc is the remainder obtained by 
subtracting the angle or arc. from 180°. 

Thus the complement of 30° is 60° ; the supplement of 30° is 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° — 120° = — 30°. In like manner the supplement of 200° is 
180° — 200° = — 20°. 
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CHAPTER II. 



SINES, TANGENTS, AND SECANTS. FUNDAMENTAL FORMULA. 

14. Having expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in computa- 
tion. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
Fig. 4. that of right triangles. Let us therefore 

consider a series of right triangles, ABC, 
A J5' C, A JB" C", etc., Fig. 4, which have 
a common angle A. The angles at JB, 
J5', J5", being also equal, the triangles are 
similar ; and by geometry 

BC:AB = B'C' iAB' = B"C'' : AB" 
or by the definitions of ratio and proportion, 

BC JS'C jB"C" 




AB AB' AB 

In like manner it follows that 

BC ^B'C _ 

AC AC'^ AC 



n 



iinii 



B''C 



Ml 



and 



AB AB' AB 



AC AC AC 



n 



^11 



Hence it appears that (he ratios of the sides to each othei^ are the 
same in all right triangles having the savie acute angle ; and, therefore, 
if these ratios are known in any one of these triangles, they will be 
known in all of them. 

These ratios, then, depending on the value of the angle alone, with- 
out regard to the absolute lengths of the sides, may be considered as 
indices of the angle, and have received special names, as follows : 

15. Tht SINE of the angle is the quotient of the opposite side divided 
by the hypotenuse. 
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Thus, in the right triangle A B Cj Fig. 5, fio.s. 

if we designate the sides by the small letters 
a, 6, c, we shall have, (whatever the absolute 
length of the sides) 

sin A= -9 sin -D = - 
c c 

16. The TANGENT of the angle is the quotient of the opposite side 
divided by the adjacent side. 

Thus 



tan-4 = 7> tan-6=- 
6 



a 



17. The SECANT of the angle is the quotient of the hypotenuse divided 
by the adjacent side. 



Thus 



sec ^=75 sec-D = - 
6 a 



18. TTie COSINE, cotangent, and cosecant of an angle, are re- 
spectively the SINE, TANGENT, and secant of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other; 
therefore, according to the preceding definitions, we shall have 



sin A = cos B = - 

c 



^ 



tan A 



cotJS=7 
6 



cos A = sin B = - 

c 

A rt b 

cot A = tan Ji = - 

a 



sec A = cosec B = 7 

6 



cosec A 



sec B= - 
a 



(1) 



• c . a 

19. Since - is the reciprocal of -> it follows from the first and last 
a c 

of these equations, that the sine and cosecant of the same angle are 
reciprocals ; and from the other equations, also, that the cosine and 
secant, the tangent and cotangent are reciprocals. That is, 



sin A = 



1 



cos A = 



tan A = 



cosec A 
_1 

SQC A 

1 

cot A 



cosec A 



sec A 



1 



cot A = 



sin A 

1 
cos A 

1 
tan A 



(2) 



or more brieflv, 

sin A cosec A = cos ^ sec ^ = tan A cot ^1—1 



(••!) 
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Sines, Etc. of Arcs. 

20. Tht sine^ tangent^ and secant of an 
arc are respectively the sine^ tav(/ent, ana 
secant of the angle at the center measured 
by thai arc Thus, Fig. 6, 

BC 



^xn AB = ^\xi AO B = 



OB 



Am 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are aisc 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines, 
Representing the arc AB^ or angle AOBy by a:, we have, when (J A 
= 0B=1, 

. BC BO n^^ 

sm X = -— - = — — = BC 

OB 1 

i2inx=j-^=^=AT 
OA 1 



OT OT 



sec X = -— - = 



OA 



1 



OT 



and from the arc A'B=^ 90° — x we find in the same way 

cosx = BD=OC 
cotx=AT 
cosecz= OT' 

Therefore, in the circle whose radius is unity, the sine of an arc, 
or of the angle at (he center measured by that arc, is the perpendicular 
let fall from one extremity of the arc upon the diameter passing through 
the other extremity. 

The trigonometric tangent is that part of the tangent draton at one 
extremity of the arc, which is intercepted between that extremity and the 
diameter (produced) passing through the other extremity. 

The secant is that part of the produced diameter which is intercepted 
between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In a circle of any other radius than unity, the trigonometric 



FUNDAMENTAL FORMULA 17 

functions of an arc will be equal to the lines drawn as above, divided 
by that radius. 

The properties here stated have heretofore been used by most 
writers upon trigonometry as definitions, but without limiting the 
radius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besides the fanctions already defined, others have been oocasionallj employed 
to facilitate particular calculations, as the versed «in€, which in the circle is the portion 
of the diameter intercepted between the extremity of the arc and the foot of the sine ; 
thus, Fig. 6, the versed sine of ^ J? is ^ C, or the radios being = 1, 

ver8ina: = l — cosx (4) 

by means of which formula we may always substitute versed sines for cosines, and 
reciprocally. 

The coversed gine (covers.) is the versed sine of the complement, and suversed sine 
(suvers.) is the versed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

ch / = 2 sin ix (6) 

which is evident from Fig. 6, where if the arc BB^ = Zy we have chord B B^ = 
2BC=2fi\nAB. 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, etc., commonly designated by the comprehensive 
term trigonometric functions.* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulse and methods by which 
these tables are rendered available. 

Fundamental FoRMULiE. 

24. driven the sine of an angle, to find the cosine. 

From the right triangle ABC, Fig. 7, we ^0.7. 

have by geometry a^ + b^ = c^ 
Dividing by c*, this equation becomes 




1 



* Also trig<mometric lines^ from the properties explained in Art. 21. 
3 b2 
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or, by the definitions of sine and cosine (1), 

sin^ A + cos' A = l (6) 

in which the notation sin* A signifies " the square of the sine of -4.*' 
From this formula, if the sine is given, we find 

cos* -4 = 1 — sin* A = {1 + sin A) (1 — sin A) 

cos ^ = p/ (1 — sin* A)=i/ [(1 + sin A) (1 — sin A)] 

and if the cosine is given, we find 

sin -4 = |/ (1 — cos* A)= y [(1 + cos -4) (1 — cos -4)] 

25. Given the sine and cosine of an angle, to find the tangent. 

By (1) we have 

a 



also 



therefore 



tan^ = 



sin -4 a ^ b 

■ • 

cos Ace 

. sin A 
tan A= 

cos A 



a 
b 



And since the cotangent is the reciprocal of the tangent, 

, . cos A 

cot -4 = - — 

sin A 

26. CUven the tangent of an angle, to find the secant. 
The right triangle ABC, Fig. 7, gives 

c2=6» + a* 
Dividing by i*, this becomes 



1 + 



a' 



(7) 



(8) 



(9) 



(10) 



(11) 



(12) 



6* "" ^ "^ 6* 

or, by the definitions of secant and tangent (1), 

sec* -4 = 1 + tan* A 

This formula applied to the complement of A gives 

cosec* -4 = 1 + cot* A 

27. The preceding formulse are also 
directly obtained from Fig. 8. If the 
angle AOB,ot the arc A B, be denoted 
by X, the right triangle OBC, gives 

JSC*+Oe* = OB* 

or remembering that the radius is unity, 
by Art. 21, 

sin* X + cos* a; = 1 (13) 




AHf 
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The triangle 0J5C gives by the definition, Art. 16, 

BC 



\SinAOB = 



OC 



* sin a: . 

or tan x = (14) 

cos a: 

Since the angle BOD is the complement of BOC^ tan BOD = 
cot.r, and the triangle BOD gives 

tan BOD = ?^ = ^^ 

OD BC 

. cos a: . V 

or cot 2? = -;^ — (15) 

sin a; 
In a similar manner the triangles A01\ A' OT' give 

sec^ a: = 1 + tan^ a; (16) 

cosec^ a; = 1 + cot* x (17) 

28. The following equations are easily demonstrated by combining (13), (14), 
(15), ^16), (17), and employing the property of the reciprocals (2). They are of 
frequent use. 

1 ^ tan X oosx ..|«N 

(19) 

(20) 
(21) 
(22) 

(23) 



(24) 
(25) 
(26) 

29. To find the sine, etc. of 30° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2AB = 60°. By 
Art. 21, sin AB = BC, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1 ; therefore 

2sin30°=2BC=J?J?'-=l 

whence sin 30° = J = cos 60° (27) 





sm X ■ 


lan X 

cosecx 


c« 


sx - - - 

sec X cot X 




C08Z- 


— — cot X sin 

sec X 


cot X sin X 
cosec X tan z 


sinz 


— V 


(1 — cos' x). 




cos X |/ (1 — sin' x) 


secx 


= V 


(l-ftan'^x). 


( 


cosec X — |/ (1 -f cot' x) 


tanz 


= V 


(sec* X — 1), 




cot X — 1/ (cosec* z — 1) 




sin 


• tanx 




1 




V (1 + ^an' 


x) 


1/(1 -h cot' x) 




COB 


cot X 




1 




|/ (1 -j- cot' 


^) 


V (1 + tan'x) 




tan 


sin I 




1/(1 — c(^* x) 




1/ (1 — sin' 


X) 


cosx 




cot 


COST 




1/ (1 — sin' z) 




1/ (1 — cos' 


x) 


sinx 
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and by (7) 

cos 30° =!/[(! + i) (1 ~ J)] = |/(i X J) 
whence cos 30° = ^ >/ 3 = sin 60° 

Then, by (9) and (2), 

tan 30° = ?i^5° =7-*-. = — -= cot 60° 
cos30° i]/3 1/3 

cot 30° = - - - = v^ 3 = tan 60° 
tan 30° ^ 



sec 30° = 



cosec 30° = 



- — —— = — - ^ cosec 60° 
cos 30° 1/3 



1 



= 2 =- sec 60° 



(28] 



(29; 

(3o; 

(3i: 



(32; 



sin 30° 

30. To find the sine, etc. of 45^. Since 45° is the complement of 
45°, we have 

sin 45° = cos 45° 

whence by (13), putting x = 45°, 

sin* 45° + cos^ 45° = 2 sin* 45° = 2 cos* 45° = 1 
sin* 45° = cos* 45° = ^ 
sin 45° == cos 45° = i/^ = ^ |/ 2 



sin 45° 
tan 45° = cot 45° = -— - =1 



sec 45° — cosec 45° = 



cos 45° 
1 



sin 45° 



= 1/2 



(33 
(34 

(35 



Fig. 9.- 
A' 




r 


^\ 


i 


/ 



These values are readily verified in the circle 
Fig. 9, where OAT A' is a square described upoi 
the radius. The diagonal OT bisects the righ 
angle, whence ^0^=45°, and tan 45° =^7 
= 0^ = 1 ; cot 45° = ^' r= 1 ; sin 45° = BC 
= 0C= cos 45°, etc. 

31. The sines and cosines of two angles being given, to find th< 
sine and cosine of the sum, and the sine and cosine of the differ eno 
of those angles. 

Fig tj Fig. m. L«et the two angles be -4 O i 

and J5 OC, Figs. 10 and 11 
At any point B in the Hn< 
OB draw BC perp. to 05 
Draw BA and CI) perp. U 
OAySiud BE perp. to CD. 
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Then the triangles BCE and BOA are mutually equiangular, 
the three sides of the one being perp. to the tliree sides of the other 
respectively; therefore the angle £CE = AOB. 

Let x = AOB = BCE 

y = BOC 
Then, Fig. 10, x + y = COD 

Fig. 11, x — y = COD 

and in 

„. ,n • / , X CD BA + CE BA , CE 
F.g. 10, sin (a, + y) = - = ^^ =^0+00 

„. „ . , .CD BA — CE BA CE 
F.g.ll,sin(x-y) = — = -- ^— =--- — 

and in both figures 

' BA BA^BO . 

— = — X — = sm X cos V 

CO BO CO ^ 

CE CE ,, CB 

— = — X -rr- = cos X Sin V 
CO CB CO " 

ivhich being substituted in the above expressions of sin {x -f- y) and 
sin (x — y) give 

sin (« + y) = sin x cos y + cos x sin y (36) 

sin {x — y) = sin x cos y — cos x sin y (37) 

Again in 

„. ,^ , , . OD OA — EB OA EB 

Fie. 10. cos (» + «) = — = = 

g . ^ ^"f OC OC OC OC 

F. .. , . OD OA + EB OA , EB 
le. 11. cos (x — V) = — = = 

^ ' ^ ■ "' OC OC OC OC 

and in both figures, 

OA OA ^ OB 

oc^oB''-crc^''^'''^'y 

EB EB ^ BC . 



therefore 



cos (a: + y) = cos x cos y — sin ar sin y (38) 

cos {x — y) =' cos X cos y -\- sin x sin y (39) 

and (36), (37), (38), and (39) are the required forraulse. 

These may be considered as the fundamental formulae of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art 20). 



I 



CHAPTER III. 



TRIGONOMETRIC FUNCTIONS OF ANGULAR MAGNITUDE IN 
i GENERAL. 



^ 





32. The definitions of sine, etc. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the jKJsition OA to 0/1' in the direction of 
the arc AA' (or from right to left), it will describe 
an angular magnitude of 90° ; when it arrives at 
OA'^ it will have described an angular magnitude 
of 180° ; at 0^'", 270° ; and at OA again, 360°. 
"a^* If it now continue its revolution, when it arrives 

at OA' again, it will have described an angular magnitude of 360° 
+ 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves* of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

33. To find the sincy etc. of 0° and 90°. In (37) and (39) let a? = y ; 
the first members become sin {x — ar) = sin 0°, and cos {x — x) = cos 
0° ; and by (13) they are reduced to 

sin 0° = sin x cos x — cos x sin x = 
cos 0° = cos* X + sin' x =1 

and since 0° and 90° are complements of each other, Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° -- sin 90° = 1 (41) 

from which by (9) and (2) 

tan 0° = cot 90° = ^'" -^ = ? = (42) 

cosO° 1 
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cotO°= tan90°=— - =^ = 00 (43) 

tanO° ^ ^ 

sec 0° = cosec 90° = — - =1 = 1 (44) 

cosO° 1 ^ ^ 

cosec 0° = sec 90° = -r^^ ^ n ^ °^ ("^^^ 

34. To find the sine, etc. of 180^. In (36) and (38) let 
xr=y = 90° ; these equations become by means of the preceding 
values 

sinl80° = l X + OX 1 = (46) 

cosl80°=:0X0-l X 1 = — 1 (47) 
whence by (9) and (2) 

tan 180° = -~- = cot 180° = J = oo (48) 

sec 180° = -^ = — 1 cosec 180° == ^ = 00 (49) 



35. To find the sine, etc. of 270°. In (36) and (38) let a: = 180°, 
y = 90°, then 

sin 270° -=OXO+(-l)Xl = — 1 (50) 

cos270° = (-l)X0 — OX 1=0 (51) 

tan 270° = --^ = oo cot 270° = — = (52) 

00 



sec 270° = ^ = 00 cosec 270° = —^ = — 1 (53) 



36. To find the sine, etc. of 360°. In (36) and (38) let x==y 
= 180° ; then 

sin 360° =-OX(-l) + (— 1)X0 = (54) 

cos 360° =^ (— 1) X (— 1) — X 0= 1 (55) 

the same values as for 0°, whence it follows that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same functions 
as for 180°, etc. 
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37. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (36) and 
(38) let x = 0^j they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 
cos y = cos 0° cos y — sin 0° sin y = cos y 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x = 0®, we have, after substituting 
the functions of 0°, 

sin ( — y) = — sin y cos ( — y) = cos y (56) 

whence by (9) and (2) 

, . sin(— y) — siny . .-^. 

tan ( — y) = ) — ^ = ^ = — tan y (50 

cos ( — y) cos y 

,f V co8(— y) cosy ^ ,..., 

cot( — y)=-. -) — ^\ = /- = — coty (58) 

sm ( — y) — siny 

sec (— y) = — . = = sec y (59) 

cos( — y) cosy 

cosec ( — y) = -: — ; : = ; — = — cosec y (60) 

sin ( — y) — siny 

or, the «in., tan,, cot., and cosec, of the negative of an angle are the 
negative of the sin,, tan,, cot,, and cosec, of the aiigle itself ; and the cos, 
and sec, are the same as those of the angle itself, 

38. In (37) and (39) let a; = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = sin y 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let a; = 90°, we find 

sin (90° + y) = cos y, cos (90° + y) = — siti y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y)= — tan y (62) 

^ sec (96° + y) = — cosec y cosec (90° + y) = sec y (63) 

or, the sin, and cosec, of an angle are equal to the cos, and sec, of the 
excess of the angle above 90° ; and the cos,, tan,, cot,, and sec, are 
equal to the negatives of the sin,, cot,, tan,, and cosec, of the excess of 
the angle above 90°. 
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39. In (37) and (39) let a: = 180° ; we find 

sin (180° — y) = sin y cos (180° — y) == — cos y (64) 

tan (1 80° — y) = — tan y cot (1 80° — y) = — cot y (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66) 

or, the sin. and cosec. of the mpplenient of an angle are the same a^ 
t/iose of the angle itself; and the cos., tan,y cot, and sec, are the nega- 
tive of those of t/ie angle itself. 

40. If y is acute (that is, less than 90°), all its trig, functions are 
positive; and since its supplement 180° — yis obtuse (that is, greater 
than 90°), it follows from the preceding article, that the sin. and cosec. 
of an obtuse angle are positive, while its cos., tan., cot., and sec. are 
negative. 

41. In (36) and (38) let x = 180° ; we find 

sin (180° + y) = — sin y cos (180° + y) = — cos y (67) 

tan (1 80° + y) = tan y cot (1 80° + y) = col y . (68) 

sec (180° + y) = — sec y cosec (180° + y) = — cosec y (69) 

by means of which, if y is acute, we obtain the values of the sines, 
etc. of angles between 180° and 270°. 

42. In (37) and (39) let x = 270° ; we find 

sin (270° — y) = — cos y cos (270° — y) = — sin y (70) 

tan (270° — y) = cot y cot (270° — y) = tan y (71) 

sec (270° — y) = — cosec y cosec (270° — y) = — sec y (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° + y) = — cos y cos (270° + y) = sin y (73) 

tan (270° + y) = — cot y cot (270° + y) = — tan y (74) 

sec (270° + y) = cosec y cosec (270° + y) = ~ sec y (75) 

44. In (37) and (39) let x = 360° ; we find 

sin (360° — y) = — sin y cos (360° — y) = cos y (76) 

tan (360° — y) = — tan y cot (360° — y) = — cot y (77) 

sec (360° — y)^= sec y cosec (360° — y)=' — cosec y (78) 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (38) let x =- 360° ; we find 

sin (360° + y) = sin y cos (360° + y) = cos y (79) 

or, the functions of an angle which exceeds 360° are the same as those 
of the excess above 360°. 
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It follows that the functions of 720^ -\- y are the same as those of 
3.60^ + y, and therefore the same as those of y ; and in like manner 
for an angle which exceeds any multiple of 360°. 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 37, 

sin (y ~ 90°) = - sin (90° - y) = - cos y 1 

cos (y — 90°) = cos (90° — y) = sin y j ^ ^ 

whence also tan., etc. ; and in the same manner we may find the func- 
tions of y — 180°, y — 270°, y — 360°, etc. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ OA", etc., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude ; or, which is equivalent, let 
the arc commencing at A increase contin- 
uously to AB, AA'y AB'j etc. Then the 
changes in the values of the several trigono- 
metric lines may be traced as follows. 
1st. The sine being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremitv, 
we shall have sin AB = BC, sin AB' - B' C, sin A A" B" = B"&, 
sin A A" B"' = B"' C, and if \ve make 





Fig. 


13. 




A' 


Jf. 


^ 




J^ 


/ 


tin -f 


C<M-f 


\ 




O 


r 













^ 


tlo- 


•10 — 

cot .f 


/ 


B'f^ 


^N^,^ 




Qtre 



AB = A'' B' = ^" £" = AB''' = y 



we have 



sin y = S(7 
sin(180°-y)=J5'C' 
sin(180° + y)--JS"C' 
sin (360° - y) = B'" C 

The lines BC, B'C, B"C', B'" C, however, represent only the 
numencal values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (1 80° — y) = sin y 
sin(180° + y) = — siny 
sin (360° — y) = — sin y 

so that the sines from 0° to 180° are positive, while those from 180^ 
to 360° are negative ; or the sines which are above the diameter 
A A" are positive, while those which are beloio this diameter are 
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negative; or still more generally, the sines that have opposite di- 
rections, with reference to the fixed diameter from which they are 
measured, have opposite siffns. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos y=OC 
cos (1 80^ — y)--OC' 
cos(l80^ + y) = OC' 
cos (360^ —y)^OC 
but by (64), (67), (76), 

cos (180° — y) = — cos y 
cos (180° + y) = — cos y 
cos (360° — y) = cos y 

so that the cosines on the right of the diameter A' A'" are positive, 
w^hile those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions, with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that aU lines measured in opposite 
directions from a fixed, line have opposite signs. 

To interpret the results (56), it is only necessar}' to observe that 
a negative arc will be one reckoned from A towards J5'", or in the 
opposite direction to that of the positive arc, so that 

sin^£'" = sin(-y) = £'"C---J5C= — siny 
cos A JB'" = cos ( — y) = C^^ co§ y 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as alsi) those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is also 
expressed by Fig. 13. 



1st Quad. ! 2<1 Quad, i 3d Quad. 



Sine 

CCXSINE 



+ 
+ 



+ 



4th Quad. 



+ • 
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/I 


^ 




S 


cot — 


•1114- 
eot4' 


\ 




C* 


C 


1 


L 







1 


V 


tin. 
co» — 


•IS — 

co»^. 


/ 


B'f 


\...^ 


_.^ 


^,^ 



^'"- J^- 48. The particular values of the sine and 

cosine at Ay A', -4", etc., or sin. and cos. of 
0°, 90°, 180°, etc., may also be found by Fig. 
13, upon the same principles ; but this we leave 
to the student. 

49. General Remark. — In the demon- 
stration of the fundamental formula for sin 
{x±y)f and cos (xdLy), Art. 31, the angles 
X, y and x ±:y were all taken less than 90° and positive. In this 
chapter these formulse have been applied to angles of any magnitude, 
and the resulting functions have been shown to take opposite signs 
when the lines representing them take opposite directions. It follows 
that, in deducing trigonometric formulae from geometrical figures, we 
need not embarrass our demonstrations with the consideration of the 
various cases of the problem, or of the various values of the angles 
of the figure. The formula deduced from any supposed position of 
the lines of the figure will be of general application, provided in tlie 
practical application of this formula to the particular cases, we observe 
those values and signs of the trigonometric functions which have now 
been determined. 



50. The results of this chapter may be expressed by a few general formiilfe. From 
(79) it appears that all the trigonometric functions return to the same values after one 
or more complete revolutions of 360°. If we represent the semi-circumference, or 
two right angles, by tt (Art. 11), and let n = any whole number or zero, we shall 
have 



TT 



sin 4 n — =0 
2 



IT- 



COS 4n — = 1 
2 



(81) 



T 



sin (4n -f 1) -- =1 



TT 



co8(4n-f-l)--=0 
At 



(82) 



sJn (4 n - 2) -'^- = 



cos(4n4-2) — =— 1 



(83) 



whence 



sin (4n -:- 3) ;"- -- —1 cos (4n + 3) f =0 



(84) 



tan 4 n -- -— 
»> 



TT 



tan (4 n -f- 1 ) — -" 00 



TT 



tan (4 n + 2) - -^: 



r 



tan (4 n 4- 3)— -^-00 



r 



or the tan. of the even multiples of -'- = 0, and of the odd multiples = 00 , so that we 

At 

may write more simply 



r 



tan 2 n - - = . 
2 \ 



tan (2 71 + 1) -^ = x 



(86) 
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In tliese formulae we have only to give n one of the values 0, 1, 2, 3, 4, etc., to 
obtain the functions of any given multiple of the right angle. Thus, we find 



- TT 



TT 



sin 450° — sin 5 - = sin (4 -|- 1) - = 1 by making n = 1, in (82). 



Since the subtraction of 8 n - from the arc will not change the functions, the above 

formulae are also true when n is a negative whole number. 

% 

51. In a* similar manner we obtain 



sin 4 n ^ -f y I = sin y 

sin r(4n + l)^ -f y j —cosy 
sin (4 n -h 2) ^ -f y I = — sin y 
sin I (4 n -f 3) ^ -f- y I = — cos y 



tan 



[2n|+.] 



tan y 



co8 4n^-fy|r=:co8y (86) 
[(4n+l)y-i-y]--8iny (87) 
[(4n-f 2)-|4-yl--co8y (88) 
[(4n + 3)-|-f y]-siny (89) 
tan |^(2n-f l)-|-t y] =-coty (90) 



cos 



cos 



cos 



in which n may be any whole number, positive or negative, and y any angle, positive 
or n^ative. 

52. A still more concise <brm may be given to the formulae of the two preceding 
articles, as follows : n being, as before, any whole number, positive or negative. 



sin 2 n — ^ 



TT 



co8 2n— = ( — 1)' 
2 



(91) 



sin(2n-f-l)-^ = (_l)» 
sin I 2ii ^- f yj ^( — l)"siny 



cos (2n-f 1)^^=0 



(92) 



cos r2n|--fy] --(-l)"co8y (93) 
sin r(2ii + 1) I -ry]=(- D^cosy cos [ (2n + 1) |^ -f y] - (-l)~siny(94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles corre- 
sponding; for if a denote the given sine, and y any corresponding angle, then a is also 
the sine of all the angles 



'»• — y, 

— ^ — y, 



2T4-y, 

2r + y, 



3 TT — y, etc. 
— 3 :r — y, etc. 



or in general 



c2 



a = sin y = sin [ n n- -|- ( — 1)* y] 



(95) 



y 
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In like manner if a is a given cosine, and y any corresponding angle, 

a = co8y = co8(2n?r±:y) (96.> 

and if a is a given tangent corresponding to the angle y^ 

a =^ tan y =^ tan (n ^ -j- y) (97) 

Sine and Tangent of a Small Angle or Arc. 

54. When the angle A O B=^Xy Fig. 14, is 
very small, the sine and tangent are very nearly 
equal to the are A B, which measures the angle, 
the radius being unity ; and the cosine and secant 
are nearly equal to OA=l (Art. 21). There- 
fore, to find the sine or tangent of a ver}* small 
angle approximately , we have only to find the 
length of the arc by Art. 9 ; thus 

sin 1" = arc 1" - 0-000004848137 
log. sin 1"-- 4-0855749 

and X being a small angle, or arc, expressed in seconds, 

« 

sin.r = tan iC =^a:sin 1" (98) 

If a: is expressed in minutes, 

sin ^ - tan a* =-rr sin 1' (99) 

If a: expresses the length of tlie arc, the radius being unity, 

sin .r - tan a- ^^ a* 0^)) 

The employment of those a|)pn)ximate values must be governed by 
the degree of accuracy recjuired in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
doi»s not much exceed 1°. 

55. If X au<l y are any two small angles, it follows from the pre- 
ceding article that 

sin X : sin ?/ = :r sin 1" : y sin 1" =^ r : y 

that is, the sines (or faiigents) of small angles are 2yro2}ortlo7ial to the 
anf/les themselves. The application of this theorem, however, like 
that of the j)rece(ling, must depend upon the accuracy recpiired in the 
problem in which it is employed.* 



*P\)ra full discussion of the limits under which this theorem maybe employed, 
Bee a paper, by the author of this work, in the Astronomical Journal, (Cambridge, 
Mass. ) Vol. i. p. 84. 



CHAPTER IV. 

GENERAL FORMULA. 

56. We have already obtained four fundamental equations, (36), 
(37), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (36) and (37) are 

sin {x-\- \j)-{- sin {x — y) = 2 sin x cos y (^01) 

sin (ic + y) — sin (x — y) = 2 cos x sin y (102) 

and the sum and difference of (38) and (39) are 

cos {x-\- y)-\r cos (x — y) — 2 cos x cos y (1^3) 

cos (a? + y) — cos (x — y) = — 2 sin a: sin y (1^*1) 

58. If we put 

a? + y = a:' 

^ — y=y 

whence 2 a? = a:' + y', a; = ^ (a:' + y') 

2 y = a:' — y ', y = ^ (x' — y') 

equation (101) will become 

sin a^' + sin y' =^ 2 sin \ {x' + y') cos 1 {x' — y') 

and (102), (103), and (104) admit of a similar transformation. But 
since x' and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thus 

sin a; + sin y ^= 2 sin i (ar + y) cos i (a* — y) * (105) 

sin X — sin y = 2 cos i (a* + y) sin J (a* — y) (106) 

cos X + cos y = 2 cos \{^'\-y) cos \{x — y) (1^7) 

cos X — cos y — - — 2 sin i (a* + y) sin \{x — y) (108) 

Each of these equations may be enunciated as a theorem ; thus 
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(105) expresses that ''the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difTerence." 

These formula? are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

59. Dividing (105) by (106), we have by (14) and (15) 

sin a: -r- sin y ^ , / , v . , , ^ 

-: .-^ = tan * (x + y) cot J (x — y) 

sm X — sin y 

or by (2) 

si n a? 4- sin y ten j (x-\-y ) 

sin X — sin y ten | (a? — y) 

and from (107) and (108) we find in the same manner 



(109) 



cos X cosy ,= _ tan i (ar + y) tan i (x - y) (110) 

cos X + cos y 

We find also 

?^^«'^ = tanHx + y) (111) 

cos X + cos y 

sina:— sin V . , . . /i-io\ 

'■ = tan iU — y) (11 2) 

cos X + cos y 

sin a: + sin y . , , v /iio\ 
^ = — cot i (a; — y) (113) 

cos X — cos y 

sinar — sin v i. i / • \ /i-i ix 
-^= — cot |(a: + y) (114) 

cos X — cos y 

60. Divide the equations (36), (37), (38) and (39) by cos a; cos y ; 
then by (14) we have 

sin(a: + y) * ■ x /ii -\ 
^^ ^-=tena: + teny (H^) 

cos X cos y 

sin(a?-y j^^^^^_^^ . 

cos X cos y 

£2.«I^±lI_l_tanJtany (117) 

COS X cos y 

cos (x — v) 1 , X i. /I -I o\ 

-- = 1 + tana? tany (US) 

cos X cos y 
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61. Divide (36), (37), (38) and (39) by sin a? &iny; and by sin a; 
cosy; then 

sin (x ±1 y) 



sm X s\ny 



cot y±: cot a; (H^) 



co3(a;dzy) _ ^^^ a: cot y t 1 (120) 

sm X sin y 

4'L(5J^)_ = 1 Hh cot a; tan y (121) 

sin X cos y 

cos (x ±y) ^ ^ /I oo\ 

-7—^^ ^ — cot a: H= tan y (122) 

sm X cos y 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

tan(a: + y)= *5n^+-'??^- (123) 

^ ^^ 1 - tan a: tan y ^ ^ 

/ \ tana: — tan y /ni\ 

tan (a? — y) = '- (124) 

^ ^^ l + tana:tany ^ ^ 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

i./ _!_ \ cotycota;=pl /ior\ 

cot (x ±y) = (125) 

^ ^^ cotyzizcota: ^ ^ 

63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 

sin (j^ + y) 1^5_^^_lh_l^?LV — c oty + cot a; .- ^^. 

sin {x — y) tan .r — tan y cot y — cot x 

cos (a* + y) 1_ 3_tan a?_tan y cot a? cot y — 1 ,- ^^. 

cos (a? — y) 1 + tan x tan y cot a: cot y + 1 

64. Fomiulie for secants are obtained from those for cosines by means of (2) ; thus 
we find 

sec (jiby) = 



cos X cos »/ -t- sm X sin 1/ 
and multiplying numerator and denominator by sec x sec y, 



^^ /- . \ see J sec V /ioq\ 

8ec(x±y) = — — ^ — ■ (128) 

1 =F tan X tan v 
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Also since 

C06X cony cosxcosy 
we find by (107) and (108j 

sec X + sec y = 2co8_tl' - vl^ i i'.TZl) (129) 

ct>s I ccjs y 

sec X - »*c y = " '''?-L(£_-Jl«>li-(jr - S) (130) 

COS J cu8y 

In the same manner from (lOo) and (106) 

ci«ecx-rco«ecy-2j*iniJx-| y)«)8l(x-^) ,^3 

sin £ Bin y 

coeecx-co»ecy=.- 2 <•<« J (x 4- y) sin iJr-s). ,J32^ 

sin z sin y 

These formula?, although generally oniittiMl in treatises on trigonometry, will be 
found useful in a sub^equi'nt part of this work. 

65. The prcKhirt of (36) aiul (37), and of (38) and (39), are 

sin (.c -f- y) sin (r - y) - sin^ x cos^ y — co.s*^ .r sin* y 
COS (x -f- y) cos (x — y) — cos^ x eos^ y — sin* ar sin* y 

By (13) wo have cos* a- 1 — sin* .r and cos*y = 1 — 8in*y, which 
snbstituted in the preceding eqnations, give 

sin {x + y) sin (x — //) — sin* x — sin* // — cos*;y — cos* x (133) 
cos (x -f y) cos (x — 7/) cos* X — si n* y = cos* y — sin* x (1 34) 

66. In (36), (38) and (123), let y -^ x, we find 

sin 2 .r - 2 sin x cos x (135) 

cos 2 .t' cos* X- sin* a: (136) 

rt 2 tan a; ,^ ^.. 

tan2jr--^ ,- (137) 

1 — tan* X ^ ^ 

bv which the functions of the double anjrh* may be found from tliose 
of the simple angle. 

67. To find the functions (»f the half angle from those of the 
whole angle, we have, from (13) and (136), 

cos"- X si n* J* - 1 

cos* d — sin* X cos 2 x 

the sum and difference of which an* 

2 COS*.?* - \ -\- cos 2.C 
2 sin*.r - 1 — cos 2 x 
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As these express the relations of an angle 2 x and its half a:, their 
meaning will not be changed by writing x and J x instead of 2 a? and 
x; whence 

2QOff\x=l-^cosx (138) 

2 8in»^a;=l— cosa: (139) 

the quotient of which is 

tanH^ = 7^^ (140) 

1 -|- cos X 

68. The following may be pro|)08ed as exercises. 

„. ^ 2 tan'i X 2 ,,.,. 

8inx= rj- — =■- — (141) 

1 -|- tan* J X cot J X -f- tan } x 

tan I = -2i?iLi '_ = 2 , ^^2 ^ 

1 — tan* J z cot J X — tan J x 

tan» J x -r 2 cot X tan J X — 1 = (143) 

tan'Jx — 2 cosecx tan Jx-f 1 =0 (144) 

008X=;; — ^ — (14oj 

1 -f tan» i X ^ 

tan Jx = co8ecx — cotx=^^^^ (146) 

sinx 

cot i x = co8ecx -f cot x= ^ i;^^^ (147) 

sinx 

tanii=^+5.:"_'-i^""-^ (148) 

1 -|- Sin X -|- cos X 

69. Several useful formulae result from the preceding, by intro- 
ducing 45° or 30°. If ar--45° in (36), (37), (38), and (39), we 
have, by (33), 

sin (45° zty) = cos (45° :^ y) = S^V.^^!^ (I49) 

|/2 

whence 

tan (45° ±y) = cot (45° ^y) = i^^" ±i;ni 

cos y =F sin y 

in which either the upper signs must be taken throi 
lower signs throughout. 

If we divide the numerator and denomi 



sin y, 



. /.^o _i_ \ 1 ittan?/ 
tan (4o° ± y) = — ^ = 

^ ^^ 1 =P tan V 
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From this, by (57), 

70. Again, let i = 90<» ih y in (138), (139), (140) and (146), 

sin (45» ± J y) = cos (45» ^^ J y) = ^/ {^~^) (153) 

tan(4oOdzly) = J(J-^-«!»-J^) (154) 

\ ^ 1 =F sin y/ 

Un(45»±}y) = l±»i5i' = -~ML (155) 

COS y 1 =t= sin y 

From the last we find 

tan (45«-|-iy)+tan(45«-}y)r=—?- = 2 secy (166) 

cosy 

tan (45« + } y) -tan (45« _ J y) = l«inj? = 2 tan y (157) 

cosy 

the quotient of which is 

tani4o<>_+ i y) - tani45» - } y) _ . 

tan (45° + J y) -f tan (45« - } y) ^ ^^*"^ 

71. In (101), (102), (103) and (104), leta; = 30°; then by (27) 
and (28) 

sin (30° + y) + sin (30° — y) =.r- cos y (159) 

sin (30° + y) — sin (30° — y) = sinyi/S (160) 

cos (30° + y) + cos (30° — y) = cos y 1/ 3 (161) 

cos (30° + y) — cos (30° — y) = — sin y (1 62) 

and in a similar manner we may introduce 60°; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

FORMUL-S: FOR MULTIPLE ANGLES. 

72. From (101) and (102) we have 

sin (y -{■ x) = 2 sin y cos x — sin (y — x) 
sin (y -\-z) = 2 cos y sin x + sin (y — x) 
in which let y = (m — 1) / ; then 

sin mx — 2^8in (m — 1) x cosx — sin (m — 2)x (163) 

sin mz ■— 2 cos (m — 1) x sin x + sin (m — 2) x (164) 

which are the general formulae for computing the sine of any multiple mx, from the 
lower multiples (m — 1) x and (m — 2) x, and the simple angle x. 
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If we make m successivelj 1, 2, 3, 4, etc., these formals give 
sin X = sin X = sin x 

sin 2 X = 2 sin x cos x = 2 cos x sin x 

sin 3 X = 2 sin 2 X cos X — sin x = 2 cos 2 x sin x -f sin x 
sin 4 X = 2 sin 3 X cos X — sin 2 x = 2 cos 3 x sin x -f sin 2 x 
etc. etc. 

73. From (103) and (104) 

co8(y-|-x)= 2cosyco6x — co8(y — x) 
cos (y -\- x) = — 2 sin y sin x -|- cos (y — x) 

which) if we put y = (m — 1) x, become 

cos wix = 2 cos (m — 1 ) x cos x — cos (m — 2) x (165) 

cos mx = — 2 sin (m — 1) x sin x -f cos (m — 2) x (166) 

If m is taken successively equal to 1, 2, 3, 4, etc. 

cos x= coex = C08X 

co62x = 2co6x cosx — 1 = — 2 8inx sinx-fl 

C063x^2cos2xcosx — cosx = — 2 6in2xsinx-}-cosx 
coe4x = 2co83xco6x — cos2x= — 2 8in3xsinx-fcos2x 
etc etc. 

74. In (123) let y = (m — 1) X ; then 

tan mx = J?iLi!?_-zl) ^.^ tnnx_ ^j^^j 

1 — tan (m — 1) x tan x 
whence 

tan 2 X -1- tan x 



tan X = tan x tan 3 x = 



1 — tan 2 X tan x 

♦«« o , 2 tan X . „ . tan 3 x 4- tan x 
tan zx= - — — - tan 4 x = 

1 — tan' X 1 — tan 3 X tan x 

etc. 

75. If in the expression for sin 3 x, Art. 72, we substitute the value of sin 2 x, 

we find 

gin 3 X = 4 sin x cos' x — sin x 

by which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4x, the latter will also be 
expressed in terms of the simple angle. By these successive substitutions we easily 
obtain the following tables : 

sin X = ein X 
sin 2 X = 2 sin x cos x 
sin 3 X = 4 sin X cos' x - - sin x 
sin 4 X = 8 sin x cos' x — 4 sin x cos x 
etc. 

76. cos x= coex 

cos 2 X = 2 cos' X — 1 
cos 3 X = 4 cos' X — 3 cos x 

cos 4 X :=r 8 COS* X — 8 COS* X -f" 1 

etc. 
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77. If in these equations we substitute for cos' x = l — sin' x they become 

sin X = sin :5 
sin 2 X = 2 sin z |/ ( 1 — sin* x) 
sin 3 X = 3 sin J — 4 sin' x 
sin 4 X = (4 sin X — 8 sin* x)i/ (\ — sin' x) 
etc. 

78. cos X = 1/ (1 — sin' x) 

cos 2 X = 1 — 2 sin' x 

cos 3 X =:: (1 — 4 sin' x) |/ (1 — sin' x) 
cos 4 X = 1 — 8 sin' x -(- 8 sin* x 
etc. 

From the preceding tables it appears that the cosine of the multiple angle may 
always be expressed rationally in terms of the cosine of the simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By successive substitutions we find from the formulae of Art. 74. 

tan X == tan x 

2 tnnx 



tan 2x=: 
tan 3 X --: 
tan 4 x=- 



1 — tan' X 

3 ta n X — tan' x 
1—3 tan' X 

4 ta n X — 4 tan ' x 
1 — 6 tan' X 4- tan* x 

etc. 



80. The preceding results are but particular applications of general formule to be 
given hereafter (Chapter XV.). They are introduced here for the convenience of 
reference in elementary applications. The powers of the sine or cosine of the simple 
angle may also he expressed in the multiples of the angle: but they are most readily 
obtained from the general formulae of Chapter XV. 



Relations of Three Angles. 
81. Let X, y, and 2 be any three angles ; we have, by (36) and (38), 
sin (x -f y -f- z) = sin (x + y) cos 2 -f- cos (x + y) sin z 

= sin X cos y cos z -|- cos x sin y cos 2 
-f- cos X cos y sin 2 — sin x sin y sin z (168) 

cos (x -f y + 2) = cos (x + y) cos 2 — sin (x -j- y) sin 2 

= cos X cos y cos 2 — sin x sin y cos 2 

— sin X cos y sin 2 — cos x sin y sin 2 (169) 

and in the same way we may develop the sines and cosines of x 4- y — «i x — y + «, 
etc. ; but we may find these directly from (168) and (169) by changing the sign of «, 
y, etc., and observing (56). 
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The quotient of (168) divided by (169) gives, aft^r dividing the numerator and 
denominator by cos z ooe y cos z, 

/ , , V tan I -f- tan y 4- tun z — tan x tan y tan z /inn\ 

tan (z -h y 4- 2) = — — (^'0) 

1 — tan X tan y — tan z tan z — tan y tan a 

82. Let z, y and z he any three angles, and from tiie equations 

sin (z — z) = sin z cos z — cos z sin z 
sin (y — «) = sin y cos a — cos y sin s 

let COS z be eliminated ; we find 

sin y sin (z — z) — sin a; sin (y — z) = sins (sin z cosy — cos z sin y) 

= sin 2 sin (z — y) 

If sin a is eliminated, we find 

cos y sin (z — z) — cos z sin (y — z)^=cosz sin (z — y) 

These equations may be more elegantly expressed, as follows: 

sin z sin (y — z) -f sin y sin (z — z) + sin z sin (z — y) = (171 ) 

cosz sin (y — z) -f cosy sin (2 — z) -f cos 2 sin (x — y) = (172) 

A number of similar relations may be deduced from tliese by substituting 90^ =b z, 
etc., for z, etc. 

83. Let 

tj = } (x -f y -h 2) 

we have by (104) 

2 sin V sin (v — z) = cos z — cos (2 v — z) == cos z — cos (y -|- 2) 
2 sin (1; — y) sin (t? — 2) = cos (y — 2) — cos (2 1? — y — 2) 

= cos (y — 2) — cos z 

the product of which is 

4 sin r sin {v — z) sin (r — y) sin (v — 2) =r cos z [cos (y — 2) -J- cos (y -f 2)] 

— cos* z — cos (y + 2) cos (y — «) 
Keducing the second member by (103) and (134) ; 

4 sin t? sin (v — z) sin {v — y) sin (v — 2) = 2 cos z cos y cos 2 — cos* z 

— co8*y — cos*2-h 1 (173) 

In the same manner we find 

4co8t?co8(i> — z)cos(r — y)co6(t; — 2) = 2coszco8yoos2-}- cos* z 

+ COB* y -f cos* 2 — 1 (174) 

84. The following may be proposed as exercises. 

Rin z -f sin y -f- sin 2 — sin (z -f y -f 2) = 4 sin J (z -f- y) sin } (z + 2) sin i{y-\-z) (175) 
oc8z-f coay-f cosa-f cos (z + y -f «) = 4 cos J (z -f- y) cos J (^ -h «) cos } (y -f 2) (176) 

tan z -f- tan y + tan 2 — tan z tan y tan 2 ^: '*'" ^' ±JL±J). (177) 

cosz cosy COS2 

cot z -I- cot y 4- cot 2 — cot z cot y cot 2 :r. — ^-il-fjU..^) (lyg) 

sin I sin y sin i 
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• (1-9) 



4 [sin (x-fy-f 2) -r2sinz8iny8in2]*-^4 [sin(x-ry)co8«-f cos(x — y)8ins]'' 
^[1— cu»(2x -r 2y'] (1 - cos 2 2) -p [1 -h «» (2 x — 2 y)] (1 — co8 2») 

-r 2 (sin 2 x -*- sin 2 y) sin 2 z 
^^ 2 ( 1 -r sin 2 X sin 2 y -j- sin 2 X sin 2 2 -r sin 2 y sin 2 « — cos 2 x cos 2 y cos 2 z) 

85. Let the snm of three angles x, y and 2 be r, or a multiple of fr, that is, an ettn 
multiple uf " a condition which is expressed by the equation 

x-ry-f-2-2n.^ (180) 

then, tan (x -j- y -r 2) ^^ 0, and the first member of (170) being thus reduced to zero, 
the numerator of the second numl>er must be zero, or 

tan X -7- tan y -*- tan 2 -- Um x tan y tan z (1^1) 

an equation^ it must be remembered, that is true only under the condition (180). 
Since x, yand 2 may be selected in an infinite variety of ways so as to satisfy (180) 
it follows from (181) that there is an infinite number of solutions of the problem, 
"to find three numbers whose sum is ecjuul to their product." 

I-<et the sum of three angles x, y and 2 be - or an oild multiple of - ; that is, let 



x-ry-,2^(2n-\ 1)^ 

then, tan (x -^ y -- 2) - oc, and the denominator of (170) must be zero, or 

tan X tan y - tan r tan 2 -•- tan y tan 2 = 1 

which, divided by tan / tan y tan 2, gives 

cot / -• cot y -I cot 2 — cot X cot y cot 2 

a relation that holds only under the condition (182). 
80. L<t 



(182) 



(183) 



- - : 2 n 



T 



»> 



\Vehaveby(9n) and (91) 

cos (x I- y — z) — cos (u TT - - 2 2) - ( — 1 )** cos 2 2 
cos (x - y -| 2) - - cos (nTT *2y) - { - 1 )** cos 2 y 
cos (y -' 3 — x) - - cos (7i TT — 2 x) — (— 1 )** cos 2 X 
cos (y -^ 2 - ' - x) ^^ cos W TT — ( - 1 ]" 

the sums of the first two and of the second two are by (103) 

2 cos T cos (y — z) -- ( — 1)" (cos 2 2 • |- cos 2 y) 
2 cos X cos (y -\- z) - r (— 1)" (ci^s 1x \ 1) 

and the sum and diff'rence of these ecjiiations are 

4 cos X c(w y cos 2 :— ( - 1 )** (cos 2 2 -f <^'Os 2 y -^- cos 2 x -f 1 ) 
4 cos X sin y sin 2 -— ( — 1 )" ((\)s 2 2-1 cos 2 y — cos 2 x — 1 ) 

±: 4 cos / c!OS y cos z - cos 2 x - cos 2 y -■- t»ns 2 2-1-1 
dr 4 cos X sin y sin z - - cos 2 / • cos 2 y -^ fix 2 2 — 1 
the npiKT sign Iteing taken when n in (184) is even, the lower when n is odd. 



(184) 



(185) 
(186) 
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In the same manner we obtain 

=F 4 sin z sin y sin s =: ' sin 2 x -|- sin 2 y -h sin 2 2 (187) 

=F 4 sin z cos y cos « = — sin 2 z -|- sin 2 y -|- sin 2 « (188) 

the sig^s being taken as above. 

Again, let 

x + y + a=(2n-f 1)| (189) 

we shall find by the same process 

±4 sin z sin y sin 2= cos2i-|-cos2y-|-co822 — 1 (190) 

±4sinzcosyco8s= — cos2z-|-cos2y-f-co8224-l (191) 

=fc 4 coszcosy co8«= sin 2 z -f- sin 2 y -f sin 22 (192) 

± 4 cos z sin y sin 2 = — sin 2 z -f sin 2 y -f sin 2 z (193) 

-f- or — according as n in (189) is even hr odd. 

Inverse Trigonometric Functions. 
87. If 

y IS an explicit function of ar, and, since x and y are mutually de- 
]>endent, x is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write 



* 



X = sin ^ y 

which is read, "a: equal to the angle (or arc) whose sine is y,'' and x 
IS called the inverse function of y, or of sine x. 

In like manner tan"*y is **the angle or arc whose tangent is 
y," etc. 

88. Many of the formulae already given may be conveniently expressed with tiie 
aid of this notation. Thus, by (16), 

X = sec - ' |/ ( 1 -j- tan* z) 
or if we put y =^ tan z 

tan-^y^sec-» v'Cl -f y») 

* This notation was suggested by the use of the negative exponents in algebra. If 
we have y^=nz, we also have f^=n-^y, where y is a function of x, and z is the 
corresponding inverse function of y. The latter equation might be read "z is a (pian- 
tily which multiplied by n gives y." It may be necessary to caution the beginner 

against the error of supposing that sin^'y is efpiivalcnt to • 

siny 

For a general view of the nature of inverse functions, see Peirce*s Diff. Calc, Arts. 

13, et seq. 

d2 



42 



PLANE TRIGONOMETRY. 



And in the nme wzj the hanuht of Art. 28 giTe 

- - coi~*|/«.l — y*; = tan~' 



• _ 1 


co«ec~* - 


a»~*f = 


Btc-^1 


tan-'f — 


cot-»i 



|/»1 -3f») 



— .:«— 1 






= siB-» * = 



1/ a - »•) 



-I 



i/Ci^f*) 



Formula (123) and (124) mar be wriUen 

-1 tanx :*= tan V 
1 == tao X tan y 

or putting f = tan r, r^ = tan y, 



tan-*f ±:tan-'f' = tan-* -?-— -1- 



(194) 



Also the formule of Arts. 67 and 68 give 
ccs-.,-=2 sin-. ^ (l^i') = 2 «s- ^ ('-;->) =2 .,„- ^ (f^) 

2tan-«v=^sin-» --^ =un-»-^ =cos-" l-—-^) 
^ 1-ry* l-y* W-rW 

89. We may also employ the notation sin ~^ (cos x) or *'the arc whose sine is equal 
to the itjsine of r," i. e. "the complement of x"; and sin (cos'~* y) or **the sine of the 
arc whr/se cosine is y/' etc. We shall have accordingly 



sin (sin - ' y) ^= y 
sin ~ * (sin x) ^ x 



tan 'Ian -' y) := y etc 
tan ~ * (tan x) = x etc. 



But it must he observed that since the same sine or tangent corresponds to an 
inBniie number of angles, (Art. 53,) these last equations should be written 

-' (sin j) = 71 -r -f (— 1 )• X, tan - * (tan x) = » » -f z 



sm 



which are equivalent to (95) and (97). 



CHAPTER V. 

TRIGONOMETRIC TABLES. 

90. Before proceeding to the numerical computation of triangles 
and to other applications of the preceding formulae, the student should 
make himself acquainte<l with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
jx)ints only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural Sines, etc, contains simply the numerical values 
of the sines, tangents, etc. for each given value of the angle ; the 

* The most convenient seven-figure tables yet published in this country are 5ifan- 
^ey^Xf already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensive and varied calculations, generally provide them- 
selves not only with tables of seven figures, but also with those of six, of five, and 
even of four figures— the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seven-fig^ire, or even ten-figure tables in all cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient; but it i» 
clearly a loss of time and labor to employ other figures besides those which are neces- 
sary in arriving at the proposed degree of precision. 

The best six-figure tables are to be foun<l in Bremiker's Nova Tabula BeroUnensiSj 
(Berlin, 1852,) which are distinguished for simplicity of arrangement, as well as accu- 
racy. 

Bowditch's five-figure tables, in his Epitome of Navigation, ^re valuable on account 
of their undoubted accuracy. 

P^our-figure tables are to be found in various collections, as for instance, in Schu- 
macher's Huffsla/elnj (edited by Wamslovff.) 

Of the German seven-figure tables we may cite those of Vega, of which Bremiker's 
edition is the best; of the English, Taylor's, Hutlon's, Babbage's, Shortrede's; and 
of the French, Gallet's, Bagay's, Borda's. Taylor's, Shortrede's, and Bagay's give the 
log. functions to every second of the quadrant ; Borda's give the functions correspond- 
ing to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum CompletiiSy edited by Vega, (Leip- 
zig. 1794.) 
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44 PLANE TRIGONOMETRY. 

second, called the Table of Logarithmic Sines, eic.j contains the 
logarithms of the numbers in the first table. As the greater jmrt 
of the computations of trigonometry are carried on by logarithms, 
the latter table is by far the most useful. 

Table of Nati^ral Sines, Etc. 

91. The arrangement of this table will be understood from a sim- 
j)le inspection. It contains the sines, etc. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numlxjrs. This interpolation 
is based upon the supposition that the differences of the sines, etc., 
are proi>ortioual to the differences of the angles ; and this pro|)or- 
tion, though theoretically inexact, gives, in general, a sufficient aj)- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to ever5' second, or at least to every 10", and 
the sines, etc., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, etc. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45^, 
by giving them at the bottom of the table the names of the coniple- 
mental functions. 

93. As the sines, etc., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not 
extended bevond 90° ; but we easilv deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may take 
the same functions of its supplement, observing to prefix the proper 
algebraic sign, Art; 39. Thus, from Hutton's Tables we find 

sin 140° 16' =- sin 39° 44' - 063921 53 
cos 140° 16' -- - cos 39° 44' = — 0-7690278 
tan 140° 16'- -tan 39° 44' = — 0-8311992 
cot 140° 16' - - cot 39° 44' -^ — 1-2030810 
sec 140° 16' -- - sec 39° 44' = - 1-3003431 
cosec 140° 16' -- cosec 39° 44' = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the compleniental functions of the remainder, prefixing 
the signs as before ; thus 

sin 140° 16' = cos 50° 16' = etc. 
cos 140° 16' ^ — sin 50° 16' -= etc. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. • 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' = - sin 40° 26' 
cos 220° 26' = — cos 40° 26' 
tan 220° 26' = + tan 40° 26' etc. 

95. For angles between 270° and «60°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43 ; thus 

sin 331° 27' = — cos 61° 27' 
cos 331° 27' = + sin 61° 27' 

tan 331° 27' = — cot 61° 27' etc. 

Or we may take the name functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions with 
their signs. Art. 45; and if the angle exceeds 720°, 1080°, etc., we 
deduct 720°, 1080°, etc.; thus 

cos 840° 45' = cos 120° 45' = — sin 30° 45' 
tan 1372° 13' = tan 292° 13' = — cot 22° 13' 

Table of Logarithmic Sines, Etc. 

97. In this table we find the logarithms of the numbers in the. 
Table of Natural Sines arranged in precisely the same manner; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2, etc. The tangents under 45° being also less than unity, the 
indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 

, 1 

sec A = - 



cos A 

we have log sec A — — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec A =^10 — log cos A 

that is, the log. secmit is the arithmetical comj)lement of the tabular log, 
comae. For a like reason log. cosec. is the ar. co. of the log. sin. ; 
and log. cot. is the ar. co. of the log. tan. 
Also since 

A sin A 
tan A 



cos A 
log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, etc. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° W — - 0-7690278 
and log cos 140° 16' - - 9*8859420 



* Strictly speaking, negative niimlK^rs have no logarithms, but in practice, the multi- 
plication, division, etc. of numbers is performe<l without reference to their signs, i. e. 
as if they were all |K>siiive, and the sign of the result is then deduced from the signs 
of the factors according to the rules of algebra. We employ logarithms simply to 
effect the first of these ojierations, i. e. the nndtiplication, division, etc of the num- 
bers WHisidered as p<.)sitive; and to facilitate the secoml operation, or the determination 
of the sign, we prefix to the logs, the signs which are prefixe*! to the numbers to which 
they belong. 
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As the logs, of all the trig, functions are positive (being rendered so 
by the addition of 10 where necessary), it will easily be remembered 
that the sign in the latter case is not that of the logarithm, but of the 
number to which it belongs. 

Elementary Method of Constructing the Trigonometric 

Table. 

100. By dividing .t=^ 3'1415926 by the number of seconds in 
180^, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
sine of 1", which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin r = 6-0002908882 
and by (7) 

cos V=i/{1- sin^ V) = y [(1 + sin 1') (1 — Pin 1')] 

=: 1/(1-0002908882 X -9997091118) 

or performing the arithmetical operations 

cos r = 0-9999999577 

Then by (101) and (103) 

sin (x -\- y) = 2 sin x cos y — sin {x — y) 
cos (a? + y) = 2 cos x cos y — cos (x — y) 

in which we can suppose y to be constantly equal to 1' and x to be- 
come successively 1', 2', 3', etc. Thus, first substituting y = 1', 

sin {x + 1') -- 2 sin x cos 1' — sin (x — 1') 
cos (x -{- 1 ') = 2 cos X cos 1 ' — cos {x — 1 ') 

then if X = 1', 2', 3', etc., we find for the sines 

sin 2' = 2 cos V sin 1' — sin 0' - 0000581 7764 
sin 3' = 2 cos V sin 2' — sin 1' ^ 0*0008726646 
sin 4' = 2 cos r sin 3' — sin 2' = 0-0011635526 
sin 5' =- 2 cos V sin 4' — sin 3' = 0-0014544407 
etc. etc. 

and for the cosines 

cos 2' = 2 cos 1' cos 1' — cos 0' = 0*9999998308 
cos y =■- 2 cos r cos 2' — cos 1' -- 0*9999996193 
cos 4' = 2 cos V cos 3' — cos 2' - 09999993232 
cos 5' =- 2 cos 1 ' cos 4' — cos 3' - 0*9999989425 
etc. etc. 
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The whole difficulty in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos 1' = 1*9999999164; but 
this multiplication is much shortened by obser\'ing that 

2 cos 1' = 1-9999999154 = 2 — -0000000846 

so that if we put 

m -- -0000000846 

we have 2 cos V = 2 — m and therefore 

sin 2' = 2 sin V — sin 0' — m sin 1' 
sin 3' -- 2 sin 2' — sin 1' — m sin 2' 

sin 4' =- 2 sin 3' — sin 2' — m sin 3' 

etc. 
cos 2' -- 2 cos 1 ' — cos 0' — m cos 1 ' 
cos 3' = 2 cos 2' — cos V — vi cos 2' 
cos 4' = 2 cos 3' — cos 2' — m cos 3' 

etc. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
30^ ; for by (159) and (162) we have 

sin (30° + y) = cos y — sin (30° — y) 
cos (30° + y) = cos (30° — y) — sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
it successively 1', 2', 3', etc. 

sin 30° V = cos 1' — sin 29° 59' 
sin 30° 2' -- cos 2' — sin 29° 58' 
sin 30° 3' -- cos 3' — sin 29° 57' 

etc. 
cos 30° y = cos 29° 59' — sin 1' 
cos 30° 2' = cos 29° 58' — sin 2' 
cos 30° 3' -- cos 29° 57' — sin 3' 

etc. 

This last ])rocoss requires to be continued only to 45°, since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents may be found from the sines 
and cosines by the formulae 

sin a: ^ cos a; 

tan X = cot X = — 

cos X sm X 

and the secants and cosecants by the formulae 

1 1 

sec X = cosec x = — — 



cos X sin X 

103. In so extended a computation as the construction of the en- 
tire table^ it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half ; hence from the cos. 45^ = ]/ i we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15' 
by the same formulae ; and from cos. 30° = J ]/ 3 we can find sin. 
and COS. of 15°, 7° 30', and 3° 46'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are Tarious other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of verifi- 
cation. 

Let 2;= 18® ; then 3z + 2x = 90® and cos 3z = 8in 2a:, whence, by Art 76, 

4 cos* X — 3 cos z = cos 3 x = 2 sin z cos z 
4 cos* X — 3 = 2 sin z 

4(1— sin'z) — 3=::2sinz 
sin* z 4- } sin z = J 

which equation of the 2d degree being resolved, gives sin z = 

sin 18* =cos 72® --= ^^ ~"J 

4 

whence cos I80 = sin 72» = Ka0+2|/5) 

4 

From these by (138) and (139), we find the sine and cosine of 9° and 36® ; then 
by (37) and (39) those of 36° — 30° = 6°, whence those of 3° ; after which it will 
be easy to form a table of the exact values of the sines and cosines for every 3" of 
the quadrant.* These expressions, however, are not of much use, directly, in the con- 
struction of tables, as we have much better methods ; but they lead to a formula of 
verification which is of some importance. We find 

cos 360 = V^5--+i 
4 

* A table of this kind is given by Cagnoli in his Triyonomelrie. 
7 E 
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And by (102) 

•in (72? -f y) —sin (72° — y) = 2 ooe 72? «iny = ^^""^ siny 

an (36° ^ yj — wn (36° - y) = 2 006 36** siny = l^^^ giny 

the diflerenoe of these equations gives 

sin (36° -r y) — sin (36° —y> = sin (72° -r y) — sin (72° — y) + mn y 

which is Eula' 8 formtUa of ttrijMUUm. By giving y anv value at pleasure, the cor- 
rectness of five sines of the tables is examined. By substituting 90° — y for y in this 
furmnla it is easily reduced to tlie following 

sin r90° — y) -f sin (18° -|- y) -f sin (18° — y) =sin (54° -f y) + sin (64° — y) 

which is known ss Legendre's formula, though not essentially diflerent from Ealer's. 

105. The method that has here been given for computing the trigonometric table, 
though simple in principle is nevertheless sufficiently operose. The method by infi- 
nite series, to be given hereafter, will be found to be much more n^id and simple in 
practice. 
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CHAPTER VI. 

SOLUTION OF PLANE RIGHT TRIANGLES. 

• 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our fio. is. 
definitions of sine, etc., which are expressed by 
the equations (1). As three of tlie six functions 
are only the reciprocals of tlie other three, we 
shall base the solutions upon the following three; 
(Fig. 15) : 

• A ^ A ^ i. A ^'' 

s\u A = - cos A = - tan -A = - 

c c 6 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply 
them, or in order to solve the triangle trigonornetrically, there must 
be given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side ; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mineil by the precept, — employ that trigonometric function of the angle 
which is equal to the ratio of the two sides considered, 

107. Case I. Given the hypotenuse and one angle, or c and A, 

To find a. We consider a, c and A ; and since the ratio of a and 
c is given by the sine, we have 

sin -4 = - whence a =^ c sin ^ (195) 

To find b. Considering 6, c and A, we have the ratio of b and c 
expressed by the cosine, or 

cos A = - whence b = c cos A (196) 

c 

To find B. We have £ = 90° — A. 



52 PLANE TRIGONOMETRY. 

The required quantities a and 6 being equal to the product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given c = 672-3412, A = 35° 16' 25''; to find the other parts. 

By (195) By (196) 

c = 672-341 2 log 2-8275897 log 2-8275897 

A = 35° 16' 25" log sin 9-7615382 log cos 9-9119049 

a = 388-2647 log* 2-5891279 6 = 548-9018 log* 2-7394946 

Alls, a = 388-2647 
6 = 548-9018 
J5 = 54° 43' 35" 

2. Given c = 42567-2, B = 87° 49' 10" ; find the other parts. 

Am. a = 1619-626 
b = 42536-37 
^ = 2° 10' 50" 

108. Case II. Given the hypotemtse and one side, or c and 6. 
To solve this case trigonoraetrically, we must first find an angle. 
To find A. We have 

cos A = - (197) 

c 

To find a. We have, by the preceding case, 

sin -4 = - a = c sin A (198) 

But a may be found by geometry from the equation 
a* -f 6* _- ^ whence a^ = c^ — 6* 

a= ^(c2-6^- 1/ [(c + 6) (c - 6)] (199) 

Examples. 

1. Given c = 672-3412, b = 548-9018 ; find A and a. 

By (197) By (198) 

b = 548-9018 log 2-7394946 

c = 672-3412 log 2-8275897 log 2-8275897 

^ = 35° 1 6' 25" log cos 9-9119049 log sin 97615382 

a = 388-2647 log 2-5891279 



* Ten is rejected from each of tliese indices because the logarithms of the sine and 
cosine in the table are ten too great. Art. 97. 



^ 



SOLUTION OF PLANE RIGHT TBIANGLEa 63 

By (199) 

c= 672-3412 

6= 548-9018 
e + b = 1221-2430 log 3-0868021 
c — 6 = 123-4394 1(^ 2-0914538 

2 )51782559 
a = 388-2647 log 2-6891279 

Ans. A = 35° 16' 25" 
B = 54° 43' 36" 
a = 388-2647 

2. Given c = -092367, b = -058018 ; find a. 

Ana. a = -071859 

109. Case III. Given an angle and Ua adjacent aide, or A and 6. 
To find a. We have 

tan A = - whence a = b tan A. (200) 

6 

To find c. We have 

cos -4 = - whence, by (2), c = = 6 sec -4 (201) 

c cos A 

or directly from the secant 



sec A==T whence o = bsecA 



Examples. 

1. Given A = 88° 59', 6 = 2-234875 ; find the other parts. 

Am. a = 125-9365 
c = 125-9563 
B = r V 

2. Given B = 60°, a = 10 ; find c. (See Art. 29.) 

Ans, c = 20. 

110. Case IV. Given an angle and its opposite side, or A and a. 
To find c. We have 

sin ^ = - c= = a cosec A (202) 

c sin ^ 

To find b. We have 

m 

tSLnA = j b = — = a cot A (203) 

6 tan^ ^ ^ 

E 2 
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rapid change of these differences. We avoid the use of these large differences, and 
gain somewhat in accuracy, bj employing the approximate value of sin. i A given by 
(98), whence 

sin J i4 = M sin V, iA = ^I^iA 

sinl^^ 

Thus we have found above log sin } il = 7*9160547 

Art 54, log sin V^ = 4 6855 749 

iAr= 1700'^12 = 28' 20''12 log } A = 32304798 

But to obtain i A with the utmost precision, recourse must be had to the following 
pro(«88, which is constantly employed in observatories, and wherever small angles are 
to be computed with extreme accuracy. Special tables are prepared containing for 
every minute from 0^ to 2^ the logarithms of 

-?L"-i=A and *«?£=* 



which do not vary rapidly, and may therefore be taken with accuracy from the tables. 
Then we have 



„. , , sinx . 
sin X — ^ X . — X . A 

X 




. tan X J 
tan X - X . - X . A 


tanx 
X — — :: — 



A table of tliis kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

q r= log sin x, n = log x 
and therefore in tlie column marked q — n we find the log • Thus in the above 

X 

example we have found log sin J ^ ^^ 9 = 7*9160547 

and from tlie table q -n = 4- 685570 

J i4 = 1700''14 = 28' 20^^14 logM= n = 3-2304847 

which is the true value of i -4 within 0''*01. 
Stanley's Table contains also the values of 

log ""^ =q — n (9 = log tan X, n = log x) 

X 

log - - — =q -\-n (9 ^ log cosec x, n = log x) 

sinx 

log— ^^7-fn (7 = logcotx, « = logx) 

tan X 

the use of which may easily be inferred from the example just given. 



CHAPTER VII. 



Fig. 16. 




FORMUUE FOR THE SOLUTION OF PLANE OBLIQUE TRIANGLES. 

116. As every oblique triangle may be resolved into* two right 
triangles by a perpendicular from one of the angles upon the opposite 
side, we are enabled to deduce all the formulse for their solution from 
those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines of 
their opposite angles. 

Denote the angles of the triangle A B Cy 
Fig. 16, by -4, B and C, and the sides oppo- 
site these angles respectively by a, 6 and c. 
From C draw C P perp. to ^ JS and put ^ 
CP = p. Then in the right triangles A C P, BCP, we have, 
by (195) 

p = b sin Af p = a sin B 

whence 6 sin ^ = a sin B 

which, converted into a proportion, gives 

a : 6 == sin ^ : sin B (216) 

and in the same way we may prove that 

a : c = sin ^ : sin C 
b :c ^^sin B : sin C 



and these three proportions may be written as one, thus : 

a : 6 : c = sin ^ : sin B :s\n C 



or thus. 



a 



e 



sin A sin B sin C 



(217) 
(218) 



When the perpendicular falls without the 
triangle, Fig. 17, the angle CB P is the sup- 
plement of J5, but by Art. 39, it has the same 
sine, so that the triangle CB P gives 

p = a sin CB P=^ a sin B 

8 



Fio. 17. 




57 



56 PLANE TRIGONOMETRY. 

rapid change of these differences. We avoid the use of these large differences, and 
gain somewhat in aocoracy, by employing the approximate value of sin. ^ A given by 
(98), whence 

sin i i4 = M sin V, iA = ^J^AA 

sinl'^ 

Thus we have found above log sin i A = 7*9160547 

Art. 64, log sin V = 46855749 

M = 1700^^12 = 28' 20''12 log M = 32304798 

But to obtain i A with the utmost precision, recourse must be had to the following 
process, which is constantly employed in observatories, and wherever small angles are 
to be compufed with extreme accuracy. Special tables are prepared containing for 
every minute from 0^ to 2^ the logarithms of 

ii??-i=A and ^■'-=k 

X X 

which do not vary rapidly, and may therefore be taken with accuracy from the tables. 
Then we have 



sm X 1 
sin X X . - — X . A 

X 




tanx-x."""i -i.it 


tanx 

x= — : — 



A table of this kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

q = log sin X, n = log x 
and therefore in the column marked o — n we find the log • Thus in the above 

X 

example we have found log sin i -4 := 9 = 7*9160547 

and from the teble q -n = 4*6865700 

iA = 1700''14 = 28' 20''*14 log J ^ = » — 3*2304847 

which is the true value of } -rl within 0''*01. 
Stanley's Table contains also the values of 

log — — =q — n (o = log tan X, n = log x) 

X 

log — - — = 9 + n (9 = log cosec x, n = log x) 

sinx 

log ^ —q-{.n (9 = log cot X, n = log x) 

tanx 

the use of which may easily be inferred from the example just given. 
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FORMULA FOR THE SOLUTION OF PLANE OBLIQUE TRIANGLES. 

116. As every oblique triangle may be resolved into* two right 
triangles by a perpendicular from one of the angles upon the opposite 
side^ we are enable<l to deduce all the formulse for their solution from 
those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines of 
their opposite angles. 

Denote the angles of the triangle ABC, 
Fig. 16, by A, B and C, and the sides oppo- 
site these angles respectively by a, b and c. 
From C draw C P perp. to ^ JS and put ^ 
CP = p. Then in the right triangles A C P, BCP, we have, 
by (195) 

p ^ b sin Ay p = a sin B 

whence 6 sin ^ = a sin B 

which, converted into a proportion, gives 

a : i = sin ^ : sin -B (216) 

and in the same way we may prove that 

a : c = sin -4 : sin C 
b : c =- sin B : sin C 



and these three proportions may be written as one, thus : 

a : 6 : c = sin yl : sin 5 : sin C 
a b e 



or thus. 



sin A sin B sin C 



(217) 
(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle CB P is the su|)- 
plement of By but by Art. 39, it has the same 
sine, so that the triangle C B P gives 



Fig. 17. 




P 



= a sin CB P— - a sin B 



8 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two sides of a plane triangle is to their differ- 
ence as the tanr/ent of half Uie sum of the opposite angles is to the 
tangent of half their difference. 

For, by the preceding article, 

a:b = sin A : sin B 
whence, by composition and division, 

a + i : « — l> -^ sin A + sin B : sin A — sin B 
But from (109) if x ^= Ay y = B we obtain the proportion 
sin A -{- sin B mm A — sin B - tan ^ (A + B) : tan i^{A — B) 

which, compared with the above, gives 



a + b:a — b -- tan \{A-\- B)i tan ^{A — B) 
This may also be written 

a + i _ tan 1{A + B) 
a — b~X}in\{A — B) 



(219) 



(220) 



and we may infer the same relation between 6, c, J5, C and a, c, 

A, a 

119. The square of any side of a triangle is equal to the sum of the 
squares of Hie other two aides diminished by twice the rectangle of these 
sides multiplied by the conine of their included angle. 



Fig. If). 




In the triangle A B C, Figs. 16 and 17,* 
we have either 



Br 



c 



il' 



or BP=AP — c 



Fic. 17. 



hut in both cases 




> r>2 



B I 



J 



1 P' -^ L^—2c^AP 



Adding C P' to both members, we find 



a' 



lr-^c^—2cX AP 



But the triangle A CP gives l)y (196) 

A P -: h eos A 



*Tlio consideration of Fiir. 17 was not strictly nocessarv according? to the piincip^* 
statcil in Art. 49. It may, however, he useful for the student to verify that principle 
when convenient. 
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which substituted in the preceding equation gives 

a^ = b^-\-(?—2bcQo&A (221) 

as was to be proved. We have in the same way 

6« = a^ + c2 — 2 ac cos fi (222) 

c» = a* + 6^ -2o6 cos C (223) 

120. The same result is obtained from the following equations (which are evident 
from Fig. 16, where c^AP-\-PB) 

a = b 006 C-\- e cos B 1 

6 = cco8il-haco8C K224) 

c ^= a cos J? -|- 6 cos ^ J 

From the first of these 

c cos B ^=a — 6 cos C 

whence c* cos' B = a^ — 2 ah coe C -\- b* cos* C 

and from (218), c« sin« B= 6' sin' C 

the sum of which two equations is, by (13), 

<? = a^'—2abco8C+b* 

121. From (221) we find 

cos -4 = ; (225) 

2 6c ^ ^ 

by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations arc necessary : 

Subtract both members from unity ; then 

1 — cos ^ = — — , = e ; ^ 

2 6c 2 6c 

But, by (139), making x ^= A, we have 

1 — cos ^1 = 2 sin^ 1 A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and 6 — c ; thus, 

a^-(b-cY = [a - (6 - c)] X [a + (6 - c)] ^{fi — h + c)(a+b - c) 
Substituting these values in the above e(jnation and dividing by 2 

8in» i A = ("- ^ + '"^ (" ^''-'^ (22G) 

4 6c 
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This may be simplified by representing the half sum of the three 
sides V>y *, or by putting 

a+b + c = 28 
whence 

a — 6 + c = a + 6 + c — 26 = 2«— 26 = 2(« — 6) 
a-f-6 — c=^a + 6 + c— 2c = 2« — 2c = 2(«— c) 

which substituteil in (226) give 

si„3 J ..1 ^ il^)JLZZ£l (227) 

be 

In the same manner we should find from (222) and (223) 

,i„. J s = (*-^')-C^-_^\ si„« J C'= (l:^-(ill*) (228) 

ac ab 

122. Add both members of (225) to unity; then 

1 + cos A — = "^ \ 

2 6c 2 6c 

But by (138) 

1 + cos -4 =^ 2 cos* ^ A 

Also, (6 + (f — a^^{b + c+ a) (6 + c — a) 

therefore 

^ 4 6c 

Substituting s in the numerator as in the preceding article 



cosH^ = -^''^--~ (229) 



and therefore also 



cos* LB= - ^"^ — *\ cosU C- "^--^ (230) 

^ ac ^ ab ^ ^ 

123. Dividing (227) by (229), we have, by (14) 

tan* i,A = ^'-''^ ^' - -'^ (231) 
and in the same manner 

tanH 5 =- ^' ~!'^ ^"~ "\ tan' ^ C = («--:i^Hl^*) (232) 
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124. The preceding formule are sufficient for the resolution of all the usual cases 
of plane triangles; but there are others that are occasionally useful. From (218) we 
find, by (105), (106) and (135), 

a + b _ 6\nA -{-sinB ^B in i (A + B) c oBJ (A — B) 
e sin C sin ^ Ccoe i C 

a — 6 sin^ — sin B cob j (A 4- B ) sin j { A — B) 

e sin C sin ^ C cos ^ C 

But since A + B+C-= 180°, 

^ + ^ = 180*> — C, i (.4 4- -B) = 90« — i C 

sin J (^ -h ^) =cos 1 C, cos } (^ + -5) =«n 1 C 

by means of which we find 



a^+_6 ^ cos } {Aj^B} ^ cos^J (.-^—J^) 
e "'sin'iC i.^ \ (a -\-~ B) 

a — h ^m\i (A — B)^ %mi{A — B) 
c cos } C sin ^ (A-r-B) 



(233) 



(234) 



The quotient of (233) divided by (234) gives (220). 

125. Adding unity to both members of (233), or subtracting it, we have, by (103) 
and (104) 

g-f 6-f c ^ cost {A -h._B) + cos t (A — B) ^ 2coh i^ cos ^ ^ 
c cos J {A-\- B) sin i C 

a-\-b — e ^coB a A— B)— cm i (A + B) ^ 2 sin M sin j B 
e cos J (^ -f ^) sin } C 

Similarly from (234) we find 

c_±_a — b ^ 8in_i (.4 ±_B)_+ sin j {A — B ) ^ 2 s in M cos » ^ 
c 8inJ(*l + ^) cosJC 

«_— ^ i:^ ^ sin t (A -f ^)— Kin j (A — B) ^ 2 co8 M s i n t B 
c sin J (.4 — ^) cos J C 



Substituting « = J (a -|- 6 -f c), these equations become 

« COS J A orw i B 

e sin J C 

8 — c sin J A sin j B 

e sin i C 

8 — 6 si n J y1 ow J B 

e COB i C 

8— a COR J_j4_sin j^ 

e COB i C 

F 



(236) 



(236) 
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From these equations we can deduce immediately (227) etc ; for example exchang- 
ing c for 6 in (236), we have 

8 — 6 sin ^ ^ sin j C 

b sin i B 

wliicli, multiplied by (236) gives (227). 

126. Four times the product of (227) and (229) is by (135) 



whence 



4 

8in*ul=-- .«(« — a) (« — 6) (« — c) 



%mA = -^ l/[B{B — a) (« — 6) (« — c)] (239) 

be 



Exchanging A for B and C successively, this gives also 

sinl?=-?-i [«(« — a) (« — 6)(«-c)] (240) 

sin C=4- !/[«(« — «) (« — *) (« — c)] (241) 

ab 

In these equations put * 

K^ 1/ [« (8 — a) {8- b) (8 — c)] (242) 



then 



BmA=-.^^ smB = ^^- sin C=^ (243) 

be ac ab 



The quotient of the first of these divided by the second is 

sin A ae a 

sin B be b 

which brings us back to the theorem of Art. 117. 

127. The sum of A, B and C being 180®, and the sum of } .4, i ^ and J C Ixjing 
90°, we have, by Arts. 85 and 86, the following relations among the angles of a plane 
triangle. 

tan i4 -f- tan B -f- tan C— tan A tan B tan C 

cot i ^ -f- cot i J? 4- cot } C= cot J ^ cot i J? cot i C 

1^- sin ^ -j- sin ^ -L sin C= 4 cos } -4 cos J ^ cos } C 

sin A + sin -R — sin C -= 4 sin } ^ sin i -B cos } C 

COB A -{- cos B -\- c(» C — l=r4 8in}-4sin§^sin}C 

cos i4 4- cos ^ — cos C-f- l=4cos}-4co»JB»ini C 

in the last of which we may interchange A^ B and C. These relations may be substi- 
tute<l in the equations of Art. 125. 



* K is the area of the triangle. See Art. 148. 
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128. The following equations are added as ezercisee. 

tan_L4__«:ziA, tan M tan J B = lH^ 

tan iB 8 — a 8 

Bin(A — B) ^ {a + b){a — b) 

.1 
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sin {A -h B) c 

tan i .4 tan i £ cot } C= 



= (^-^ )' 



K 



cot M + cot J -B + cot i C^ v^- 

A 



sin } ^ sin } £ sin i C-- 



abc8 

K8 



coejf^coei^cos} C= - — 

abc 

tan § -4 tan i B tan i C= ~ 

r 

K^ = s{8 — a){8 — b) (8 — e) 
16 \ 



-') 
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SOLUTION OF PLANE OBLIQUE TRIANGLES. 



Fig. 18. 




129. Case I. Given two angles and one 
side, or A, B and a. Fig. 18. 
To find the third angle. We have 

To find b and c. We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as the given side 
is to the required side. Thus we have 



whence 

and 

whence 



sin A : sin B = a :b 
a sin B 



= asin B cosec A 



c = 



sin A 
sin ^ :sin C— -a :c 
asin C 



(244) 



sin A 



= a sin C cosec A 



(245) 



1. Given A = 
find C, b and c. 



Examples. 
50° 38' 52", B =■-. 60^ 7' 25" and a 

^ + ^=110° 46' 17" 
C=- 69° 13' 43" 



412-6708, to 





By (244). 


A - 50° 38' 52" 


log cosec 0-1116730 


n - 60° T 25" 


log sin 9-9380702 


C--69° 13' 43" 




rt — 412-6708 


log 2-6156037 




log b 2-66r,3469 




6 - 462-7505 



By (245). 



log cosec 0-11 16730 

log sin 9-9708129 

log 2-6156037 

1(^ c 2-6980896 

c = 498-9875 
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2. Given ^ = 100° 16' 35", jB = 25° 16' 13", and 6 = 29-167, 
find a and c. 

Am. a = 67-22857 
c = 55-69178 

130. Case I. Given .4, ^ and o. Second solution. We find (7= 180® — (A -]- B) ; 
then, by (233) and (234) 

^ cos i (-B + C) sin M 

6 _ e = a . «>-*-^-S= a . ^ilLiJ^ ^i (247) 

sin i (-D + C) cos i .A 

which give the sum and difference of the required sides ; adding half the difference to 
half the sum, we find the greater side, and subtracting half the difterence from half the 
snni, we find the less side. 

131. Case L Given -4, B and a. Third Solution, When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and 6; for we 
have, from (244), 

, a sin B sin A — sin B 
a — = a = a . 

sm A sin A 

or 

g - 5 — 2 g COS i (^ + B ) sin i ( ^ — B) ,248) 

sin A 

Example. Given ^ = 35° 40' 12''-3, 5 = 35° 37' 48''-6, and a = 26246948. 

ii = 35° 40^ 12'''3 log cosec 02342442 023424 



B — 35° 37' 48"-6 


log 2 0-3010300 


0-30103 


J (^ + -B) — 35° 39' 0"-5 


log cos 9-9098720 


9-90987 


i(A B)— 0° 1' ll"-9 


log sin 6-5423038 


6.54230 


o = 26246-948 


log 4-4190788 


4-41908 


a — 6 — 25 499 


log 1-4065288 


1-40652 


6 — 26221-449 







One of the advantages of this process is, that a —b may be found with sufficient 
tccuracy with five-figure tables, as in the second column of Ic^rithms above. If a 
lad been given to ten figures instead of eight, we should still have been able with the 
«veii-figure logs, to find a — 6 to seven figures, and therefore 6 to ten figures, which 
^ould not be done by the ordinary methods without ten-figure tables. 

132. Case II. Given two sides and an angle opposite one of theniy 
>r, a, b and A. 

To find JSrf To find the angle opposite the other given side, we 
ipply Art. 117, and state the proportion thus: the side opposite the 
jiven angle is to the side opposite the required angle as the sine of 
:he given angle is to the sine of the required angle. Thus, with the 
present data, we have 

a : 6 = sin ^ : sin J? whence sin JS = — (249) 

a 

9 p2 
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To find C\ We have C= 180° - {A + B) 

To find c. Having found C, we now have the data of Case I.; 
therefore, by (245) 

c ^ a sin C cosee A (250) 

133. It is shown in geometry that when two 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side op|>osite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B = BB' C- 180° — AB'C 

These two values of B are given in the trigonometric solution by 
the consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined only 
by its sine, it admits of two values, supj)lements 
of each other, unless the conditions of the 
problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 6, and 
there is but one triangle whether A is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a = b sin A 

a would be equal to the perpendicular from C upon the side c, and 
we should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

135. If the given parts were such that 

a<ib sin A 

a would be less than the perpendicular from C and the problem 
would be impossible. It would also be impossible if « < 6 while 
A > 90°. 

136. When there are two solutions, represent the two values of B 
by J5' and />", then the two values of C will be 

C =^ 180° - (.1 + /;') 180° — /;' —A = B'' — A (251) 
C" ^. 180° — {At B") = 180° — B" - A =-J5' — A (252) 
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and the two values of e will be 
c' = a sin C cosec A 



c" — a sin C" cosec A 



(253) 



EXAMPLi:S. 

1. Given a = 31-23879, 6 = 49-001 17 and ^1 = 32M8'; find 5, C 
and c. 



« = 31-23879 

6 = 49-00117 

A = 32° 18' 

J?' = 56° 56' 56"-3 

J5" = 123° 3' 3"-7 

r'= 90° 45' 3"-7 

4^''= 24°38'56"-3 



ar. CO. log 8-5053058 

log 1-6902064 

log sin 9-7278277 

log sin 9-9233399 
log sin 9-9999627 



log cosec .4 0-2721723 
log a 1 -4946942 

logc' 1-7668292 
c' -- 58-45601 



log sin 9-6201962 
0-2721723 
1-4946942 



^7w. J5=:56° 56'56"-3 
C=90°45' 3"-7 
c = 58-45601 



or < 



J 



K 



log r" 1-3870627 
c" = 24-38163 

5=123° 3' 3"-7 
C = 24° 38' 56"-3 
c= 24-38163 



2. Given a ^ -051234, h = -042356, ^ -= 55° ; find B, Cand e. 

JLrw. B = 42° 37' 32"-7 
C= 82° 22' 27"-3 
c= .06199202 

3. Given a = -042356, 6 = -051234, Ji = 55° ; find B, Cand c. 

Aiui. B = 82° 14' 35"-7 "1 f ^ = ^^'^'^ ■*'''^' 24"-3 

C=42° 45'24"-3 lor < 
c= -03510331 

4. Given a = 40, 6 = 50, ^ = 53° 7' 48"-4 ; find B. 

Am. 5=90°. 

5. Given a = 40, 6 = 50, A = 60° ; solve the triangle. 

Aufi. Tm])ossible. 

6. Given 6 = 40, c = 50, 5 = 100° ; solve the triangle. 

A718, Impossible. 



v. 



C=27° 14'35"-7 
c = -02366993 



i 
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Fig. 21. 




nnd 



137. Case II. Given a, 6 and -4. Second Sdutum, ^\e 
may solve, separately, the two right triangles APCyBPC, 
Fig. 21, wiiich is a convenient method when there are 
two solutions. We first find B by (249) ; then we have 

.4P_6co«^, BP=aco6B 

. c-r-.AP^BP 



The cosine of the obtuse value of B is negative, (Art. 39), so that J? P is then nega- 
tive, and we have the two values of c from the formula 

c-^AP±iBP 

There will be but one solution, if B P > A P, for c cannot be negative. 

138. Case III. Given two sides and the included angk, or a, 6 and ( '. 
To find A and B, We have first 

A + B --180°— C 
\{A + B)~-'dQ^~)^C 

from which we next find the half difference of A and B by the 
theorem of Art. 118, which gives 

a + h:a — b = iiin\ {A + B) : tan \{A — B) 

a — b 



a + 



a + b 



cot \ C (254) 



The half difference added to the half snra gives the greater angle^ 
(opposite to the greater given side), and the half difference subtracted 
from tlie half sum gives the .less angle. 

To find c. We have the data of Case I., and therefore 

c =^ a sin Ccosec ^ ^^ 6 sin C cosec B (255) 

EXAMPLKS. 

1. Given a =- -062387, b = '023475, and C= 110° 32' ; find A, B 
and c, 

A + B = 180° — C= 69° 28' 
•085862 ar. co. log 1-0661990 



a + b = 
a- — b =^ 

i{A-B)^. 

A = 
B^ 



•038912 
34° 44' 

17° 26' 33" 

52° 10' 33" 
17° 17' 27" 

e=110°32' 

b = 023475 

e = -0739635 



log 8-5900836 
log tan 9-8409174 

log tan 9-4972000 

Ic^ cosec 0-5269189 

log sin 9-9714931 

log 8-3706056 

log 8-8690176 

A7UI. A = 52° 10' 33" 
B-- n° 17' 27" 
c = -0739635 
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2. Given a = 31-0005, b = 15-1101, C= 10° 15' ; find A and B. 

ylTw. ^=-160° 17' 13"-7 
B= 9° 27' 46"-3 

3. Given a = 2-463878, b = 9-021875 and C= 74° 9' 4"-2 ; find 
A and B. 

A718. yl = 15° 50' 55"-8 

5 = 90^ 0' 0" 

4. Given 6 = 15-1101, c -= 31-0005, A = 10° 15' ; find B and C. 

Am. B^ 9° 27' 46"-3 
C=^ 160° 17' 13"-7 

139. Having found A and B as above, the mo8t convenient mode of finding c is by 
(233) or (234), which give 

, ^. (a ^ t) ^^4j^|l (256) 

cos i [A — Js) 

, = (« _ 6) r-ii4Jl|I (257) 

8in i {A — B) 

or we have, from the process of finding A and B, the log. of o -f 6, or of a — 6, and 
he values of } (^ + B) and ^ {A — B), so that we have only two new logs, to find, 
vhich are taken out at the same o(>ening of tlie tables with the tangents of i (A -^ B) 
ind i {A- B). 

140. Case III. Given «, b and C Seemid Solution, When a 
ind 6 are given by their logarithms, which occurs when they are 
leduced by a logarithmic process from other data (as, for example, in ' 

he computation of a series of triangles in a survey), we proceed as 
"oliows. Let X be an auxiliary angle, such that 

tan .r - ~ (258) 

b 

in assumption always admissible, since a tangent may have any value 
Prom to 00 . 
We deduce 

tan X — 1 a — b 

tan a: + 1 a -\- b 

or by (152) tan {x - 45^) = ^^ 

a -\- b 

>Thich substituted in (254) gives 

tan i (^ — B) =- tan (or - 45°) tan ^ (^ + B) (259) 
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We find X from (258) and employ its value in (259). As this 
nethod does not require the preparation of a + 6 and a — 6, it is 
quite as short in practice as (254). 

Example. 

Given log a = 8-7950941, log 6 = 8-3706056, and C= 110^ 32'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log b = 8-3706056 

X - 69° 22' 46"-8 log tan 0*4244885 

X — 45° = 24° 22' 46"-8 log tan 9-6562825 
^{A + B) ---- 34° 44' log tan 9-8409174 

i (^1 — .B) -= 17° 26' 32"-9 log tan 9-4971999 

141. Case III. Given a, 6 and C. Third Solution. To express A or B directly . 
terms of the data, we have, from (218) and (224) 

cam A ^=^ asin C 

c cos ^1 - - 6 — a cos C 

the quotient of which is 

. M a sin C 
tan^ = 

6 — acoH C 
and in the same manner 

tan .5^ ^"'"^ {21 

a — 6 cos C 

142. Case III. Given a, b and C Fourth Solution. To find c directly from 
data, we have, by (223) 

c2 .- a' -^ 6« - 2 a6 cos C 

which, however, is not adapted for logarithmic computation. It may be adapt 
follows. Substitute by (139) 

cosC -1- 2sin«} C 

then c» -a^ -f ^' - 2 a6 + 4 absin^ i C 

= (a — 6)«-r 4a6sin« J C 

c-:.(a-6)J(l4-^"'""'^) 
^ ^ \ V ^ (a — 6) W 

Let X be an auxiliary angle, such that 

tan« X = i ^ ^'"' i ^ 
(a - by 

tanz^ 'j- VaS 

a — 6 
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then the radical in the above equation becomes |/(1 -{- tan'x) = secx; therefore, 

e=(a — b)9ecx (264) 

143. We may also adapt (223) for logarithmic computation by means of (138), 
which gives 

cose= — 1 -h2cf«"}C 
whence 

c« = o" -f 6« -r- 2a6 — 4 a6 co8^ i C 



Let 






2 cos h C ,• -r 

sm z = * — l^ ao 

a-j-b 



(265) 



(266) 



Hen the radical becomes i/ (1 — sin* x) = cos z ; therefore, 

e = {a-\- b) coax 



(267) 



144. It is to be observed, that the supposition (268) is always possible, since a tan- 
^'Xit may have any value between and oo , and therefore an angle x may always 
^ found having any given number as its tangent. As the greatest value of a sine is 
K^ity, it is not so obvious that the supposition (266) is always possible; but whatever 
'^ « values of a and 6 

(a -b)^>0 



^xerefore 



(a-f 6)»2l4a* 



^ hence . 



a + b = 



Herefore the second member of (266) is never greater than unity. 



Given a = 062387, 6 

a ^- -062387 
b = -023475 



a + 6 = 085862 
}C=65«»16' 



Example. 

•023475, C= 110° 32^; (same as Ex. 1, Art. 138) 

By (266) and (267). 

log 8-7950941 

log 8-3706056 

2)7-1656997 

log V~ab= 8-5828499 

ar. CO. log 1 066 1990 

1. cos 9-7556902 

log 2 0-3010300 

1. sin X 9-7057691 

c = 07396344 



log 8-9338010 



1. cos X 9-9352161 
log 8-8690171 
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145. Case IV. Given the three ddcs^ or «, b and c. 
To find A, B and C\ We have from (227) and (228), 



•.nM = V((--t-^) 



_.//(''_-«)(izl5)^ 



V( 



ri„j5=^i----_j) 



sin \ C 



\l{H-_a){s-b)\ 
^\ ab I 



or by (229) and (230) 



cos J J. = -y^l 



//i_(?. — ^0 



) 



or by (231) and (232) 






(268) 



(269) 



. (270) 



In these forraulre 8 = ^ (a + 6 + c). Either of these three meth- 
ods may, in general, be employed, but (268) is to be preferred when 
the half angle is less than 45°, and (269) when the half angle is 
more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It is accurate for all values of the angle. 



♦See Art. 112. 
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Examples. 
1. Given a = 10, 6 = 12, c = 14 ; find the angles. 



By (268). 
a = 10 ar CO 1 9-0000000 ar co 1 9-0000000 

6 = 12 ar CO 1 8-9208188 ar co 1 8-9208188 

c -- 14 ar CO 1 8-8538720 ar co 1 8-8538720 
2« = 36 



8 = 1S 

9 — a = 8 
^—b--= 6 
^ — c =^ 4 

Log sines 



log 0-7781513 

log 0-6020600 

2)9-1549021 

i A 9-5774510 



log 0-9030900 

log 0-6020600 
2)9-3590220 



log 0-9030900 
log 0-7781513 



2)9-6020601 
^ C 9-8010300 



^B 9-6795110 

i4--=22°12'27"-6 i ^ = 28° 33' 39"-0 ^ C-= 39° 13' 53"-5 
A = 44° 24' 55"-2 B = 57° 7' 18"-0 C= 78° 27' 47"-0 



Verification. 



A + B+ C=180^ 



2. Given a = -8706, b = -091G, c -- -7902 ; find the angles. 

Aiw. .1 = 149° 49' 0"-4 
B^ 3° 1' 56"-2 
C= 27° 9' 3"-4 

3. Given a = -5123864, b = -3538971, c - -3090507 ; find C. 

Alls. C=36° 18' 10"-2 

146. The computation by (270), when all the angles are required, will be much 
facilitated by the introduction of an auxiliary quantity* 



=V( 



{8 — g) ( 8 — b) (8 — c Y 



'=-"■' — -^-7— — ^) 



(271) 



from which we find by (270) 



tan } ^ = — ^-, tan i J? = ^ . 

8 — O 8 — 6 



tan i C= -~ - 

8 — C 



(272) 



♦This quantity r is the radius of the inscribed circle. See (289). 
10 a 
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Example. Given a = 6053, b = 4082, c = 7068. We find 

8 :^- 8601-6 ar. co. log 6 0654258 

H — a = 2548-6 log 34062846 

« — 6 z= 4519-5 log 3 6550904 

8—c = } 533-5 log 31 856838 

2)6-3124846 
log r = 31 562423 

M = 29° 20^ 54''-47 log tan } ^ = log — ^ = 97499577 

8 — O 

} 5 = 17° 35' 3K'-70 log tan J B =-: log -^ ^ 9-6011519 

J C= 43" 3' 33'';83 log tan J C = log — ^ -= 9-9705585 

Verification. 90° 0' O^'OO * ~ ^ 

Fig. 22. ^ 147. The case where the tliree sides are given is some- 

times solved as follows. From C, Fig. 22, draw CP 
perp. to c. Then 

the difference of which is 

AC^ -BC^ = AP^ — B P* 

or {AC-{-BC) (AC—BC) = (AP+BP) (AP—BP) 

and if A P— B P^=d, this equation give« 

^^(6 + a)(6-a) ^2^3^ 

c 

Then, since yl P -f J5 P = c, and ^ P - -BP=^ d, we have 

^P=i(c + rf), ^P-i(c-rf) (274) 

and in the right triangles ACPf BCP 

cosA^^y coeB^?^ (275) 

6 a 

so that (273), (274) and (275) solve the problem. When d > c, jB P is n^;ative, cos B 
is negative, and B is an obtuse angle, (Art. 39). 

Area of a Plane Triangle. 

148. Representing the area by Kj and the perpendicular CP, Fig. 22, by p, we have, 
by geometry, 

K=--icp (276) ^ 

In the triangle A CP, we have p — 6 sin A, whence 

A' — J 6c sin ^ = 6c sin } ^ cos J -4 (277) '" 

by which the area is computed from two sides and the include<l angle. 
Substituting in (277) the values of sin J A and cos J A by (268) and (269), 

K^l/\_8{8-a){8-b){s-c)] (278) ^ 

by which the area is computed from the three sides. 



CHAPTER IX. 

3IISCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES. 

149. In a given plane triangiey to find the perpendicular from one of the angles upon the 
^^M^*:]DOfite side. 

Let p be the perpendicular from C upon c. We have 

p = 6 sin ^ (279) 

^^^^ by (239) and (278), 

p = 2^ [« (« — a) (« — 6) (« — o] ^^ (280) 

c c 

e expression for p in terms of the three sides, where « = J {a-\-h -\-c) and K is the 
^•ea of the triangle. 

If we subetitate in (279) sin X = - sin C, it becomes 

c 



p=-^sinC (281) 

c 



^^r, if we substitute the value of 6 = c - r^-^r 

sin C 



^ sin A sin B sin ^4 sin B /oqo\ 

sin C sin (-4 -|- B) 



When the triangle is right-angled at C, (282) becomes 



p —-- e sin -4 cos A= sin 2 A 

'(he expression for the perpendicular upon the hyixjtenuse. 

150. If p^f p^^f V^^'j denote the perpendiculars ui>on the sides a, 6, c res|>ectivcly, 
^e have from (280) 



I 
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151. To find the radita of the circle circumscribed about a plane triangle. 



Fi«j. 23. 




The center O of the circle, Fig. 23, lies in the perpen- 
dicular erected from the middle point of one of the sides, as 
A B. Let the radius = E. We have, by geometiy, 

AOD = iAOB = C 
and in the triangle A O Dj 



AO 2B 



whence 



i2— — ?— 
" 2 sin e 



(284) 



Substituting the value of sin Cfrom (241), 



Jt 



abe 



abe 

4 v/[«(« — a) [» — 'b) (« — c)]~"4 K 



(285) 



From (229) and (230), we easily find 



cos J A cos J B cos i C = 



Ks 

abe 



which combined with (285) gives 



B = 



8 



4cusi^co8}J?cos}C7 



(286) 



152. To find the radius of the circle inscribed in a plane triangle. 



Fio. 24. 




The requiretl center O, Fig. 24, is in the inter- 
section of the three lines bisecting the angles, and 
each of the perpendiculars O D^ O Ey O F, \s 
et|ual to the required radius = r. The value of 
F in terms oi A B = c^ OAB=^^ A, and 
0^^ = JJ?i8by (282) 



sin * A sin \ B sin J ^ sin \ B 



c. 



sin i{A^B) 



c . 



cos J C 



(287) 



This is reduced by means of (236) to 



r = {s — c) tan J C 



(288) 



Substituting the value of tan J C, 



r- 



_ ; / (x — g) {s — b) (s — c) \_K 



( 



)=f 



(289) 



This is reduced by means of (231) and (232) to 

r =^ 8 tan J A tan J B tan } C 



(290) 
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153. Besides the inRcribed circle, stridly so called, there are three other circles 
tbW touch the three sides, (or sidfw [inxJuced), and are exterior lo tlie triangle, ta 
in Fig. 25. These liave been named txribrd circles. Their oenlcni arc fuuni] geomet- 




rically, by bisecting the exterior aogini 
of the circles lying within the angles 



•nd their mdii bv r*, r 

^ by (5 



BCf!', CBR', ell-. Designate the centen 
B, and C respectively, by (T, O". and O"', 



i find the perjicndiciilnm from C, etc., upon J 
Bcr» l O ^ o« 1 B <™ i^ 



By a 



aof C! 



reredu 
nj.-l, 



.in 1 IS T CI 


o«|J 


.In t |J 1 (,') 


»|.<„,JC 


.in J (-1 -f /*) 




» llioae values to 




r" = .l.n!B, 


,-"-.!. 



Bubstituting the values of tan J A, etc. 

"=v('"-''::-")-,5. 



'"'-i 



-1)1 JL 
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Also, by means of (236) applied sucixissively to o, 6 and c, we may reduce (291) to 
the following : 

r^ =L- (8 — a) tan i .4 cot i ^ cot J C/ 

r'' = (« - 6) cot J A tun J ^ cot i C \ (294) 

• r'^^.-(«-c)cot}yl cotjiftan JC 

154. Rdaiions between the radii of the circumscriberlf inscribed^ ami three esciibed circles 
of the preceding article^ and the three perpendiculars from the angles upon the opposite 
sides. 

The four equations of (289) and (293) give 



y. ^/ J,// f./// 



A^^ ^K\ ^j^, 

s{s—a) (s — b) (s — c) K* 



(295) 



Dividing this successively by r^, r'*, etc. 

.8* 



J./ f.// J./// 



J. f.// J./// 



y---^{s-ay 



r r' r''' 



.// 



- - .--- (« - by 



r r' r'' 



./// 



=-(«-«)' 



f ' r' 

Again, we have, (Art. 127), 

tan i A tan A /? + tan A ^ tan J C -|- tan } B tan J O— 1 
and substituting in this the value of the tangents from (292) 

r 



(296) 



^ +-l.-f 



r^ 



.// 



,,/// r 



(297) 



From (292) we find 



tan iA _ j;^_ 
tan i J5 r^' 



r^' t«n J ^ — r^ tan J -B 



from which it follows that in Fig. 25, the distances A D and B IV, are equal (Z), D' 
being the points of contact of the circles 0', 0^^ with A B produced), and therefore 
B I) --- A D'. Other curious geometrical properties may be traced with the aid of 
our ecpiations. 
From (284), 

6 c 



R-^ 



a 



4 sin j A cos J -4 4 sin ^ ^ cos i B 4 sin J C cos j C 
which combined with (287) and (291) give, by Art. 127, 
r 



B 



- - 4 sin j -4 sin J i? sin J (' - cos A + cos ^ -f- cos C — 1 



^^ 4 sin I A c*os 4 B cos } C 



,'/ 



R 



4 cos i -1 sin h B cos J (.' - 



cos A • cos B ■*- cos C -f 1 
cos .4 — c<KH /? -\- (HIS (7 -j- 1 



,/// 
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— 4cosJ -4co8}jB sin J C -^= cos ^i — cos 7? — cas C • 1 



- (298) 
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Changing the signs of the first of theHe etjuations, the sum of tiie four is 






R -..^ J (r' -\. r^' -T I-"'' — r) (299) 



Finally, if />', //', 'p^'^ denote tlie three perpendiculars from the angles upon the 
sides a, 6, c respectively, we have by (283), (289) and (297) the following relation: 



1 4-i--^ 1 



1,1, 1 _ 1 



r' 



.// 



jjff 



(299«) 



155. To find the distance between the centers of the circumscribed and inscribed circles.* 

Let P, Fig. 26, be the center of the circumscribed, Fi<i- ''^•• 

and O, that of the inscribed circle. Put P ^^ D, 
By Arts. 151 and 152, 



P^if-90*-C, OAB = \A 



whence 



Pil O = 90<» — C— M = J (-B— C) 
and by (221) 




or 



P(P = PA^^0A*-2PA, OAcosPAO 

2>i ^ jja 1 r» _ 2 Jgrc os j fj? - C) 
sin' i A sin i A 



By (298) 



therefore 



or 



sin' i A sin j .4 

jyz^ip _ 2/grcosH/? ^ T) 

sin j ^ 

/>» -- if* — 2 /Jr 



(300) 



156. Let P(y = iy. Fig. 26, 0' »h ing the center of the escribed circle lying 
within the angle -.4. If r' -^ nidins of this circle, we have, as in the preceding 
article 



jyn^j^j^ r^ 2 7?r^ ros J ( B _C) 

sin* \ A sin h A 



i 



,/2 



sin* A .1 



4 7?r^c'f>8 j 7? cos ^ (7 



sin A vl 



/y» -. . jj?-o ji,,/ 



jy^ IP ■- 2 Rr'' 
jy'^ R^ ^2 Rr''' 



(301) 



* Ilvini'rs' TrijL,'. Appendix, Art. 58. 
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therefore if tan x = ^ we have \/ ( 1 + "^ ) =^ 

and if sin z^ = ^ we have •%/ ( 1 — ^ ) = cos a/ 

whence the same formulae as before. 

160. Qivtn an angU, its opposUe sidCf arid the difference of the tquares of the other two 
sidesj (or C, c, and a* — 5* =/*). 

We have by multiplying (233) by (234) 

sin (A — B) ^ g' — y ^ jP 
sin (7 c* c* 



sin (^ — J?) = -L sin C 

c» 

whence ^4 — 5, and since A -{- B = 180** — C, the angles are determined. There 
will be two solutions given by sin {A — B) except where the obtuse value of ^ — B 
is greater than A -{- B. 

161. Oiven the three perpendiculars from the three angles upon the opposite sides. 
Denote the perps. upon a, b and c respectively by a-', b^ and c', and let 

«"=r/ *"=F «"=> 

If A; = 2 area of the triangle 

aa^ = by :=ee^ z=k 

and therefore 

a = a''ky b = y'k, c = e'^k 

Substituting these values of a, 6 and e in (225), (2^7), etc. 

in which 2 «'^ = a'' -f- 6'^ -f C'. 

162. Gti'en <A€ rfw^u* of the circumacribed ami inscribed circles, and the pei^ndieular 
from one of the angles upon the opposite side, to solve the triangle. 

Let c be the side to which the perpendicular (p) is drawn. We have found for iJ, r 
and p the expressions 



2sin C 2 sin {A -f B) 4sin J (^^ + ^) cos J (^ + B) 

sin ^ i4 sin ^ ^ 

"" ■ sin j (.4 -f B) 

sin ^ sin B 
p = c. — 

^ sin (.4 -f B) 
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the expressions for the distances of the centers of the three escribed circles from that 
of the circumscribed circle. 
The sum of (300) and (301) gives by (299) 

D» + 2)^» + /y^ -f- D'^"^ = 12 iP (802) 

157. Given two tides of a plane triangle and the difference of their opposite angleM, (or 
a, b, and A — B), to solve the triangle. 

We liave } (A -\- B) directly from (220), which also solves the case where two 
angles and the sum or difference of two sides are given. 

158. Oiven the angles and the s^tm of the sides, (or A, B, C, and a-{-b -{- e = 2$)» 
By (235) 

cos } ^ cos ^ J? 

and a and b are found by similar formulse. 

159. Given one angle, the opposite side, and the sum of the squares cf the o*her ifko mdm^ 
(or C, c, and d* -\-b^ = e*). • 

In the identical equations 

(a + 6)« = e«-f 2a6, (a — 6)« = e« — Sa6 

substitute the value of 2 a6 given by (223), namely, 



•ii 



2a6 = 



cos C 



we find 



(a + 6)» = e« + 



cos C 



(a — by = ^ — 



cos C 



which determine a-{-by and a — 6, and therefore a and b. 
To compute these equations by logarithms, let 



9' = 



COS C 



then 



(a + 6)« = e«4-^, 



COS C 
(a-by = e'-g' 



(303) 



that is a -f- ^ is the hypotenuse of a right triangle whose sides are e and g ; and a — b 
is one side of a right triangle whose other side is g, and whose hypotenuse is e. Let 
the angle opposite g be denoted by x in the first triangle and by x^ in the seooody then 
by the formulae of right triangles 



tan x = 



sin X' 



e 

3 
e 



a -}-6 = «8ec X 



a — b^=e cos x' 



(804) 



so that the problem is solved by logarithms by finding log g from (303) and employing 
its value in (304). 

The above may serve as an example of a geometrical method of introdncing the 
auxiliary quantities, which is occasionally useful. The analytical procen in the 
present instance is similar to that of Art. 143; thus 
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therefore if tan x = ^ we have a/ (l + K] = sec x 

and if sin x' = ^ we have -*/ (1 — ^]=co8x' 

whence the same fonnulie as before. 

160. Oiven an angle, iU opposite aide, ajid the difference of the squares of the other two 
sides, (or C, e, and a* — 6* =/*). 

We have by multiplying (233) by (234) 

sin (.4 — B) ^ a' — b^ ^ /^ 
sin C c* c* 

sin(A — J5)r= J^sin C 



c' 



whence A — B, and since A -\- B = 180° — C, the angles are determined. There 
will be two solutions given by sin (A — B) except where the obtuse value of ^4 — B 
is greater than A -{- B. 

161. Given the three perpendiculars from the three angles upon the opposite sides. 
Denote the perps. upon a, 6 and c respectively by a\ y and c', and let 

a^ y <r 

If Jb = 2 area of the triangle 

aa^ = by r-.cc^ = k 

and therefore 

a = a'^k, h-^y^k, c = c^^k 

Substituting these values of a, 6 and e in (225), (227), etc. 

cos ^ = - -^, ^~ , sm^ I A - ^ ^, J,, i, etc. 

in which 2 »^' = a'' + 6'" -f c^^ 

162. Oifen the radii of the cirrumscribetl and inwribed circles, and the perpendicular 
from one of the angles upon the oppoMte side, to mlve the triangle. 

Let c be the side to which the ix?rpendicular ( p) is drawn. We have found for R, r 
and p the expressions 



B = 



c. 



2sin C 2 sin (.4 -f B) 48in J (.4 + ^) cos J (^ -r B) 

sin \ A sinjl B^ 

^ ~^' 8in"r(^4-t- J?) 

sin -1 sin B 
p = c.— — 

^ sin (-4 -f B) 



11 
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Eliminating e we have 



- P = sin yl sin B 

— == 4 COS i ( .4 4- -S) sin } ^ sin } JB 
R 



(m) 



(n) 



from Mrhich two equations A and fi are to be found. Developing oos \ {A-\- B), 
(n) becomes 



R 



4 sin i yl cos J ^ sin } £ cos i J^ — 4 sin' } A 9m* J JB 



= sin A Bin B —4 sin' J ^1 sin' } B 
which subtracted from (m) gives 



p — 2 r ^ 
2iJ 



4 sin' } ^ sin' J 5 



Dividing the square of (m) by (0), we find 



(o) 



whence 



2: 



2R{p — 2r) 



^^ 4 cos* i A cos' J -fi 



sin J A sin i .B-- J (i'" ^H :^- 



p — 2 r 



V[2ie(p-2r)] 



J^ 



cos i .4 cos A ^ ♦ -^ — - — 

2, [2/J(p-2r)] 



The difference and sum of these two equations give 



cosi{A-\-B) = 



cmi(A — B) = 



^ l'2R{p-2r)'] 



V[2i^(p-2r)] 



(305) 



which determine § {A-\- B) and J (A — B) and therefore -4 and B. The sides are 
then found bv the formula 



Fio. 27. 




c = 2 7JsinC 

lfi3. 771 a ffiven plane triangle A B C, Fig. 27, to find a 
point P Kurk that the three lints drawn from this point to the 
an/fies A, B and C shall make given angles with each other. 

Let the ^iven anji^les be BPC—a and A PC^=P 
and the required angles P A C--x P B C -= y 

The sum of the angles of the quadrilateral A CB P is 



whence 



i(x + 2/) = 180°-J(«-i-/?+C) 



(306) 
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' In tlie triangles APC.BPCf we have 



p^ b 8in_i g 8in y 

sin P sin a 



sin X a sin /? 

sin y 6 sin a 



=: m 



from which 



sin J -}- sin y tan j (x -{- y) ^+_1 

sin X — sin y tan } (x — y) m — 1 

tan J (x — y) = ^^-^ tan } (x + y) 

TO -f- 1 

To compute this equation by logarithms, let 

. , a sin 3 
tan y =zm= - 

b sm a 

then by (152), tan i (^^ — y) = tan (y — 45°) tan i (x + y) 
so that the angles x and y are found by (306) and (307). 

164. The following problems are pro^xised as exercises. 

In a plane triangle ABC — 

1. Given c, the perp. upon c — p and a -{- b ^ m. 

4p' 



sin' X 



(m -|- c) (w — c) 



tan i C = 



a — 6 = CC08X 



2pc 



(to -J- c) (w — c) 
2. Given c, the perp. upon c = p^ and a — b= n. 



tan' X 



2 ^ 



ij>L 



(c + 7i) (c — n) 



a -\- b = csecx 



tan^C^ <^ + ^^^^-^^ 
^ 2pc 



3. Given C, c, and ab = q^. 



_2j 



tan X = ^^-^ cos } C 
c • 



-2j? 



sm X' = — ' sin J C 
c 



a -|- ^ = c sec X 



a — 6 ^ c cos x^ 



(307) 



4. Given C, the perp. from C =^ pj and a -^ b = m. 



m 



tan X ^= — tan i C 



c ^ TO tan J X 



5. Given C, the perp. from C --— /), and o — b ^=n. 



tan X -= — cot } C 
6. Given c, C, and a^-f 6 =^ to. 



cosi{A-B) = -smiC 

e 



c = n cot } X 



a 



COS J C 



J 
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7. Given c, A, and a-\-b = m, 

tan J J5 = m — e cot J ^ 
m -r c 

8. Given a-\- b^=mf the perp. upon c = p^ and the difference of the segments 
of c = d. 



\ \ m' — <P/ 

\ L(m»-rf'H"»'-rf'-4p»)J 



or with an auxiliary angle 



Uinm-B)= ^ 

m' — (P 



.:„2._ Jj>'. 



sin'i: = *^ — c = mco8X 

(m -f </} {in — d) 

tan i (.4 + B) = J» sin x tan x i&n i (A — B) = A. sin* x 

2p 2p 

9. Given the perimeter = 2 «, C, and the perp. from C = p, 

tan' X =^^ cot i C c=^8 cos' z 

2« 



10. Given c, a -|- 6 =^ m and the radius of the inscribed circle =r. 

2 r ! im -ir c^ 

c A' 



sm X = — -%! I ■ — I a — o = c cos x 



\aniC= ^'* 



m — c 

11. Given Cy a — 6 = n, and the radius of the inscribed circle = r. 

tan X - ^ - '^ ^ (^^^^ a -f A = c cot (z - 45«) 

4 H 

12. Given the radii r', r'''', r''''^, of the three escribed circles. (Arts. 153, 154.) 

tan' * A "^ 



165. Given the sides of a quxidrilaternl insrnhed in a circle, to find its angles ami arecL, 

In Fig. 28, let A B =^ a, B C ^ b, CD = e, D A=:^ d. 
Let 1 K - a -\- b -\- c -\- d and A":^ area of A B CD ; then 
from the triangles ABC, ADC, observing that B = 180°— i> 
we tind 




• « 1 T> (^ — a) (a —b) SID (s — c) (s — d) 

an -\- cd ab -^ cd 

(« — c) (8 — d) 
K=i/l{s — a) (« — 6) {s-c) {8 — d)'] (308) 




CHAPTER X. 

SOLUTION OF CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
is an angle, often depends ujK)n that of one or more equations, in- 
volving diflFerent functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167, To fiml z from the equation 

sin (a + 2:) = m sin 2 (309) 

in which a and m are given. We have, by (119), 

sin {a + z) =^ sin a sin z (cot z -f- cot a) 
w^hich becoAies identical with (309) by taking 

sin a (cot z + cot a) = ?/i 
whence the required solution 

77) 

cots^— cota (310) 

sin a 

If the proposed equation were 

sin {a — 2:) = 7/1 sin z (311) 



we should find 



7/1 

cot 5=-:- ! cottf (312) 

sin a 



Unless z is limited by the nature of the problem in which these 
e(|uations are employed, there will be an indefinite number of solu- 
tions ; for all the angles 2, 2+180°, 2+360°, 2 -- 540°, etc., in 
general all the angles 2 + /? 7: have the same cotangent. [See (68), 
(79).] In most eases, liowev(T, we consider only the first two of 
these solutions, taking the values of 2 always less than 360°. 

II S5 
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Similar remarks apply in all cases where an angle is determined 
by a single trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 

sin (« +^+ sin z m + 1 

sin (a + 2) — sin z m — 1 

But by (109), if ar = a + 2;, y = 2, we have 

sin {a 4- 2) 4- sin_2 tan (2 + ^ a) 

sin (a -\- z) — sin z tan 5 a 

which substituted above, gives 

tan (2 + 4- «) =^ tan 4 a 

which determines 2 + ^ a, whence 2 is found by deducting -J^ a. 

The computation of this equation is facilitated in most cases by 
introducing an auxiliary angle, such that 

tan (p =■ m 

an assumption always admissible, since while the angle varies fn)m 
to 90° the tangent varies from to 00 , so that an angle (p may 
always be found having any given number as its tangent. 
We have then by (152), 

m-M _ i^f_±l _ ^^^ ( _ 450) 
m — 1 tan ^ — 1 ^^ ^ 

and the preceding solution becomes 

tan <p = m, tan (z+ i^a)=^ cot {<p — 45°) tan ^ a (313) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan <p = m, tan (2 — ^ a) = cot (<p + 45°) tan ^ a (314) 




SOLUTION OF TRIGONOMETRIC EQUATIONS. 87 

169. To find zfrom the equation 

tan (a + 2) = wi tan (315) 

We deduce 

tan (a + z) + tan z m + 1 

tan (a + z) — tan 2 m — 1 

fio that by (126) and (152) the sohition is 

tan (f = m, sin (« + 2 2) = cot {<p — 45°) sin a (316) 

170. To find zfroin the equation 

tan (a + z) tan 2 = wi (317) 

We deduce 

1 + tan {a + z) tan z lJ:_wi 

1 — tan (a + 2) tiin 2 1 — m 

80 that by (127) and (151) the solution is 

tan <p = my cos (a + 2 2) = tan (45° — <p) cos a (318) 

171. 2b find z from the equation 

sin (o ± 2) sin 2 = m (319) 

By (108) we find 

COS o — COS (o rb 2 z) = ± 2 sin (o zb z) sin 2 = ± 2 m 

whence coh (o zt 22) = co8o qF2m (319*) 

which determines a =b 2 s, and hence 2 z. 

From (31 9 *) we have four values of o db 2 z between 0° and 720° ; therefore, four 
values of 2 2 between the same limits, and four vahies of z between 0° and 360°. 

In general, we shall have four solutions under 360° in all cases where the dovble 
angle is determined by a single function. 

The logarithmic solution of (319) varies with the signs of m and 2. Thus, if the 
etjuation is 

sin (o -}- 2) sin 2 = m 
m being eseentially positive, we have by (133) 

cos' i a — cos* (z -[- J a) — sin (o -f 2) sin 2 = m 
cos' (z -f J a) = cos* Jo — m 
and by (133) again this is solved by 

008* = m, cos* (2 -f } a) = sin (^ -f- i «) sin (^ — J a) 

and the other cases are solved by similar methods. 
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172. The preceding examples will suffice to indicate the metliod to be followed with 
all the equations of the following table. The solutions of the equations involTing 
cosines may be obtained from those involving sines, by exchanging z for 90® d= s, or 
o for 90° zir o. 

Logarithmic solutions of the first four will be obtained by imitating the prooera of 
Art. 171. 



Equations. 



1. sin (o d= 2) sin « =^ m 

2. cos (a ±. z) cos « = m 

3. sin (a ih 2) coa z=^m 

4. cos (a r+z 2) sin z^=m 

5. sin (a rh 2) = m sin 2 

6. cos (a zb 2) = m cos 2 

7. sin (o ±: 2) = m cos 2 

8. cos (o di 2) ^ m sin z 

9. tan (o rt 2) tan z=^m 
10. tan (o rb 2) = m tan 2 



Solutions. 



cos (a dr 2 2) = cos a :^ 2 m 

cos (a zb 2 z) — 2 m — cos o 

sin (a zb 2 2) == 2 m — sin a 

sin ( o zb 2 2) =:i sin a ± 2 m 
tan = m, tan (2 d= i o) = cot (0 =?: 46°) tan } a 
tan --- m, tan (} o zb 2) = tan (45° — 0) cot i a 
tan =: m, 

tan (45° — j a ^f 2) = tan (45° — 0) tan (45° -f ] a) 
tan 9 := m, 

tan (45° — J a =f 2) = tan (45° hF 0) tan (J a — 45°) 
tan ^= w, cos (o zb 2 2) = tan (45° =+= 0) cos o 

tan — m, sin (2 2 dz a) = cot (^ =? 45°) sin a 



In the numerical solutions the signs of the angles and their functions must be care- 
fully observed. The signs of the functions should be prefixed to their logarithms, 
according to Art. 99. 

The auxiliary angle ^ may be taken numerically less than 90° in all cases, but posi- 
tive or negative according to the sign of its tangent. It can easily be shown that we 
shall thus obtain the same values of 2 as by taking in the 2d quadrant when its 
tangent is negative, or in the 3d quadrant when it^* tangent is positive. 



Example. 

Find 2 from (317) when a = 65° and m = 1-5196154. By (318) 

log tan = log m» -f 0-1817337 

9 
45° -0 
log tan (45° — 0) 
log cos a 

log tan (45° - <^) cas a r=-. log cos (a 4 2 2) — 8*9402909 
a \ 2z 95° or 265° or 455° or 625° 
a 65" 

2 2 30° or 200° or 390° or 560° 
2 15° or 100° or 195° or 280° 



56° 39^ 9^^ 
— 11°39'9^ 
— 9 3143426 
-h 9-6259483 



* It must lie rtincnibered that in tliis fniployrnent of the sijnis -{- and — , these 
signs belong to tlie natural ninnlK^rs ; and when the lou^. arc added or subti'octed. the 
sijrn of the result is to Ik.' determined according to the rules of muiiiplication and 
divUion in algebra. 
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173. To find z from the equittion 

sin [a -^ z) -^m sin (/3 -|- 2). 

Put tf = P-\-z^a^=a — /?, then this equation becomes 

8in (a^ -f y') = w sin a/ 

which is of the form (309) and may be solved by (309*) or (311) ; then z = tf — P, 

In the same manner equations of ttiis form, involving cosines or tangents, may be 
reduced to those of the preceding table. 

■ 

1 74, To find k and z from the equations 

k sin z = m 



. , (320) 

k cos z = n 



We have, by division, 



. m 

tan 2 = - 

n 



which gives two values of z, one less, the other j^reater than 180° ; 
whence, also, two values of k from either of the equations 



, m n 

k= — — = — 



sin 2 cos z 

The solution l)ecoraes entirely determinate (2 no.t exceeding 360°) 
as follows : 

1st. When the mgn of ku given. For if i is positive, sin 2 has 
the sign of m, and cos 2 the sign of /*, and 2 must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin 2 
and cos 2 arc the opposite to those of m and ?i, and 2 must be taken 
accordingly. 

2d. When z is restricted hi/ either the condition 2 < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If 2 < 180°, /; has the sign of m; and if 2 > 180° 
k has the opposite sign to that of ?«. 

3d. When 2 is restricted to acute values^ positive or negative. For 
under this condition a j)ositive tangent will give 2 between 0° and 
H- 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of //. 

It follows that 111 and n being any given numbers whatever, we 
may always satisfy the conditions ex[)ressed by (320), 1st, by a posi- 
tive number k and an angle z between 0° and 3f)0° ; 2d, by a num- 
l)er k (unrestricted as to sign) and an angle z < 180°; 3d, bv a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 
by a number k, and an angle z in the 1st or 4th quadrant. 
12 II 2 



(«) 




(/') 




(«)- 


-(6) 




-(c) 
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Example. 

To find k and z from (320), {k being a ^wsitive number), when 
m == — 0-3076258, n = + 0.4278735. 

i sin 3 — 0-3076258 

it cos 2 + 0-4278735 

log A sin 2 — 9-4880228 

log A- cos 2 + 9-6313147 

log tan 2 — 9-8567081 

2 324° 17' 6"-6 

log sin 2 — 9-7662280 

logjfc + 9-7217948 

k + 0-5269808 

Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable to 
any equation that can be reduced to the form of that solved in the 
following article. 

175. To solve the equation 

m cos z -\- n sin 2 = 5 (321) 

wi, 71 and q being given. 

The first member will be reduced to the form k sin {(p + 2) by as- 
suming k and f such that 

k sin if =^ vfij k cos (p = n (322) 

whence 

k sin <p cos z -\- k cos ^ sin 2 = 5 

sin (^ + 2) = 2 (323) 

Therefore, if k and f be found from (322) by the preceding article, 
{k being limited to positive values), we can then find by (323) the 
value <p + 2 and therefore of 2. There will be two solutions from 
the two values of ^ + 2 given by (323). 
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If we restrict (p to values less tlian 180*^, (as we may do acoofding 
to the last article), we may find it by the equation 



tan (p = 



m 



n 



and then 



-1 



(324) 



sin ((p + z) = -^sm<p = -^ cos <p 
^^ ni n 

and in this form it will be unnecessary to find k.* 

Example. 

To find z from (321) when m = - 1*0498332, n = + 0-7466898, 
and g = — 0-4316893. 



By (322) and (323). 

log m = logk sin <p — 0-0211203 

1<^ n = log Jt cos ^ + 9-8731402 

log tan ^ — 0-1479801 

if 305^ 25' 20" 

log sin (f — 9-9111059 

log/;+ 0-1100144 

log?— 9-6351713 

log sin (^ + z) — 9-5251569 

, f 199° 34' 40" 

^ "^ M or 340° 25' 20" 

/ - 105° 50' 40" 

^ I or 35° 0' 0" 



By (324). 

log m — 0-0211203 

log n + 9-8731402 

log tan tp — 0-1479801 

(p 125° 25' 20" 

log sin ^ + 9-9111059 

log q — 9-6351713 

ar CO log m — 9-9788797 

log sin {f + z)+ 9-5251569 

, f 19° 34' 40" 

^ "^^ lor 160° 25' 20" 

j- 105° 50' 40" 

^ t or 35° 0' 0" 



To avoid the negative value of 2, in the first of these solutions, we 
lA.^vj' take for the first value of 



^ + 2, 360° + 199° 34' 40" = 559° 34' 40" 

K^uce z = 559° 34' 40" - 305° 25' 20" = 254° 9' 20". The 
^^^^Dnd solution gives a like result. 

iTf we suppose <p in (324) to be limited to acute values positive or 
•^ratiVe, we take y =— 54° 34' 40", which gives ^ + 2=- 199° 34' 40", 
^40° 25' 20", whence the same values of 2 as before. 

^Ve may repeat the latter part of the work with cos (p for verifi- 
es on. 



*The solution is, by (323), impo68ible when ^ is greater than unity ; and bv 

k 

^ iag the squares of (322), A* = m' -f- *** J therefore the solution \& imjKissible when 
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176. To solve the equcUhn 



a sin (a -f- z) -f 6 sin (/? + a) + c sin (y + «) + etc = q. 



(325) 



Developing by (36) and putting 



this becomes 



a sin o -j- 6 sin /? -f c sin y -f etc = m 
aco8o-{-6co8/3-fcco97-f- etc = n 

m cos 2 -f- w sin a "= 9 



which is solved in the preceding article. The same process applies if any or all of the 
terms contain cosines. 



177. 2b find k and z from the equations 

k sin (a -J- 2) = m 
k sin (/? -f «) = n 

The sum and difference of these equations are, by (105) and (106), 

2 A: sin [} (a + ^) + 2] cos i (a — /?) = »» + » 
2 ifc cos [} (« + /^) 4- 2] sin } (a — ^) = TO — n 



} 



(326) 



whence 



2 k sin [i (a 4- p) + 2] 3= ^-tA 



cos i (a — p) 



2^•co8[i(«-h/'^)-f 2]=- 



TO — n 



sin i (a — P) 



(327) 



from which 2 k and J (a -f- p) -{-z are determined by Art. 174. The logs, of the 
second members of these e(| nations should be computed separately, for the purpose of 
readily discovering the nigns of tiie nine and cosine in the fir^t members. The solution 
is determinate (according to Art. 174) when the sign of k is given. 
From (327) we find, by division, 



tun [J (a + /}) ^ j] ^ EJU? ,an i ('"-/') 



TO — n 



(328) 



which requires a less number of logs, than the separate computation of (327), but we 
are obliged to refer to (327) to determine (by an inspection of the second members) 
the signs of the sine and cosine. 



If 



we assume 



tan 



n 

TO 



we may compute (328) by the formula 

tan [\ {a ■\ p) -\- c] =^ Um (45° -[- 0, tan J (a 



P) 



(329) 
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Example. 

In (326) given a =^ 200°, i3 = 140*», m=: — 0-42346 and n== — 0-20123, to find 2 
and kj k being positive. 

By (327). 

m-\-n — 0-62468 

m — n — 0*22222 

J (a -f /?) 170- 

J (a - /3) 300 

log (mH-n) —9-7956576 

log cosi (a — f3) + 9-9375306 

(a) log 2 ifc sin [i (a -f /?) -f 2] — 9-8581270 

log (in — n) — 9-3467831 

log sin i {a — ^) -f- 9-6989700 

(6) log 2 ik cos [i (a f /J) -f «] — 9-6478131 

(o) — (6) log tan [i (a + /?) -f 2] • + 0-2103140 

J (a-h/?-|-2) 238<» 2r 38^^-6 

z 68^21^38^^-6 

(c) log sin [J (o -f P) 4-2] — 9-9301171 

(a) — (<j) log 2 * + 9-9280099 

2 k 0-8472467 

k 0-4236234 

178. A more general solution of (326) is the following. ''^ Let y be any angle as- 
sumed at pleasure, and in (171) let 

X = 0-hz, yr=/J-f-2, 2^ = )' 4-2 

C distinguishing the 2 of (171) by an accent) ; then we shall find 

sin ia — (3) sin {y -f *) —- sin (a — y) sin (/3 -\- z) — sin (/3 — }-) sin (o -j- 2) 
In this let y (whose value is arbitrary) be exchanged for y -f- 90° ; then 
sin (a — i3) cos (y -{- z) = — coe (a — > ) sin (i'i -{- z) -{- cor {3 — > ) sin (a 4- 2) 
Multiplying these equations by k and substituting m and n from (326) 

k sin (o — /?) sin (y -f- *) "^^ w* sin (y — /?) — n sin (y — o) 
k sin (o — /?) cos {y -\- z) =m cos (j' — /?) — n cos (}' — o) 

hich (y being assumed at pleasure), determine k and y -f- 2* 
If we take y = 0, we find 

.„ — m Rin /? 4- w sin o 

tan 2 = — 

m cos p — 71 cos a 
A: sin (a + 2) = m 



} 



(330) 



sin la — ii\ ) 



(331) 



sin (a — fi) 

If y =r /?, we have a similar result. 

If y = J (a 4- /?) we obtain the solution of the preceding article. 

If ik is required, without first finding 2, we have, by adding the squares of (330) 

k sin (a — /I) ^ ^/ [ni« 4- n» — 2 m n cos (a - /^)] (332) 



* Gauss. Theoria Motus Corporum Codesliiimj Art. 78. 
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179. To find k and z from the equcUwns 



k cos (a -{- 2) = m 
k co» (P -\- z) ^= n 



] 



(333) 



These are reduced to the form (326) by substituting 90° -J- a and 90° + /3 for a and /3. 
We find, however, by a process similar to that of Art. 177, 



2 k sin [J (a -h /?) -f 2] 



2 A cos [i (« + /5) + «] 



n — m 



sin} (a.— ^) 



n -r w* 



cos } (o — p) 



(334) 



or 



tan ^ = 



m 



n 



cot [i (o -h /?) -f z] = tan (45° -f- 0) tan }(» — /?) 



(335) 



Example. In (333) given a = 280° 16^ /? = 200° 10^ m = — 0*62342, and 
n = 0*69725, find « and A*, ^ being positive. 

Awi. z --= 207° 6' 34'^-4 k = 1-0273643 

180. The more general solution of (333) may be found directly from (172), but it 
will be simpler to obtain it from (330) by substituting 90° -f- o for a, and 90° -f p 
for /3, whence 



k sin (a — /?) sin (y -f z) _— — m cos (7 — /?) + n cos (y — a) 
k sin (a - z'?) cm (y -\- z) =^ m sin (y — /?) — n sin (y — a) 



} 



(336) 



y being arbitrary :i8 before. 
If y = 0, we find 



tan z 



— m cos /3 -|- n cos a 

— m sin /? -}- n sin o 



lfr = «, 



1 ' I s \ — wi COS (o — \V\ 4- n 

A sm (a 4- z) = -^Jr" — 

^ ^ ^ 8in(a-/^) \ (337) 

A cos (a -{- 2) = wi 

If y =r J (o -f /3), we obtain the solution (334). 

If ^ is retjuired directly, the sum of the squares of (336) g^ves 

k sin (a — /?) -^ ]/ [m'' -j- 7i* — 2 m n cos (a — /?)] 

as in Art. 178. 

181. The solutions of the preceding articles may be applied to a single equation ol 
the form 

n sin (o -|- 2) -- m sin (/'? -f z) 

which is a more general form of (309). For if we assume 



k sin (a -|- 2) 
we have k sin (/? -} 2) 

wjience k and z are found by Arts. 177, 178. 



m 
n 
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182. In like manner, if tlie proi)06e(l equation is 

n cos (a -f 2) = m cos (/? -H ») 
we assume 

k cos (o -j- 2) ^ m 

« 

whence k cm {fi -\- z) = n 

and k and z are found by Arts. 170, 180. As the sign of A; (in this and the preceding 
article) may be arbitrarily assumed, there will be two solutions. 

Numerical. Equations of the Second and Third Degrees. 

183. To solve the eqxuaiion 

x^-\-px-\-q = (i (338) 

when q is essenticdly positivej and p either positive or negative. 
We have from (144), exchanging x for ^, 

tan* J ^ — 2 cosec tan } ^ + 1 = (339) 

and (338) may be reduced to thb form by substituting 

x = z^q 

in which we may take the radical only with the positive sign, since we may assume 
X and z to have the same sign. We thus reduce (338) to 

2» -h -P- 2 H- 1 = 

which compared with (339) gives 

— 2 coHCc ^^- -^t z = tan J ^ 

or sin ^ = — *:^J=^, x = V^tan } ^ ( 340) 

P 

which gives two values of ^ less than 360® and consequently two values of x. If <^ be 
the least of these two values of ^ less than 360° (-= 2 tt), all the values of ^ which 
have the same sine are 

fiy TT — (?, 2 7r4-(9, 3 7r — <9, etc. 

and all the values of tan i ^ are 

tan i <9, cot J 0f tan } ^, cot } 0, etc. 

Hence the two roots of (338) are found by the formulae 

sin ^ TTT — ?-l^, j^ _ -- vy tan id, r^^ Vqcoi J (341 ) 

P 

in which may be always taken < 90° with the sign of its sine, and |/ q is to l»e 
regarded as a j)ositive quantity. 

As long as 2 •[/ q is not greater than p, this solution is possible, but when 2^/9 > p, 
sin ^ is not possible, ami both roots are imaginary ; which agrt^s with what is shown in 
algebra. 
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184. To solve the equation 

z«+px — 9 = (342) 

when — q is essentiaUy negative, p being either positive or negaiive. 
We have, by (143) 

tan« j0-|-2cot0tan}^ — 1 = 
and (342) is reduced to this form by substituting 

whence «' -| — 2_ ^ — 1=0 

The required solution is therefore 

2 cot = — ^> * = tan } 

or tan0=^J^i z = V^tan}^ (343) 

P 

If B is the least value of 0, all tlie values of ^ which liave the same tangent are 

e, TT -}-<?, 2 7r + (?, 3 7r + ^, etc 

and all the values of tan \ are 

tan J ^, — cot } ^, tan } ^, — cot J ^, etc 

Therefore the two roots of (342) are found by the formulae 

tan^=?-l^, xi = l/ytanj^, z, = — V^ cot } <9 (344) 

V 

in which, as before, the radical is to be taken as positive, and 6 < 90° with the sign of 
ita tangent. 

In this case both roots are real, since tan 6 is always possible. 

185. To solve a numerical equation of the third degree. It is shown in algebra that any 
equation of the third degree may be reduced to one in which the 2d term is wanting ; 
we need consider therefore only the form 

a* 4- or -f- 6 = (346^ 

To resolve this, put 

we find (3 y 2 + a) (y + a) -f y» + z» + 6 = 

Now X may be decomposed into two parts, y and 2, in an infinite variety of ways, and 
we may therefore suppose that y and 2 are such as to satisfy the condition 

3y2 + a = 

which reduces the first term of the preceding equation to 0, and gives the two con- 
ditions 

y2= — ", y>-|-2»=— 6 

Put y^ = tif 2* = ^ ; then we have 
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80 that, by the theory of equations, (, and (, are the two roots of an equation of the 
second degree in which the absolute term is — - and the coefficient of the second 
term is 6 ; that is, thej are the roots of the equation 

^ 27 

If then we find the two roots ti and ^ of (m) by the preceding methods we shall 
have 

It will be necessary to consider the sign of a in the equation (in). 
1st. When a is positive^ (m) comes under the form (342) and the solution by (344) 
gives 

and by (n) 



= -^ ° ( iJ- tan J <9 - iJ- cot J 6f) 



and if we assume 

tan J ^ m ^ tan } (t 
this becomes, by (142) 

X = — 2 \' " cot 
^3 



Collecting these results we have, for the solution of (345), when a is positive^ 

tan ^ = ^--y ^» tan J0 -= l^ tan i ^ 



6 ^ 27 



. (346) 



z = — 2 -y '^ cot 

- and Y T *** ^^ ^ considered {X)sitive, and ^ is to be 

taken < 90® with the sign of the tangent But two of the three values of |^ tan J ^ 
being imaginary, the given equation has but one real root.* 



X, = 



♦ If r represent the real value of i^ tan } ^, and a„ a, the two imaginary roots of 
unity, the real value of z is 

and the imaginary values are 

or since aj a, = 1 

13 I 
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2(1. When a is negative and — 4 a' < 27 6'. fxjuation (m) becomes 

" + *'-(-27)=" 
and is of the form (3^) ; its roots are therefore found by (341) which gives 



8in« = — ^-' «' — ^1 '^o* 



/ _ or ^_^i _ j±a;i 
6 \ 27 ^ 27 6» 



or if we put, as before, tan i = ^J^ tan J ^, the solution of (345), when a ts neffoHvCj is 



"°^ = -|V-^' tani0 = i^tanj^ 



27 



* — ^^ cosec ^ 



(34 



which gives one real root, (the other two being imaginary, as above), when sin tf 
possible, i. e. when — 4 a' < 27 6*.* 



Substituting the values of a, and a. 



a, = 



— .1 + V.ZI_?^ „ _ — 1 — 1/ — 3 



9 



and also r = tan J ^ - ^ cot J ^ 

r 

we find J, = -%! J* (cot ^ -|- cosec ^ |/ — 3) 

^ 3 



jj = ^,' /L (cot — cosec 01/ — 3) 
^ 3 

or finally, x^ being the real root, the imaginary roots are 



X. 



Ji 1/ 3 



2 



^1 - sec0i/-l 



<) 



a:, = — 'i f '^1— ? sec 6 1/ — 1 
' 2 2 ^ 

*The two imaginary roots will l)e found, by a process similar to that employed 
the preceding note, to be 

j„ =- - ""i - ""j 1^-^ cos 1/ - 1 
in which x, is the real root found by (347). 
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3d. When a is negative and — 4 o' > 27 6*. In this case sin 0y in (347), is impossible 
and the preceding solution fails. This is the irreducible case of Cardan's rule, the roots 
appearing under imaginary forms, although it is known that they are all three real. 
It is, however, readily solved trigonometrically. 

In Art. 77, putting ^ for x, we have 

sin* ^ — i sin ^ -f J sin 3 d = (m^) 

and (345) may be reduced to this form by substituting 

whence **"^ij*"^Is~^ (**') 

SO that we mast have 



a 3 L n ^^ a 

ifc» 4 ^3 



in which the radical is to be taken positive, so that x and z shall have the same sign. 
Comparing (m^) and (n^) we have also 



J8in3^=^ or sin 3 ^ = * J _27 ^ /_ 27 6» 

"^hich is a possible sine in the present case. We may therefore take 

2 = sin 
^nd the solution is 



8m3^=|A/-". i=28in^V--?. (348) 

^ ^ or ^3 

^hich gives three real roots by the different values of 3 0, which have the same sine. 
If 6 is the least of these values, all the values of 3 ^ are expressed by 

2nn + e and (2 n + 1) n — 
m being any integer or ; and all the values of ^ are expressed by 

Now all integers are included in the forms 3 m, 3 to + 1 and 3 m — 1. 
If n = 3 m, the above values of <p are 

= 2m7r-fj6/, = 2fnT-f-jT — J(? 
whence 

sin = sin J ^, sin 9 =- sin J (tt — 6) 

If n = 3 m + 1, we find in the same way 

sin (^ = sin J (tt — /9), sin ^ = J <^ 

die same as before. 

If n = 3 m — 1, we find both values to be 

sin 9 =: — sin J (- -{- ^) 
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so that there are but three different vahies of sin ^. Substituting these in (348), the 
three roots of (346), when a is negative and — 4 a* > 27 6*, are found by 



b '" 

sin B — 2^ 


27 




x,_2^'. 


-| 8inJ<9 


[n-d)- 


w- 


a • 
-sin 

3 



^ = 



-2^|_^sin}(7r + «)=:-2^/-|8in(60*> + J^) 



^ (349) 



in which < 90° with the sign of its sine, and the radicals are taken with the positive 
sign. 

Examples. 
1. Solve (345) when a = — 6101 315, 6 n= — 5-766578. We find 



log ^ V — r "= - 0002651* 
6 '' 27 



which being greater than any log. sine, we take its arithmetical complement and pro- 
ceed by (349). Then 

log sin ^ = — 9-9974349 
^ = — 83° 46' 44'' 



J<? — 27°55'34"-7 60° 
log sin — 9-6705571 ; 



log2V'-^- 



0-4551811 



logji —01257382 
/, = — 1 -SSoTgO 



— 16 87° 55' 34"*7 
99997155 

0-4551811 

log J, 0-4548966 
X, = 2-850339 



■(60°-fid)— 32°4'2o"-3 
— 9*7251024 

0-4551811 

log xj — 0-1802835 
xj = — 1-514549 



2. Solve (345) when a =^ — 7, and 6 = 7. 

Ans. I, -^ 1-356896, z, =- 1*692021, a", = -7 3-048917. 

3. Solve (345) when a = 15, and 6 = — 45. 

Alls, The real root = 34163976. 

It may be observed that the algebraic sum of tlie three roots is always zero, in con- 
sequence of the absence of the term in x* from the given equation. This is easily 
sliown from (349) where there are three real rooU, and fn)m the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple verification 
of the values found by (349). 



* The sign — here belongs to the number of which this is the logarithm. 




CHAPTER XI. 

DIFFERENCES AND DIFFERENTIALS OF THE TRIGONOMETRIC 

FUNCTIONS. 

186. In the applications of trigonometry, it is often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
rnost convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle corre- 
-sponding to a given increment of the angle. 

Let the angle x be increased by Jx, (this notation signifying dif- 
Jerence, or increment of x), and let the corresponding difference or 
increment of the sine be expressed by J sin x and of the cosine by 
J cos x ; we have, by this notation, 

J sin X -- sin (.r + Jx) — sin x 
J cos X — - cos (x -\- Jx) — cos X 
and by (106) and (108) 

J sin X — 2 cos {x -\- \ Jx)^m \ Jx (350) 

J cosx ^— — 2 sin (x -\- \ Jx)^m \ Jx ('^'^1) 

which are the required formulae. 

We here consider the <lifference always as an inerement, i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as x <C 
180^, and therefore the increment of the cosine is negative; that is, 
from 0° to 180^ the cosine decreases as the angle increases. In like 
manner J sin :r is negative when x > 90°, and < 270°. 

188. To find the increment of (he tangent and cotangent. We have 

J tan X ■ - tan (x -{- Jx) — tan x 
J cot X -— cot (x -\- Jx) — cot X 

and by (116) and (119) 

sin «j ^ 

J tan X = = sec (x + Jx) sec x sin Jx (352) 

cos {X -{- J X) COS X 

— SI n «j ^ . 

J cot x= -, — ' i K '' " ^^ — cosec (x + J x) cosec x sin Jar (35 

sin {x-\- Jx) sin x ^ 

i2 
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189. To find the increment of the secant and cosecant. We have 

A8ecx= 8ec(x-rAx) — secz 
A cosec X = cosec (x -{- Ax) — cosec x 
or by (130) and (132) 

A sec z ^:^ *^ -^" ^^ -f- } ^ *■) 8»n } A x 

COS u -j- A jr j C06 X 

A co«ec X -. - 2 Of « ( J -f J A I) sm i Ax 

sin (J -(- A x) sin x 



(354) 



(355) 



190. 2^0 find the increments of the squares of the trigonomeiric fujidions corresponding to a 
given increment of the angle. 
We have 

A sin' X - sin* (x + ^ z) — sin' x 

=^ cos* X — co«' (/ -f- A x) 

whiDce by (133) 

A 8in'x= — A co6*x = 8in (2x-f A x)sin A X (356) 

From (115), (116), and (119) we deduce 

tan« X - Uin» y - «-^?i^l±J^ «> ^^-^ 

cos* X cos' y 



cot« X - cot* y = lU?!-"-!^- + i') ^>" (-^ --J^ 



sm* X sin* y 



whence 



^ t^n* X =: ^'" (2/-^ A x) sin A x 
cos* (/ r A X) am* X 



(357) 



A cot* X ^ - ^^" (2 X 4 A X) sin.A_^ g 

8in' (x -t Ax) sin*x 
From (16) we have 

sec* (x -h A x) - - tan* (x + A x) + 1 
sec* X = tan* x -f 1 
the diflference of which gives 

A 8ec*x = A tan*x (369) 

and in the same manner, from (17), 

A cosec* X -^ A cot* x (360) 

and the vahics of A tan'x, A cot*x, may be substituted in (359) and (360). 

191. When the increment of an angle, or arc, is infinitely «i?ta//, 
it is called the differential of the angle, or arc ; tind the correspond- 
ing increments of the trigonometric functions are the differentials of 
th<'se functions. 

The (liff(Tential of x is denoted by dx ; of sin x by d sin a-, etc. 
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192. To find the differentials of the trigonometric functions from the 
differential of the angle. 

Let the angle x and its increment J j' be expressed in the unit of 
Art. 11 ; or, which is equivalent, let x and Jx he the arcs which 
measure the angle and its increment in the circle whose radius ^= 1 . 
It is evident that the less the an», the more nearlv does it coincide 
with its sine or tangent; therefore, when Jx is infinitely small, or 
becomes dx, 

sin dx =- dx sin ^ dx = ^dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx =^1, whence 

sin dx , - 

— cos dx =^1 

tan dx 

sin dx -- tan dx 

m 

but the arc cannot l)e less than the sine, nor greater than the tan- 
gent, and therefore 

dx -- sin dx =^ tan dx 

Again, when Jj; is infinitely small, or becomes dx, we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or - ; thus we must 
substitute x for x + dx, or for a? + ^ dx. 

Upon these principles we find the differentials dirt^ctly from the 
finite differences (350), (351), (352), (353), (354) and (355) as follows : 

d sin X —-- cos x dx (361) 

d cos X ^ — sin x dx . (362) 

d tan X ^ sec^ x dx -^ (1 + tan" x) dx (363) 

d Qoix = — cosec" xdx = —{\'\- cot" x) dx (364) 

d sc»c X =^ tan x sec x dx (365) 

d cosec X— - cot x cosec x dx (366) 

193. In the same manner the equations (^56), (357), (358), (369) and (360) give 

d sin* X — — d cos* r ^ sin 2 x dx (367) 

d tan* X — d set-* j = ^'^-^-L dx (368) 



fOS' X 



COS* X COS* X 



d cot* X — d cosec* x -^ Hin 2 x ^^ .^^q. 



— 2 cos X ,^ — 2 Cot X . ,o-i\ 

. , dx— — fij. (3/1) 

sin' X sin* X ' 
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194. Although the equations (361 J, (362), (363), (364), (365) and 
(366), are rigorously true only when dx is infinitely small, they may 
be used when dx is a. finite difference, instead of the equations, (350), 
(351), (352), (353), (354) and (355), provided dx is sufficiently small 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must l>e 
expressed in are, i. e. in terms of the unit radius ; if it is given in 
seconds, it may be reduced to arc by Art, 9. 

195. To find the differential of an angle from the differentials of its 
functions. 

From (361) we have 

dx = ^^^ (372) 

COS a? 

but it is convenient in this case to employ the notation of inverse 
functions, Art. 87. Thus, if ^ =^ sin a*, a; = sin ~^ y, and the preced- 
ing equation becomes 

In the same manner from (362), etc., we find 

d cos-' y = -~-^y - (374) 

d tan-' y = —^, (375) 

d cot-' y = -^^, (376) 

d sec-' y = ^~^. (377) 

cZ c«.ec-' 2/ = --7,-'L (37)^) , 



\ 




CHAPTER XII. 

DIFFERENCES AND DIFFERENTIALS OF PLANE TRIANGLES. 

196. In trigonometrical investigations it is 
often necessary to determine the efleet of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, if ^, AB and 
-^t Cy of the plane triangle ABC, are the data, J. 
^ nd ^ C is subject to an error of CC, the required parts will be 
Siubject to errors which are res[)ectively, the differences between 
^ CB and AC'B^AB Cand A B C, B Cand B C, In the same 
figure, the data may be supposed to be A, A B and AB C, and the 
5xngle AB Cmay be regarded as subject to the error CB C which 
"produces the corresponding errors in the remaining parts. In the 
?<ame manner, the data may be A, A B, and A CB, A CB being 
X'ariable; or, A, AB, and B (^, B C being variable. In all these 
instances, A and A B are constant, while the remaining four parts are 
f'ftriahle, and may be considere<l as receiving, simultaneously, certain 
increments which arc related to each other. We propose, then, to 
ss;olvc the genend problem : 

In a plane triangle, any two parts being constant, and the rest 
-^i^ariable, to determine the relations hefireen the increments of the 
variable paiis. 

It is evident that the solution of this problem resolves itself into 

^n investigation of the differences of two triangles tchich have two jmrts 

in common. We shall consider the several cases suecessivelv ; distin- 

^uishing the triangle formed from the given one by the application 

of the increments as the deinved triangle, 

197. Case I. A and c constant. The six parts of the given triangle, 
A B C, Fig. 29, being A, B, C, a, b, c, those of the derived triangle 
formed by varying all but A and c, are A, B -\- J B, C -\- J ( *, 
a -\- Ja, b + Jb, and c. In these two triangles we have 

A + Ii+ e=180° 

A+ Ii+ JB+ c+JC=im° 

whence JB + JC-=0, JB = — JG (379) 

14 105 
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Also in the two triangles we have 

a = c sin A cosec C (in) 

a + Ja =- c sin ^ cosec (C+ JC) (n) 

the half difference of which by (355) is 

, J cRJn A c os ((7 + ^ JC) sin 1^ JC . . 

*"*'"" sinCsin(C+ JC) ^^^ 



\ Ja ^ __ ^ Jg ^ acos(C + ^JC) 
sin ^ JB sin i JC ~ sin (C+ JC) 

The half snni of (?/i) and (71) by (131) is 

_i_ 1 J - - il_^^!l -^^ ^in ( C+ ^ JC) cos | JC 
' * "* ' sinCsin(C+ JC) 

which combined with (/>) gives 

^ Jg i_J^_ g + ^ Jg 

tan i J5 ~~ ~ tan J JC "~ tan7c+^i^C) 

From (260) we have 

,^ c sin A 

tan C=-- 

b — c cos A 

whence 

b — e cos A = c sin A cot C 
b -\- Jb — c cos -4 = c sin ^ cot (C+ J C) 

the difference of which by (353) is 

., c sin .1 sin JC 

J6 — — . — 



sin (^sin(C+ JC) 
therefore 

Jb Jb a 



^ 



sinJ^ sinJC sin(C'+JC) 



(380) 



(381) 



(382) 
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This equation gives by (135) 

^b a 

~" sin i JC cos"^ JC ~ sin {C+ JC) 

9 

and dividing (380) by this 

Ja ^ cos ( C±^JC} .^ . 

Jb cos^JC ^ ^ 

It is to be observed that the increments (or half increments) of the 
angles must be deduced from their sines or tangents, since it is only 
by these functions that a small angle can be accurately determined. 
Moreover, a small arc being nearly equal to its sine or tangent, the 
equations (380), (381) and (382) express veiy nearly the ratios of the 
increments of the sides to the increments of the angles, or rather to 
those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. ^1 and a constctni. We have as in the preceding 
case J J? = — JC; and in the two triangles 

b sin A = a sin B 
{b+ Jb)s\u A = a sin {B + J B) 

the difference and sum of which give 

^ J6 sin A = a cos {B + ^ J B) sin ^JB (p) 

{b + ^Jb) sin A -= a sin (B + ^ J B)cos^ J B 

whence by division 



J- J 6 _ ^ _ |J6 _ b +_ i Jb 
tan fjB tan i J C tan {B~+ ^ J B) 

In the same way 

_^ J c ^ J c r + ^ J c 



(384) 



(385) 



• tan ^ JC ' tun^JB tan (C + ^ J C) 

From the equations 

c sin A = a sin C 

(c + Jo) sin .4 r- a sin (0+ JC) 
we find i J c sin A =^ a cos (0+ ^ JC) sin ^ JC {q) 
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which combined with the equation (j^) gives, since sin ^dC= — sin J J-B, 

Jb _ cos(B + i JB) 

Jc C08(C + iJ6') ^ -* 

• 

From (p) we also have 

_i_'JA,___ i^f> __bcos(B + ^JB) . . 

sin^JB sin^JC sin £ ^ ^ 

which, when J 6 is to be found from J By is more convenient than 
(384). In the same way from (q) 

__i J_c_ ■} Jc^ ^ eco8(C+^Je) (gggx 

sin ^ JC sin ^ J ^ sin C 

199. Case III. 6 and c constant. We have 

c sin £ = 6 sin C 
c sin {B+ JB) = h sin (C+ JC) 

the sum and difference of which give 

c sin (^ + I J7?) cos i J JS = 6 sin (C+ i ^C) cos^ JC (p) 
cc(}s(B + i Ji?) sin I Ji? = 6 cos (C+ ^ JC) sin J[- JC {q) 

the quotient of these gives 

tai4JC tan(C+iJC) ^ '^ 

By (224) we have 

a ^= b cos C + c cos B 
rt+ Ja=6cos(C'+ Je) + ccos(£+ JB) 

the sum and difference of which give 

rt + ^ Jrt. = icos(C+ J JC) cos i JC+ c cos(B + i JB) cosi J 
- ^ Ja = 6 sin (C+^JC) sin | JC+ c sin (B + ^ JB) sin ^ J 

These expressions are reduced by (7)) and {(/) to 

« + ^J«=ccos(B + ^J7?)cos^JBcot^JC(tan|JB+tan^JC) 
— iJa--csin(B + |JB)cos^Jif(tan^JB+ tan J^JC) 

and by division 

tan^JC •cot(B + iJB) 
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In the same way we have 

^ J a a + ^ Ja 



tan^JB cot{C+^JC) 

Since the sum of the three angles is constant, 



J A + JB+ JC=0 
^{JB+JC) = -^JA 



therefore by (115) 



* ' cos^J^cos^JC 

sin ^ J A 

cos^ J^cos^ JC 

which substituted in (s) gives 

^ J a _ ^ esinJB+JjJJil 
sin ^ J A cos ^ JC 

and in the same manner 

sinJ^^J^ cos^J-B 

Substituting (t) in (r) we find 

sin i JC ^ _ cco i^ (B+ hJB) 
sin J Jui a+ ^ J a 



we find instead of (392) and (393) 



-}Ja ^ fe^sin (^4-|J^) 

sin ^ J ^ a + ^ J a 

K 



(391) 



(0 



(392) 



(393) 



(394) 



whence also «444f = - ^(^+i--^jQ (395) 

By differencing the equation 

a^ = b^j^(^—2hc cos A 



(396) 



^ 
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200. Case IV. A and B condant. We have 

, sin B 

h = - — - a 

sm A 

b + Jb = -~{a+Ja) 
sill A 

whence J 6 - ' J a 

sin A 

In this case the third angle is also constant and there are but three 
variables related by the equation 

^A--'R = -'~r (397) 

sin A sin ^ sin C 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by micce^sive approximutions. 

For a Jii'st approximalion we consider the increments in the second 
member to be = 0, employing B for B + ^ J B, etc., and taking 
cos ^ J B =ly etc. This vnW evidently produce but a slight error so 
long as the increments are small as compared with the entire parts 
of the triangle. We then obtain a second approximation y by recom- 
puting the equation in its complete form, employing in the second 
members the approximate values of the increments. With these 
second values we may, in the same way, obtain a third approxima- 
tion, etc. Theoretically, it requires an infinite number of suclr-, 
approximations to arrive at a perfect result ; but in practice, th^ 
tenths or hundredths of seconds being the limits of accuracy, it 
rare that more than a second a])proxiniation is necessary. 

It is also to be observed that in computing the values of smi 
quantities such as the increments in question, we may employ logs^. 
ithms of only four or five decimal places and take the angles to t 
nearest minute. This is in fact one of the chief advantages of co' 
puting by differential formulae, rather than* by the direct formim/a? 
applied to each of the two triangles successively. 
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Example. 
In a plane triangle whose i)arts are 

A = 58° 41' 48"-9 B == 35° 11' 3"-4 C= 86° 7' 7"-7 
a = 6053 b = 4082 c = 7068 

let A and a be constant while b is diminished by 50*5 ; to find the 
change in the angle B, 

We have in this case J 6 = — 50*5 ; and by (387) 

^ Jfcs inJg 



sill -^ *J J. 


6cos(/?+ J J 


^) 








1st Appkox. 
— 25-25 


2d 


Approx. 


i J6 






6 


4082 








5 


35° 11' 






35° 11' 


M^ 









-15' 


B + ^JB 


35° 1 1 ' 






34° 56' 


logi J6 


— 1-4023 




) 




ar. CO. log. 6 


6-3891 




} 


— 7-5520 


log sin 5 


9-7606 




) 




ar. CO. 1. cos (B -{- ^ J B) 


00876 






0-0863 


log. sin i JB 


— 7-6396 






— 7-6.383 


i Ji^ 


— 15' 0" ■ 






- 14' 56"-8 



It is evident that changing the angle B-\-\ J Bhy only three seconds 
would not affect the fourth place of its cosine ; a thinl approximation 
is therefore unnecessary, and we have finally JB = — 29' 53"'6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methcxls explained 
in Art. 115. 



Differential Variations of Plane Triangles. 

202. The equations (380), (381), '(382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(397) become differctifia/ by making the increments infinitely small, 
that is, by omitting the increments when connected with finite (pian- 
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titles by the signs + or — , and substituting the increment itself for 
its sine or tangent, and unity for its cosine, (Art. 192.) The char- 
acter d must also be substituted for J. These changes being made, 
we easily deduce the following diflPerential relations. 



Case I. A and c constant. 



dB = -dC 



da 
dB 


da 
dC 


— a cot 


db 


db 


a 


dB 


dO 


sin C 




da 
db 


— cos C 



(398) 



Case II. A and a constant. 



dB^ — dC 



db 

dB 


db 
dC 


b cot . 


dc 
dC 


dc 
dB 


c cot < 




db 


COS B 




dc 


cos C 



> (399) 



C^iSE III. b and c constant. 



d2i + dB-{-dC=0 

dB tan^ 
dC ~" tan C 



dcv 
~dC 



- — = — a tan ij. 



da 



dB 



- = — a tan C 



da 
dA 




dC 
dA 



= c sin B ^^ b sin C 



c ^ dB 

cos 5, -- 

a dA 



cos C 

a 



V. 



(400) 
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Case IV. The angles^ A, B, C, constant, 

da db do /^/x^x 

(401) 



sin A sin B sin C 

203. These differential relations are often employed when the in- 
crements are very small, instead of the eqnations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtaii^Bd by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is suflRciently accurate. 

The increments of the angles must generally be expressed in arc. 

Thus if djB is given in seconds we must divide it by i2"= 206264"'8, 

or substitute dB sin 1" for dB. 

dA 
But in such fractions as — —^ this substitution is evidently unne- 

tt B 
cessary provided the two increments are always expressed in the same 
unity as minutes, seconds, etc. 



Example. 
In a plane triangle whose jmrts arc 

A = 58° 41' 48"-9 B -- 35° 11' 3"-4 C= 86° 7' 7"-7 
a ^ 6053 b =^ 4082 c --- 7068 

suppose b and c to be constant and the angle A to receive the incre- 
ment dA= 20"-6 ; find da and dC, 
From (400) we have 





da — 


dA sin 


1" 


c sin B 






dC- 


dA 


C C( 


ysB 








a 




log dA 


1-3139 






log (- dA) - 


- 1-3139 


log sin 1" 


4-6856 






log c 


3-8493 


logc 


3-8493 






log cos B 


9-9124 


log sin B 


9-7606 






ar. CO. log a 


6-2180 


log da 


9-6094 






log dC- 


- 1-2936 


da 


0-407 






dC- 


-W"^ 


15 




K 2 






w 
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204. The error of employing the difierenti.ils in any case may be determined ap- 
proximately by developing the equation of finite differences and comparing it with the 
corresponding differential equation. We siiall select a simple example. 

We have from (387) and its corresponding differential equation in (399) 

i A6 = ''-^JprJAMl gin 1 A5 
sin B 

Ab = b cot BAB sin V^ 
the first of which when developed gives 

} A6 ^ 6 cot B sin i AB — ^ ^»^^l^±iA^ sin j aB sin J AB 

sin B 

or substituting sin } AB ■— i AB sin F^, sin \ AB = J AB sin V^y and also B for 
B -f i AB in the second term, which will affect so small a term but slightly, 

A6 = 6 cot B AB sin V — - ( AB sin I'O' 

Comparing this with the differential equation above, the error of employing the latter 
is approximately 

— -^ (AB sin I'O* 

which for A B = 1« is — 000015 6. 

It appears from this example that the error is expressed by a term involving the 
square of the increment ; and if we develop all the equations of finite differences we 
shall find that they diff^er from the corre8i)onding differential equations by terms in- 
volving the squares and higher powers of the increment. Hence, employing the dif' 
JereTUiaiA instead of the finite differences amounts to neglecting the terms involving the squares 
and higher powers of t)ie increments, 

205. The differential relations above obtained could have been deduced more di- 
rectly from the formulse of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Thus in Case I, A and c being constant, if we 
differentiate the equation 

a =:^ c sin ^ cosec C 
we have da^^e sin A d cosec C 

= — c sin ^ cot C cosec CdC 

= —acotCdC 

as in (398). 

The student may exercise himself by deducing the other relations of (398), (399)^ 
and (400) in a similar manner. 
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CHAPTER XIII. 

TRIGONOMETRIC SERIES. DEVELOPMENTS OF THE FUNCTIONS OF 
AN ARC IN TERMS OF THE ARC, AND RECIPROCALLY * 

206. The investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the Differ- 
ential Calculns. All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

in which fy denotes what f {y -\- h) becomes when A = and 

-h^^j — r-^' » ^^^'} ^'^ t^c successive differential coefficients, or de- 
dy df 

rivatives of /y. ^ 

207. To develop sin x aiul cos x in terms of x. 

We shall first develop sin (y + x) and cos (y + x) by (402). By 
(361) and (362), if 

fy == sin y 

, d.fy d sin y 

we have — "- = — , - - = cos y 

dy dy 

fP. fy d cos y 

d^. fy d sin y 

.;; = - a/=-^'y 

d*, fu d cos y 

dy' dy 



*The leading results of this Chapter being of verv general utility and constant 
application are printed in the larger type, but as they are not referred to in the subse- 
quent large print of this work, and moreover require a limited acquaintance with the 
Differential Calculus, the student can omit them at the first perusal, and pass directly 
to Part 11. 
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SO that the values of the coefficients of the series (402) recur in the 
order + sin y, + cos y, — sin y, — cos y, and therefore /(y + a^) — 

sin {y-\- x)=- sin y + cos y y — sin y -^—GO^y — — + etc. (403) 

If we commence with 

fy = cosy 

the coefficients will recur in the order + cos y, — sin y, — cos y, 
+ sin y, and (402) will give 

X X^ 7? 

COS {y + X) -= cos y — sin y ~ — cos y — ^ + sin y —— + etc. (404) 

If now we put y = in (403) and (404), sin y = 0, cos y = 1, the 
alternate terms of the series vanish, and we have 

sin j: = \ h etc. (405) 

1 1-2-3 1-2-3-4-5 1-2-3-4-5-6-7 ^ ^ 

cos a: = 1 — ^ + -^- -^ (- etc. (406) 

1-2 1-2-3-4 1-2-3-4-5-6 ^ ^ 

It may be observed that (406) c^n be deduced from (405) by dif- 
ferentiation. • 

208. The series (405) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre- 
ceding demonstration rests, require x to be in arc. Art. 9. 

Example. 
Find COS. 10°. Reducing 10° to arc, by Art. 9, we have 

ar -- 10 X -01745329 = -1745329 
and computing sei)arately the positive and negative terras of (406), 

1-1- r^ 

— -- = — -01523086 
1-2 



1-2-3-4 ^ '^^^^^^'^ ~ r~6 ^ ~ -00000004 

1 •00r)0:]866 ' " _ ^f 523090 

— -mojaooo 

cos 10° = -98480776 

agreeing with the tables, which give -9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. To develop tan x in terms of x. 

Representing the coefficient8 in the series (405) and (406) by letters, we have 

1 — o, r* -[- a4 X* — <ie a:* -f- etc 
in which «. = J2 "'^-lia ***" 

If we perform the division of the numerator by the denominator, we perceive that 
the resnlt will be a series containing only odd powers of x, and commencing with the 
term x. But as the law for the successive formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 

tan X "-- c, jr -f Cj ic' -1- c^'i^ -\- etc. (w») 

and differentiate it ; we find, by (363), after dividing by di, 

1 -h tan* X -^ Ci -f 3 Oj x'' 4- 5 Cj J* -h etc. 

or, since from the division of (407) we know that ^i ~ 1, 

tan*z = 3c,i" + 5c5X*-f 7c72«-h9r,x«-f etc (n) 

The square of (m) is 

tan' X = Ci Ci x* -f Ci c, z* 4- <^i Cs i* -f ^i <•? ' a^ + etc 



4- C3 f 5 -f etc 

+ <•■$ Ci I -f <•« cj j -f- etc 
-f Ct Ci . + etc 



which compared with (n) gives 

«6 =^ - (<*! C3 -h Ci Cl) 

o 
C7 -y ^•i^t-fcjfa-hcjci) 

etc etc 

where the law of derivation \» obvious. We have preserved the factor Cp although it 
is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the terms equally 
distant from them, we may write them as follows : 

c,^ 1 

Cb- ! (2r3Ci) 

<^7^ -- (2<"5Cl -\-CiCi) 

Cn—- jj^ (2<-9r, -\-2cTr^-\-c^Cf,) 
etc. etc 
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in which form any coefficient c,„ + , when n i« ewn, is expressed by — terms all of 

whose coefficients are = 2 ; and when n is odd^ by — ^ — terms all of whose coefficients 

are 2 except tiie last, which is 1.* 

If we now substitute the value of Cj = 1, and deduce the numerical values of the 
coefficients successively, we shall find 

210. To develop cot x in terms of x. 
If we invert (407 ) we have 

cot X = l^^ji^-'-fa,^ -_etc^ (409) 

X — Ojx'-l-OgX* — etc. 

and the first term of the actual division is -> the second term — (a, — a,) x, and 

X 

the succeeding terms evidently involve only the odd powers of x. Therefore let 

cot X ^^ d^x — d^j? — c/5 X* — etc. (0) 

X 

The coefficients cannot be determined by the method of the preceding article in con- 
sequence of the negative exponent in the first term ; but they are directly dedacible 
from those of the series for tan x. We have by (142) 

tan X :-^ cot X — 2 cot 2 x ( jj) 

Now the series (0) being true for any value of x will give cot 2 x by substituting 2 x for 
X, whence 

2cot2x--^ ^- — 2'''r/ix- 2* c/, r* - 2« (/j x* — etc. 

X 

Subtracting this from (o) we have by ( p) 

tan X -. (2'' - 1) rf, X -f (2* — 1) f/sr* -f (2« - 1) (/ji* + etc 
Designating the coefficients of (408) by c,, Cg, Cj, etc. we have also 

tan x= (?, x+ ^^ -T c^^ -\- etc 

and the comparison of these two values of tan x gives 

rf. ^ — ^ = <i __ . ^ A 

* 2'^ — 1 (2-1) (2 4-1) 1-3 

» 2* — 1 (22-l)(22-fl) 3-5 

* ~ 2« - 1 ~ (2'— 1 ) 1 2^-t- 1) 7-9 

etc. etc. 

dn ^=^ — — ? 

2«+» -1 




*Euler, and after him Cagnoli and others, make these coefficients depend upor — 
those of the series sin x sind cos j, but the number of given quantities by which eactr 
coefficient is expressed is double the number required in the method of the text. 
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Sufastitatiiig the valaes from (40S) 

and reducing the coefficients to their simplest forms, we find the series (o) to be 

X 3 3»-5 3«-5'7 3»-5*-7 3»-5-7-911 ^ ^ 

211. By a process similar to that of Art. 209, but which we leave to the student, 
we find 

sec as = 1 H — — -—- h etc. (411) 

2 2»-3 2*-3' 6 2^-3*-7 

And from (408) and (410) by means of the formula 

cosec x = i (cot i X -\- tan J a:) 
we find 

1 , X . 7x» , 8l2* , 127 x^ , ^,^ ..i„x 

^^ " = X + 2-3 + 2»-3-5 + 2^-3-5-7 + ¥^^7 + ""^ ^^'^^ 

212. 7b develop sin~* y m <e/-m« 0/";^. (See Art. 87). 
Let X = sin"^ y (or sin a; = y) ; then by (373) 



cJx 



= (i-3^)-i 



Developing the second member by the Binomial Theorem, 

^? = 1 + 1 y2 ^ ^'^ y^ -\- ^-^*^ / + etc. (m) 

As this contains only even powers of y, the series from which it 
'^vould be obtained by differentiation must contain only odd powers 
of y • therefore, let 

x = a{y + a^ + a^ + cujy'^ + etc. (n) 

Tliere will be no term independent of y if we limit x to values be- 
^^v-een and it 90°, for then when y = we must also have x ^= 0.* 
^differentiating, we have 

3x 

— = ttj + 3 a^ + 5 ay + 7 a^f + etc. 
dy 

"^^Viich compared with (m) gives 

a, = 1 3 a, = - 5 ac — —-^ ' ^7 -~ ^ . , etc. 

* * 2 '2*4 ^ 2*4*6 



'**"The series (413) obtained under this limitation expresses but one of the vahit^s of 
^■^^ 'y, but if we denote the series by «, we shall liave by (95) the following expres- 
, including all the values, 

sin"* y =: n r -(- ( — 1 )^s 
an integer, positive or negative, or zero. 
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therefore (n) becomes 

X = sin-^ y = y+;;"^ + :;T'7^ + '^-.-z ' ^ + etc. (413) 
^ ^232-45 2-4-6 7 ^ ^ 

It is unnecessary to develop cos~* y since we have 

cos y=^ - — sin ^ y 

213. To develop tan~' y. Let x = tan"' y, then by (375) 

|5 = (l+y«)-' = l-y^ + y*-y« + etc. (m) 

from which we infer, as in the preceding problem^ that the required 
series contains only odd powers of y ; therefore let 

x = a{y-{- a^ + a^ + o^y^ + etc. (n) 

(XX 

then — = «! + 3 Ojy* + 5 a^y* + 7 o^y* + etc. 

dy 

which, compared with (m), gives 

^1 = 1 303= — 1 5a5 = l 1 aj= — 1 etc. 

so that the series is 

a: = ta n-^ y = y — J 2/^ + ^ y* -.- I y7 + etc. (414) 

214. To compute the ratio (= ;r) of the circumfa'ence of a circle to 
itft diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a series. We 

have tan - = 1, therefore if we make y=^l in (414) we have 
4 



But this series converges too slowly to be of any use. To obtain 
rapidly converging series y must be a small fraction. We might em— 

TT 1 

ploy tan ' = (Art. 29), but in consequence of the radical, it i^ 

6 |/ 3 



TRIGONOMETRIC SERIES. 121 

TT 

simpler to resolve - into two or more arcs whose tangents are known, 

and to compute the value of each of these arcs by the series. To 
effect this let 



i; = tan-H + iSLU-' e (41 G) 

4 



then by (123) 



tan " 
4 


— 1 — 


t-Vt' 
l — W 


t'- 


1 t 

'' 1 + 't 


• 



whence /' = (417) 

from which, assuming any value of t at pleasure, the corresponding 

value of /' is found. 

If we take t = J, we find t^ — ^; therefore by (416) and (414) 

|-tan-^i + tan-4 

A few terms of these series give 

^ = -4636476 + -3217506 = -7853982 
4 

;:-= 3-14159 
more accurately ;r = 3-14159 26535 89793 

1 3 

If we take t=-f we find t^ —- ~y but the above supposition is 

4 5 

evidently the best adapted for rendering both series sufficiently con- 
vergent. 



* 

215. To resolve sin x and cos x into f actors. 

The series (405) shows that x is a factor of sin j, and gives 

sin J =r J (1 — 4 — - — etc.) ( p) 

^ l-2'3 1-2-3-40 ' 



*See Note at the end of this chapter, p. 124. 
16 L 
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and the factors of the series within the parenthesis most evidently be of the form 

•-5 

A being a constant, but having a different value in each factor. The required factor 
must be such as to reduce the second member of ( p) to zero whenever the first membe 
is zero. Now sin x is zero for the value x = 0, whence z is a factor as already seen 
and also for a; ^= d: n tt, n being any integer ; therefore the general value of (g) is 

A 
whence A -^n'*':r^ 

which, substituted in (q), gives as the general factor 

i_ ^_ 

Making n successively := 1, 2, 3, etc, the equation ( p) becomes therefore 

(l_/_Wl._ A)(i_. ii\... ' (419 

The factors of cos x in (406) must also be of the form (q) ; but cos x is zero fo 
x= zt (2n -\- 1)- » n being any integer or zero, and the general value of {q) is 

j_(2n^ l)^r>_ 
ArZ' 

whence ^ ^ (2 n -^ DiirJ 

2» 

which, substituted in (9), gives the general factor 

1 -.F. 

(2n r l)''*'r» 

Making n successively = 0, 1, 2, 3, etc., we have 



sin x^^x 



cos J 



(.-P(.-K.)(.-j:3- < 



216. IjogariXhmic sines and cosines. By means of (419) and (420) the logarif 
sines and cosines of the tables are readily computed. 



0^ 

Put x = m —1 then 



sm m 



TT 

cos m - 

2 



2 ~~2" \ 2^/ I' 4V \ e-';/ ••• 

=(■-":)(-";)(■-!:)■■• 

and taking the logarithms 

log Bin ""^^ == log^ ^ log m + log (l - ''^) ^ H (l - 'J) + . 

log coH Y log (1 - ";!) + 108 (1 - 'J) + log (1 'J) + ■ • 
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Developing these logs, by the known fonnula 

log (1 — n) = — Jf (n + } n> -f J 7i» -h etc.) 

(in which 3f= modulus of common logs.) and arranging according to the powers of 
m, we have 



log sin ~ = log ^ -f log m 

, AT/l .1.1 



-etc.) 

— m* . - - I ■ -h , -h + etc. I 
2X2*4* 6* / 

e JI//1 . 1 . 1 , , \ 



— etc. 



log cos 



mir - 3f / 1 

— = — m . — I - 



1 w 



+ ^.+ 



3« 5* 



h + H 



-m-.?/(Ul+l + etc.) 
3\1«3«5« / 



^tc. 



^y summing the constant numerical series, and substituting the value of the modulus 

-^^ ^= '43429 44819 and also of ^-, these formulae become 

2 



mir 



log sin --- = 10*19611 98770 -f log m 



m» X 0-17859 64471 
m* X 0-01468 89690 
m« X 000230 11796 
m* X 000042 58450 
m'o X 0-00008 49075 



log cos — = 10 



m« X 0-53578 93412 
TO* X 0-22033 45350 
TO« X 014497 43131 
TO« X 0-10859 04688 
TO»o X 0-08686 03766 



m" X 0-00001 76758 
m'* X 0-00000 37870 
m^« X 0-00000 08284 
w^8 X 000000 01841 
etc. 



m" X 0-07238 25502 
?«»* X 0-06204 20818 
wi«X 0-05428 68115 
m^» X 004825 49426 
etc. 



(421) 



(422) 



In these expressions 10 is added to render the logarithms positive, as is usual in 
^^*e tables.* 



*See the preface to Callct's Tables, for the coefficients of these scries carried to 20 
^^cimal places, and for other forms given them by which they are rendered still more 
^^nvenient 



/ 
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Example. 
Compute log sin 9°. We have 

mX90°-:.9" m = - logm = — 1 

and therefore by (421) 

log sin 9° = 1019611 98770 — 1- 

— 0-00178 69645 

— 0-00000 14689 

— 000000 00023 



= 10-1961 1 98770 — 100178 74367 
log sin 9°= 9-19433 24413 

217. If in (419) we put x ^ ^ , we have 



(^) (V) r.--') 



T /2> — 1 
2 



= jL (2 -1) (2-f 1 ) (4 — 1) (4 4-l )(6 — l)(6-f 1>... 
2 2. 2. 4. 4. 6. 6.... 

whence JL = _2_ . A . A . A . A . A . . . (423) 

2 13 3 5 5 7 ^ ^ 

which is TFoWig'* expression of t. 



Note to page 121. Oi/mipvLUJiiim oj^. Many other series besides those of Art. 214, 
may be given for computing ?r. One method of obtaining them is to resolve tan~* i 
and tan~* V into two others, and thus make J tt to depend upon three or more arcs. 
From (194) we easily deduce 

tan-» — = tan-i — ^ h tan-» — (a) 

m TO + n m'-j-mn-j-l 

tan-» -1- -- tan-» — ^ tan-» — "^ (6) 

m wi — n to'' — mn-|-l 

in which to being given, n may be assumed at pleasure. The numerators of the frac- 
tions in the last terms will reduce to unity when to* -f 1 is divisible by n ; if therefore 
we assume n and p so as to satisfy the condition 

np=iTO* + 1 (c) 

we shall have 

tan-» - — tan-» — \- tan-» --^— (a) 

TO TO-}-n TO-f-p 

tan-^ - -= tan-» ^ - — tan-' — - - (c) 

TO TO — n p — TO 
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For example, let to = 3 ; then m^ -|- 1 = 10 = 1 X 10 = 2 X 5, ao that we may 
take fi = 1, p = 10 ; or n = 2, p = 5, whence by (d) and (e) 

tan-» - = tan-^ - -f tan-» - 

3 4 ^ 13 . 

=i Un-» ^ — tan-' - 
2 7 



Substituting in (418) 



= tan-' - -f tan-» - 

5 8 



— = tan-' 4- tan-' 4- tan-' — 
4 2 4 13 



= 2 tan-' ^ — tan-' - 
2 7 

= 2tan-'^ -Htan-»" (/) 

3^7 ^■'^ 

= tan-' - -h tan-' - -f tan-^ i (o) 

2 6 8 ^ 

* he equation (/) was employed by Clausen of Germany, in computing tt to 200 
^^'<*imal places, and (*;) was employed by Dase, also of Germany, in computing tt to 
'^ same number of figures. These computations were curried cm independently of 
^^^li other, and the results when communicated to Schumacher, (who gives thenj in 
^ 1^^ Astronomische Nachrlchten, No. 589), were found to agree to the last figure. 
J*«y prove the value previously found by Mr. Rutherford to be erroneous beyond the 
-^ -^Oth figure. 

^y means of the formulae (a), (6), (c), (d) and {e) we may again subdivide the arcs 
^^ often as we please. Thus, it is easy to deduce 

4=2 tan-' - + tan-' - -f 2 tan-' ^- 
4 5 7 8 

= 2 tan-' ^ -h tan-' - -^ tan"' - + tan-' - - 
5 4 7 ^ 268 

= 4 tan-' - — tan-' ^ -f tan-' - -^ tan-' 
5 18 21 



-1 J _ 
268 



4 tan-' - — tan-' ^ -h tan-' — - 
5 379 268 



= 4 tan-' — tim-' — 
5 239 



^''liich last is known as Marhh^ft formula. In deducing it we have reduced the dif- 
-^"^renee of two arcs to a single arc by means of formula {a). 

Another method is, to find by trialj or otherwise, an arc a nuiltiple of which is 



^^arly equal tQ -- » and whose cotangent is a whole number; and then deduce the 

4 



L 2 
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a.dv.y0«*> 



, (c^ ^<J> •''* for « •** ' 

I' 
.. . .«.e«.V^o^f 7iv^^-*'''° , 1^ ^tan-^1 



CHAPTER XIV. 

EXPONENTIAL FORMULA. TRINOMIAL OR QUADRATIC FACTORS. 

218. To demonstrate Evler'a fonmdce 

cos a; = J (e •"-' + e ""'->) (424) 

sin X = - - -—.-(«"'-' — e— "-») (425) 

in, which e is the Naperian base of logarUhnis, or, 

It is shown in the theory of logarithms that 

"^vhere for brevity we write 

(1) = 1 (2) -- 1-2 (3) = 1-2-3, etc. 

We have by (405) and (406), employing the above notation, 

or or 01^ 

"°' = (.)-(3) + (5)-(7)+*- . 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

Qi? =^ — ^ or x-=z y — 1 

which gives 

^^*=^+|)+(V(^)'^'*"" 

8i„. = .V/-l(l + |) + |-^+(7)+etc.) 

127 




^ 
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1 , z ^ z* J 
or sin a; = — + - — I 1 h etc. 

v~\ {\y Ki) iPi {^) 

whence 

cos.+ -^8in. = l + -^- + |- + |^ + etc. = e- 
But 

1—1 - X 

y — i y— 1 1/ — 1 

therefore 

cos a; — |/ — 1 sin a: = e-*^'^ (427) 

If in this equation we substitute — x for a*, we have, by (56), 

cos ar + V — 1 sin x = e"'-^ (428) 

The sum and diflTerence of these equations are 

2 cos a; = €""-' + e-''-^ (429) 

2 1/ — 1 sin a: = 6' ^-^ — e— ""'^ . (430) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

V — 1 tan a: :t_ — — — ---- =: — - — - (431) 

220. If we put 

y = e'^~^ = COS a? + ]/ — 1 sin a: , (432) 

we have i/~^ = e~'^~^ = cos x — y — 1 sin a? (^33) 

and (429) and (430) become 

2co»x =y + y-^ (434) 

2 |/ — I sin X -^ y — y~^ (435) 

If mx be substituted for x in these formulae, we have 

ym __ g"«> -I = (»os mx -\- y — 1 sin mx (436) 

y-m __ ^,-w.x y-i _ . ^^^g ^^^^ — y — 1 sin r/ia? (437) 

2 cos mx =y'^ + y'"" (438) 

2 |/ — 1 sin mx = y"^ — y"" (439) 
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221. Moivr(?s Formula. The value of y*" from (432), compared 
with (436) gives 

(cos X -\- \/ — 1 sin a*)'" =^ cos mx -{• \/ — 1 sin mx (440) 

which is Moivre's Formuhi. It shows that the m volution of the 
expression cos x -\- y — 1 sin x is effected by the multiplication of 
tlie angle. • 
Again, if we multiply (432) by 

cos a:' + |/ — 1 sin a:' = e^'*^ ""^ 
we have 

(cos X -\- i/ — 1 sin x) (cos x' -\- \/ — 1 sin a;') = c ^^ + *'^ *^ ~ ^ 
= cos {x + ar') -f ]/ — 1 sin (x -}- x') 

wliich shows that factors of this form are multiplied by the addition 
of the angles. 
We have also 

(cos x-r\^—\ sin x) (cos x — \^—\ sin a?)— cos^ x-{-^m^x=e^ = 1 (441) 

222. General foi-m of Moivr^s Formula. As long as wi is an integer, both members 

of (440) can have but one value ; but if m - ^ the first member becomes 

9 

p 
(co8J-r^/ — l.sin /)' —\ (cosj-f-l/ — l^inxY 

^hich has q different values* in consecjucncc of the radical of the degree 9, while 
the second member 

cos " X -\- Y ^\\iin^ X (rt) 

has but one value. 

In order that both members may have the same generality, as should be the ca.se 
With every analytical expression, it is necessary to suppose that we take for the arc 
2 not merely the arc less than the circumference which has the given sine and cosine, 
but also all the arcs which have the same sine and cosine ; that is, c denoting the 
circumference, all the arcs 

X, ^-\- <^t 2: + 2 r, x -j- 3 r, etc. 

^ow there is an infinite number of these arcs, but only q of them can give different 
Values to (o) ; for all the values of the arc in (a) will he 

^x, ei + P*. £x4.2i"=., £i + .(£^dLk?, 

9 99 99 99 

P x + 2£-«, £ i+f2.r:JLe?, etc etc. 



* That is q values real and imaginary ; thus it is shown in algebra that ] ■-' a* 
and - a ; ^a^ = J^a, al- -^ ^^ ~ ^\ and a (— ^ "V"" ^) 

lJ'a*=-|-a, — Oj-fa-^/ — 1, — ai/ — 1 ; etc. 



17 
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But ^ X -f ^^ =^ ^ -hpc has the same sign and cosine as ^ x ; 
9 9V 9 

^ X -r ^^-^ — '--^ = ( " X + ^1 -f- pc the same sine and cosine as ^ x-{- ^ . el 

q q ^q qf 9 q 

so that after the first q terms of the above series, the same values of the sine i 
cosine .return ad infinitum. Representing, therefore, the circumference by 2 tt, 
equation is entirely general under the form 

p _ 

(cosx-hv^ — 1 sin x}« =: cos f^ (2 n TT -f x) -f 1/ — lsin^(2nir + x) (4 

9 9 

in which n is any number of the series 0, 1, 2, 3 . . . . q — 1. 

223. Trigonometric erpressions of the real and imaginary roots of unity. 
If X = in (442) it gives 

p 
(l)«^cos^2n7r-f|/— l8inP2nfl' (4 

9 9 

or (!)"•= cos 2 wniTT-f 1/ — 1 sin 2 mnn- (4 

m being fractional or integral. If /> ^= 1 , (443) gives 

\7 I ^= cos \- 1/ — 1 sm — — (4 

9 9 

which expresses the q roots of unity by making n successively 0, 1, 2, 3 . . » q - 
For example, let q -— 4, ( 445 ) gives for 

n = 0, iM rr-_ cos + v/ — 1 sin = 1 

n^l, 1^1— co8--}-|/ — l8in- = |/ — 1 

n = 2y ^1^ cos TT-f-^ — lsin^r= — 1 

, i7l=co8 — +1/ — Ism — == — 1/ 1 

as found in algebra. 

If X = in (442), it gives 

/, i\M m(4n4-l)'r, i.m(4n4-l)7r 
(^ — !)"• = cos ^^ — ^ hi/ — 1 8in — ^ — 

which shows that an imaginary term of any deg^ree can be reduced to a binomi 
form A -\- B 1/ — 1. 

If X :^ TT in (442) we find 

( — l)* — COS w (2n + 1) IT -f ^ — 1 sin m (2 n -^- 1) tt 

224. To reduce an imafjijiary quantity of the form {a -]- b y/ — 1)"* tc 
A f By -1. 

I^t k and x be determined from the equations 

k cos / - a, k sin i ^^ b 

by Art 174; then, by Moivre's Formula, 

(a -^ 6 ]/ — 1)"* ~ k^ (cos X -|- -[/ — 1 sin z)"* 

-- k^ (cos mx + 1/ — 1 sin wix) 

and putting A — k^ cos mx^ B = k^ sin mxj 

(a + 6 y/ — 1 )" -- yl + ^ 1/ - 1. 
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Trinomial or Quadratic Factors. 

225. To find the quadratic (trinomial) facior» of the expression 2*"* — 2s^ cos ^ + 1 ; 
m being integral. 
By (438) and (434) we have 

y»» — 2 y"* cos mx-{-l =0 
y'— 2yco8x +1=0 

Therefore if we put y ^ 2, mr = 2 » tt -f ^, or x = — ^ ^t^, we have , 

m 

2»»_22»C08^ + 1=:0 (448) 

2» —22 cos^^^i^-f 1=0 (449) 



m 



As tliese two equations exist at the same time, they have common roots, and the 
second is therefore a divisor or factor of the first; but this factor has m values in 



consequence of the m values of cos — ^^^t_? (Art. 222), found by making 



n =0, 1, 2, 3 ... m — 1. Therefore the wi quadratic factors of (448) are all ex- 
pressed by (449), and we have 



2»*-22»co8^4-l = (2^ — 22008-^ -f 1) 

x(2*-22cos2^4-l) 



X (2* - 2 2 cos •*-^+-^ -f 1) 

/^ . . . 

x(j'-2^cos2.('i^J^L+i + i\ (450) 

V m / 

226. To obtain the simple factors of (448), we have only to find the two simple 
factors of each of the quadratic factors in (450), or to find the two factors of the 
freneral quadratic (449). Now, by the theory of equations, if 2^ and z^ are the two 
roots of (449), the first member is equal to 

(2 — 21) (2 — 2,) 
but we have by (432) 

2 = « = COS x + T/ — 1 sinx = co8 —^ + 1/ — 1 sm — -^ 

m wi 

"which gives the two vahies of 2 by the double sign belonging to -^z — 1. Therefore 
the simple factors of (448) are all included in the form 

m ml 
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Examples. 

1. Find the quadratic and simple factors of 

z* — 22^ + 1 

Here m = 2, 2co8^ = 2, co8^ = l,^ = 0; and by (450), 

«*—222H-l-=(2» — 22 0080 + 1) (2- — 22C08 7r4-l) 

= (2>— 22 + 1) (2» + 22+l) 

by (451) 

= [2 — (cos -1- 1,/ — 1 sin 0)] 

X [2 — (cosO — v— 1 sinO)] 
X [« — (cos T -[- ^/ — 1 sin ^)] 
X [2 — (cos TT — I/' — 1 sin «•)] 

:-(2-l)(2-l)(2 + l)(2+l) 

2. Find the factors of 2* + 2 2' + 1. Here m -= 2, 2 cos ^ = — 2, d = ir , and 

2*-r2r» + l =(2«+ 1) (2^+1) 

---(«-i/-i)(2 + v/-l)(2-i/-l)(«+i/-l) 

3. Find the factors of 2* — 2^ + 1. 

2* — 2*+ l--=:(22 -22COS30°+ 1) (2^-r 2 2 COS 30°+ 1) 

--(22-2v'3 + l) (r' + z^S+l) 
_(2_..V^/3-i^-l)(2-iv/3 + ii/-l) 
X(« rip-3+iV-l)(2+il/3-iv-l) 

4. Find the factors of 2« — 2 2» + 1. 

2« — 2r»+ 1-- (Z2_22 4-1) (2»-t 2+1) (2*+2+l) 

= (2-1)^2+ i+ii/-3)M2-fJ-iv/-3)« 

227. To find the quadratic factorat of :f^ — 1 when m is odd. 
In (450) let ^ = 0, it becomes 

[2r — i)''-^(z — iyx (2'-22C(« ~ +1) 

X (2'' — 22 cos- "^+1) 

X . . 

x(2^-22co8 5i!?--y5^l\ . (452 

\ in J 

Now m being odd, m — 1 is even, and the number of trinomial factors in (452 
exclusive of (2 — 1 )'^, is even ; but 



2(m — l):r (^ ^ 2 7r\ ^_ 2 ir 
cos — - = COS I 2 7r I ^- cos — 

m \ ml m 



so that the first and last of these factors are equal. In the same manner it is show 
that any two of these factors equally distant from the first and last are equsM 
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therefore, uniting these equal factors and extracting the square root of both members, 
we have, when m is odd. 



a- — l = (a — 1)X(2' — 22C08 — -fl) 



X (z=' - 2 » C08 — -f l) 

/\ • • • • 

X (2' - 2 2 cos (??^r-.l}_5 _^ i\ (453) 

228. To find the quadratic Jajdors off^ — 1, when m is even. 

When m is even, m — 1 is odd, the number of factors in (452), exclusive of (« — 1)',. 
is odd, and the middle factor will not combine with any other. This factor is the 

and contains 



(I) 

(I') 



2 

cos = COS T = 1 

•It 

and is therefore equal to 

«»-f 2«-f 1 = (2+1)' 

60 that uniting the remaining factors, and extracting the square root, we have, when 
m is even. 



a" — l=r(2 — 1) («-f 1)X («* — 2«C08-- + l) 

X (2* — 2«cos-— -f 1) 

/\ • • • • 

xU-^zccs ("— --2i5 + 1^ (454) 

\ m J 

229. To find the faetors q/" 2* + 1» v^hen m is odd. 
In (450) let d = tt, it gives 

\ m / 

X(2* — 22C08^ ~-fl) 
/\ .... 

X (2' - 2 2 COS ^2-^--D-!^ 4- 1) 

and it is easily shown, as in the preceding articles, that the factors equally distant from 
the first and last are equal, and that the middle term is 2' + 22 + l = (2-|-l)' 

M 
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Hence we find, when m is oddy 

a- -f 1 == (z -f- 1) X (2" — 2 2C08 - + l) 

XN, • • • • 

X(«* — 22C06(^^~-^-^+l) * (455) 

230. To find the factors of 2^ -{- It v^h^n m is even. 
The same process gives 

2«-f-l = ^2« — 22COS— + 1) 

X(2*-22C08^-hl) 

/\ .... 

x(2^-2«co8^^-^i)-^4-l) (456) 

231. The simple factors of (453) and (454) are obtained from (461) by patting 
p = 0, and those of (455) and (456) by putting ^ = tt. There will be found pairs of 
equal factors as in the preceding articles, but all the different simple factors will be 
found by taking only the positive sign of the radical 1/ — U 

232.. Any function of the form 2*"* — 2 p z^ -{- q may also be resolved into quadratic 
factors. It is only necessary to reduce it to one of the preceding forms. By resolving 
the equation 

z^'^ — 2pz'^-\-q = (457) 

we shall find from its two values of 2" 

2»«-2p2« + 9=^2'»-(/) + Vj?"^)x(2--(/) — l4*-9)) 

and if we put the absolute term in one of these factors = ± a"» (according to its sign) 
it becomes 

2« i: a*» = a"* (^*^^ '± l\ --^. a* (2^"* =t 1) 

in which 2 = az^, and the factors of this last expression may be found by one of the 
preceding articles. 

If, however, the values of 2* in (457) are imaginary, i. e. if p' < 9, this method 
fails to discover the real quadratic factors, and we must proteed as follows. Put 
q =z a'^«, then the proposed function beconies 

in which 2 :^ 02'' ; and since in the present case p < a"*, -^- is a proper fraction, and 




we may put -'- = cos 0, which ireduces the given function to the form (450). 



CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. ^RTLTIPLE ANGLES. 

233. The troe developments of sin mx and cos mx in series, when m is not 
restricted to integral values, were first obtained bv Poiiisoi^ and form the subject of a 
memoir read by him before the French Academy of Sciences, in 1823.* The fol- 
lowing problem is the basis of these investigations. 

234. To develop {k -+- Vl? — l)*", in a series of ascending powers of k. Let 

z = (k-{- i/lt^^ri)- (a) 

and assume 

J = ^0 4- ^j it -+- .4, /fc» -f J,^-» . . . . -f Ankf" .... (6) 

Difierentiating (a) and putting 

dk 
We find 

k 



V (^" 



t) 



mz 



)} V (^^ - 1) 



z^ ==m(k -^ Vk' — lY'^ X (l 
the square of which gives 

Difierentiating this and putting 

// dz^ 
z^f = — 

dk 
^e find, after dividing by r', 

m>2 — AV — ()t=' — 1)2^^ = 

Again, diflfereutiating (6) twice, we find, 

2^ =^l, + 2^* + 3.l3^» . . . . +n^)fc^^ . . . . 

2^^ ==1.2 ^,-1-2.3 .la )t-j 3.4^, A-* . . . -r- (» — 1) n^„it*- 

Substituting in ((/) the values of z, z', z'\ given by (6) and («), we have 



(c) 



(d) 



....} w 



= m»^ 



+ 1.2^ 



H- m^ A^ k 
- A 



m' 



1 ' A' 



— 2 .4, 

1 o ,1 

-f 2.3 ^3 -f 3.4 .4^ 



+ m^ .4„ I it" 
— n An 

— (n — 1 ) 71 .4n 

4- (n + 1) (n-^ 2) vI„ + 2 

in which each of the coefl[icients of the powers of k must be zero. To discover the 
law which governs these coeflJicients, it will suffice to examine that of the general 
term, or the coefiicient of hf^y which is 

K - «') ^U + (n -f 1) (n -f 2) yl„ + a = 
whence 

J ni' — V? J 

{n-\- 1) (n + 2) 



* See the published memoir, ** Recherches eur C Analyse des Sections Angulairesy^* 
Paris, 1825. 
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80 that from the first coefficient, A^y Yre find bj making n = 0, 2, 4, 6, etc, 

^m " All 

' 1-2 ° 

A ~ wi' — 2* . _ n^(m* — ^ J 
^*~ 3-4 ^'■" 1-2-3-4 • 

* 5-6 * 1-2-3-4-5-6 ^ 

etc. 

and from the second coefficient, ^), we find by making n = 1, 3, 5, etc^ 

* 2-3 ' 

* 4-5 * 2-3-4-5 * 

^ ^_w^-j5^^ _ (m« - P) (m« - 3«) (m' - 5») . 
^ 6-7 * 2-3-4 0-6 7 * 

etc 

Therefore, if we put 

1-2 1-2-3-4 1-2-3-4-5-6 

j^. .-. , _ -^^.IJ ^ + lr^^lJ)il«'^^V ,. _ etc. 
2-3 2-3 ^-S 

the equation (6) becomes 

z=AoK^A,K' . 

and it only remains to find Aq and A^. In (a), (6), (c) and (e), put 4 = ; we find 

z -^ (l^^ - 1)-^ ^ Ao 2^-m(|/-l)-^» = ^ 

Therefore we have, finally, 

z = (k 4- 1/P -I)'" -:= (i/ — !)"• A^4- (i/ — 1)*-* m K' (458) 

235. To develop (V 1 — A' -\-h\/ — 1)"* ma «en>« q/" ascending pcwers of h. We 
have 

{V 1 — /i« + A V — 1)- ^ (v/ — 1)- (A + va>"=i)- 

therefore by (458), exchanging k for A, 

(i/y- . /,« J- /, ^ - !)"• := (v/ - ir [d/ - !)"• -H'+ (V — 1)"^' ^^^'l 

in which H and //'' are what K and A"^ become when A is put for k. Combining 
the imaginary factors in the second member, olwerving that 

( V - 1 )"• X (i/ - ir ^ (V 1)" -= 0)' 
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(whicli must not be put equal to unity, since m may be a fraction, and unity has 
imaginary roots,) and also that ^ 

(i/- 1)* X (v- I)**-* = v/- 1 (V- l)"*-*X (v/-- 1)-^^ = i/-l (1) "^ 

we have 



v 



l-h*-{-hi/ — l)'' = {l)tH+i/ — l(l)^ mH^ (459) 



in which 



jf=l_jg.'A»-|- ^'(">^-2') ^4_etc 
1-2 1-2-3-4 

2-3 2-3-4-5 

236. To develop the sine and cosine of the multiple angle in a series of ascending powers 
of the cosine of the simple angle. 
When m is an integer, this problem requires us simply to develop sin mx and 

cos mx in a series of powers of cos x ; but when m is a fraction = Jl.j the angle mz 

9 
ha» 9 values which have tlie same sine and cosine, (Art. 222), if we consider x to repre- 
sent all the angles which have the same sine and cosine as the simple angle. We shall 
therefore employ Moivre's Formula in its general form (442), or 

(cos X -f 1/ — 1 sin x)* — CO& m (2 n "T -{- x) -\- 1/ — 1 sin m (2 nT-fx) 

Putting A: = cos X we have by (458) and (446), 

(cos X -f "i/ — 1 sin x)* ^ (A -f l^A** — !)"• 

= (l/-l)''K-{-(i/—l)^-^mK' 

= c«8 ('?L(ln^ll5) .K+^-lsin ('^-C4_n_'ill5J . k 
+ co.{ ;^-'^^Y^')^ -),mK^-^V-lsin(^^!^^ ^^ 

Comparing the real and imaginary terms of these two values of (cos x -\- \/ — 1 sin j)"», 
we have 

«« m (2 » . + r) = COS {V^S^J L') . /T + cos (^"' ~MSA^-±D-\ . „ K' 
sin ni (2 n :r + .) = sin ('iL(i^+ ll5) . A: + sin (C"^ liiini+JQjr^ ^ ^„ 

If m is a fraction = -^, each member of these equations receives q values by taking 

successively for n, or n\ the numbers of the series 0, 1, 2, 3, ... 9 — 1 ; but we are now 
to show what values of n and n^ correspond to each other in the two members. Let 

X = ^, then k =^0, K= 1, K' = 0, and we have 

2 2 

.„mf4 7i -i-1) TT . m{\n'-^\')TT 
sm — — -- sm — - — 

2 2 

18 1(2 



r 



^ 
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therefore these two angles can only differ by some multiple of 2 ir^ or we must 
have 

m(4n-f 1) TT __ m(4n^ + 1) ^ 4-2n^^ n 
2 2 

whence m (n — n') = n^' 

but m being a fraction L, and n, n' numbers of the series 0, 1, 2, . . .9 — 1, we can- 

not have m\;n, — n^) equal to an integer n'^ unless it is zero ;* therefore 

n — n'' = 0, n=^n' 

and the above developments are 



cosm 



(2».r + x)=coe(™ii^^ii^).ir+co9(^5i^^ll(l"+ii'!').„ji: (46O) 

8in m (2 « ;r -1- x) = ain (!!i-(i» iiilZ) . Jir+ sin / ("» - 1) ( 4» + ll5\ . ^k' (461 ) 

in which 

A = 1 — — - cos' X H ^ ' cos* X — etc 

1-2 1-2-3-4 

ir/ = co8x-'5^1'co8»z + i5^^^1!I(!?^-:i_3!)^^_etc. 

2-3 ^ 2-3-40 

It hence appears that, in general, it requires the combination of two series to express 
the cosine and sine of a multiple angle in powers of the cosine of the simple angle, 
when m is fractional. 

237. When m is an integer, one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the function of the multiple angle. 
The first members become in all cases 

cos (2 mn n -{- mx) = cos mx 
sin (2 mn tt -j- mx) = sin mx 

and the second members vary according to the form of m. In (460), if 

m — 4 m^f cos mx = K 

m - 4 w^ -|- 1, cos mx = mK^ 

m = 4 m'' -|- 2, cos mx =: — K 

m = 4 w^ -f- 3, cos mx = — mK' 

and since when m is even, the series K terminates, and when m is odd, the series K^ 
terminates, these four e<|uation8 are all finite expressions, and will give the equations 
of Art. 76, by making m = 1, 2, 3, etc. 

In (461), if 

m ■-- 4 m', sin mx = — mK 

m = 4 m' + 1, sin mx = iT 

m = 4 m'' -f 2, sin mx^= mK^ 

m = 4 m^ -f- 3, sin mx =: — K 



(462> 



* Since ^ is supp«se<^l to be reduced to its lowest terms, p and q are prime to eadi 

other; therefore, if l^-^^J. is not zero, q must divide n — n' \ which is impossible, 

7 
since the greatest value of either w or n' is 9 — 1. 
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In these formulse, however, the series do not terminate, bnt by differentiating (462) 
we find for 



m = 4 m^f 

m = 4 ni^ -f- 2, 
m = 4 m^ + 3, 



sin /rax = — m sin x (cos x — • cos' x 4- etc.) 

2*3 

sin tnx = sin x (1 ; Cbs' x -|- etc) 



1-2 



m' 



2» 



sin mx = ni sin X (cos x _ — cos* x 4- etc) 

^ 2-3 



sin mx= — sin x ( 1 — 



m' 



— V 



1-2 



cos' X -|- etc.) 



(463) 



all of wliich terminate and give the equations of Art. 75. 

238. To develop the sine and cosine of the muitipU angle iv a series of ascending powers 
of the sine of the simple angle. 

We take as before 

(cos X -f- 1/ — 1 sin x)"* = cos m (2 n ?r -f x) -f- 1/ — 1 sin m (2 n tt -f x) 

Putting A = sin x, we have, by (459) and (444), 
(cos X -f v — 1 sin X)- = {VI ^^=^^-f A v/ — l)* 

= (1)» H + • — 1 (1) "*~ mH^ 

= cos mn^ TT . H -\- 1/ — 1 sin mn^ jt . Jf 

-fl/ — lcos(m — 1) n^ n . mH^ — sin (m — 1) n^ ir ,mH 

Comparing the real and imaginary terms of these equations, 

cos m (2 n T -f- x) = cos mn^ "rr . H — sin (m — 1 ) n'' tt . m H^ 
sin m (2 n ff + x) = sin mn^ ^ . If -f- cos (m — \) n^ rr . m H' 

and to find what values of n and n' correspond, let x — 0, then A =: sin x = 0, J3'= 1, 
JY ^ = 0, and we Iiave 

cos 2 m n TT = cos mn' tt 
sin 2 m n TT ^ sin m n^ tt 

from which we infer tlmt 2 mn tt r=: m n'' ^, or 2 n = n', and hence 

cos wi (2 n TT -j- x) = cos 2 mn TT . fl" — sin 2 (m — 1) n :r . m/P (464) 

sin m (2 71 ?r -f- x) = sin 2 wn TT . IT 4- cos 2 (m — 1) 71 ^ . mll^ (465) 

in which m being a fraction =: ?, n is any number of the series 0, 1, 2, 3, ... gr — 1 ; 
and 9 

i/= 1 _ f^ sin« X + !?^f'»i=z2L) Hin* ^ _ etc. 
1-2 ^ 1-2-3-4 



11^ = sin X sm' X -f- -^ *"" * — 



2-3 



2-3-4-5 



sin* X — etc 



239. When m is an integer, the first members of (464) and (465) become cos Tnx and 
sin mi ; and the coefiicients of the second members contain only multiples of 2 tt ; 
therefore we have 

cos Tnx ^J7 sin 77ix = TwW'' 

But the series H terminates only when Tn is even, and the series 11^ only when t» is 
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odd, and we must also employ the derivatives of these equations to obtain finite ex- 
pressions in ail cases ; thus we have also 



dH 

sin mz =: — 

max 



co&mx 



Ml 



Therefore differentiating the series H and H.'^ we shall have, when 



m = 2 m^, 



m' 



cos wix =: 1 sin' X 4- etc. 

1-2 



m = 2m^-|-l, co8nix = co8x(l -^-^ — sin' x -\- etc ) 



m=2m', 



1-2 



Sin mx = m cos x (sm x —~ — sin' % ■\- etc) 



(466) 



m = 2 m^ -|- "1. sin mx = m (sin x 



2-3 

m« — 1» . , 



2-3 



sin' X -f etc) 



(467) 



all of which terminate, and give the equations of Arts. 77 and 78. 

240. To develop the sine and cosine of the multiple angle in a aeries of ascending powers 
of the iangeni of the simple angle. 

We have 

cos m (2 n TT -}- x) -f- 1/ — 1 sin m (2 n tt -f x) = (cos x-\-\/ — 1 sin x)"* 

^ cos* X (1 -f |/ — 1 tan x)* 

Expanding by the Binomial Theorem, and putting 

r=l_'«(-"L--_L) ,^^,^_^ m{m-\){m-2)(m^Z) ^,^__^ 
1-2 1-2-3-4 

r^^m tan X- ^<^~ ^) (^~ ^^ tan>x + etc 

1-2-3 

we have 

C08"m (2n^ -f-x) 4- 1/ — 1 sinm (2 riTT -f- x) = C06'"x (T-\-\/—\ T^) 

But the imaginary and real quantities are not yet distinctly separated in the second 
member, for m being fractional cofe"* i has a number of imaginary values. If we desig- 
nate its real value by cos* x, all its values are included in the expression 

coa"» X (l)"* = cos* X (cos 2 mn^ tt -f ^ — 1 sin 2 mn^ tt) 

which, substituted above for cos* x gives 

C08m(2n7r-f x) + v/- l8inm(2n7r-fx)==cos*x(cos2mn'7r.r — 8in2mn'7r.T0 

-f^/- 1 co8*x(sin2mn'T.r4-co82mn^ff.rO 

Comparing the real and imaginary terms, we now have 

cos m (2 n TT -f- x) = cos* x (cos 2 mn^ tt . T— sin 2 mn' n . T^) 
sinm (2n7r-f x)=co8*x (sin2mn^:r . T + cos 2 mn' tt . T^) 

and it is shown as in the preceding problems that n = n', whence 

cosm (2 mr -{- t) = cos* x (cos 2 mn tt . T— sin 2 mmr . T^) (468) 

sin m (2 n TT -f x) = cos*x (sin 2 mmr . T-\- cos 2 mn^r . T^) (469) 
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in nHiicb m being a fraction = ^, n is any number of tbe series, 0, 1, 2, . . . q — 1 ; 

^ • 

and co8"x denotes only tbe real value of ^(cos x)^. 

241. By the division of (469) by (468) 

. vo ^ I \ tan 2 tnn TT . T 4- ^^ /ATtw 

tan m (2 n TT -f z) = — (470) 

^ ^ r— tan 2miiTr.r^ ^ 

242. When m is an integer^ both the series T and T^ terminate, and in all cases 
cos 2 mn TT = 1, sin 2 mn TT = ; and (468), (469) and (470) give 

cos mx = cos" 2 . T (471) 

sinmx = co8"»z. r^ (472) 

tan wix = ^ (473) 

which last expression embraces all the equations of Art. 79.* 

243. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc ; but he has shown 
that these developments are impossible, except when m is integral, and in this case the 
series are the same as the preceding, with the terms written in inverse order. 

244. To develop any power of the cosine of the simple angle in a series of sines or cosines 
of the mtdtiple angleSy the cosine of the simple angle being positive. 

If y = cos X -f- >/ — 1 sin X, we have, by (434) and the Binomial Theorem, 



m {m — 1) 
and by Moivre's Formula, 



(2 cos x)"* = (y + y-»)* = y" -f mi/^^ + ^^-^^ — ^ y"-* + etc 



y* = COS m {2 n IT -{- x) -{- \/ — 1 sin m{2mT -\- x) 
m]f*^^ = m cos (m — 2) (2 n it -\- x) -{- m \/ — 1 sin (m — 2) (2 n tt -f- x) 

— i /y*-«=^ — I ' cos(m — 4) (2nfl'-|-x)H ^-^ 1/ — Ism (m— 4)(2n:r-f-a;) 

9 

etc. etc 

Therefore, if we put 

-Pj«»+« = cosm(2nT-(-x)-fmcos(m — 2) [2 mr -{- x) -\- etc. 

P'm»+« = sin m (2 n TT -f z) -|- m sin (m — 2) (2 n »r -f- x) -f- etc- 
"we have 

(2 cos xr = P^nn+x + 1/ - 1 P^»,r + x (a) 

^ow m being a fraction (2 cos x)"* has imaginary values, but when cos x is positive, it 
will have at least one real positive value, and then (2 cos x)"* being understood to de- 
note only this real value, all the values are included in the formula 

(2 cos x)" X (l)* = (2 cos x)** (cos 2 mn^n + |/ — 1 sin 2 mn^^r) 



* Although the formule for multiple angles require, in goneral, the combination of 
two series when m is not an integer, yet there are certain cases, even when m is a frac- 
tion, in which one or the other of the series will disappear. See the memoir of Poinsot, 
cited at tbe beginning of this chapter. 
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Therefore we have 

(2 cos i)" (cos 2 mn^ a- + 1/ — 1 sin 2 mn^ tt) = Pfnw+x + 1/ — 1 i'^sw+a 
Comparing the real and imaginary terms, 

(2 cos x)"* cos 2 mn^ tt = P^nw+x 
(2 cos x)"* sin 2 mn'' ^ = P^2»»+x 

and to find the corresponding values of n and n^, let x = 0, then (2 cos x)"* =2* , and 
the series become 

P^, =:cos 2mn7r (1 -f- m + ??^(??^=li) + etc.) 

= cos 2 mn »r (1 -f- I)* 

= 2* cos 2 mn ^ 

and in the same way 

P^inw = 2 "* sin 2 mn IT 

Therefore our formule become 

2» cos 2 mn^ :r = 2* cos 2 mn «* 
2* sin 2 mn^ tt = 2* sin 2 mn n 

and as in former caAes, it is shown that n = n^, so that we have finally 

(2 cos x)- = - ^'"'^^ (474) 

cos 2mnT 

(2 cos x)- = -/'-^^ (476) 

sm 2 mn tt 

From this it appears that the real and positive value of (2 cos x)"* may be expressed 
either by a series of cosines or by one of sines of the multiple angles, and by comparing 
(474) and (475), we have the following constant relation between these series. 

P^inv+x sin 2 mntr 

Pinn+x cos 2 mn TT 

246. If n = 0, (474) gives 
(2 cos x)"* ^=^ Px = cos mx -f m cos (m — 2) X -|- ^^-^-"^ — ' cos (m — 4) x 4- etc (476) 

which may be employed as the general development of the real value of (2 cos x)", 

when x < ^. 
2 

246. The same supposition of n = 0, gives sin 2 mn a- = 0, and (475) gives there- 
fore, 

= P^ =^ sin mx -f m sin (m — 2) x + ^'LI!? zuli sjn (m — 4) x + etc (477) 

a remarkable property of this series of sines of multiple arcs, which holds for all 
values of m, provided x < -• 

247. To develop any power of the cosine of the simple angle in a series of sines or cosines 
of the multiple angles^ the cosine of the simjile angle being negative. 
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If the denominator of n is even, there is no real value of (2 cos z)"* when cos z 
is negative ; but we may pat 

(2 cos x)- --= (— 2 008 x)- (— 1)- 

1= (— 2 cos x)- [cos m (2n' + 1) TT -j- 1/ — 1 sin TO (2 n' + 1) ff] 

which, substituted in equation (a) of Art 244, gives 

(— 2COS2:)" cosTO (2ti' + 1) ^ = Pj«, + . 
(— 2cosx)"» sin TO (2 n' -H 1) ^ = P^», + . 

Making x = ff, cosx = — 1, (— 2 cos x)* = 2*, and the series become, by the 
process shown in Art 244, 

P(«« + i)» =2*cosTO(2n-|-l)7r 
-P'(2i.+)» = 2* sin TO (2n-f- 1) jt 
and we have 

• 2*cosTO(2n^-hl)fl'=2*co8TO(2n + l)7r 

2* sin TO (2 n^ 4- 1 ) :r = 2* sin TO (2 n -j- 1) JT 

whence, as before, n = n^, and our formulse are 

(— 2 cos x)* = - - ^^ "'^' ^ (478) 

^ C08TO(2n + l)7r ^ ' 

(- 2 cos x)- = - — ^ V^'^'^v -» (479) 

sin TO (2 n-f l)7r ^ ' 

by which it appears that the real value of ( — 2 cos x)"* is also expressed either by 
a series of cosines or of sines of multiple arcs, which series have the constant re- 
lation 

P^1nn + x _ sin TO (2n-f 1) ^ 
Plnn + * C0STO(2nH-l)ff 

248. If n = 0, (478) and (479) give 

(— 2 cos x)" = —^ — = — ^-- (cos tox + tocos(to — 2)x-f etc.) (480) 

cos TO ^ COS TO n 

(— 2 COS x)" = -T^*- = — — (sin tox -|- to sin (to — 2) x -f etc) (481) 

sm TO TT sin m tt 

In this case sin to n- is not zero, unless m is an integer, so that the series J^^ ^<>^ 
not become zero when x > -, and both (480) and (481) may be employed as the true 

developments of( — 2cosx)'". • 

249. Whm m 18 an integery the series (476) and (480) always terminate at the 
(to -|- l)th term ; and, since in (480) cos to tt = dfc 1, according as to is even or odd, 
and ( — 2 cos x)* = db (2 cos x)** in the same cases, both (476) and (480) become 

(2cosx)- =cosTOx + TOCos (to — 2)x+ ^^^~^ - cos (to — 4) X -I- etc (482) 

But the series (481) becomes zero, so that (482) is the only series by which 
(2 cos x)"* can be developed in functions of the multiple arcs, when to is integral. 
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250. To (Uvehp any power ofikt sine of the gimpU angle, in a 8ene9 qf sines or cosines 
of the multiple angles. 

If y = cos I + 1/ — 1 bin X, we have, by (436) and the Binomial Theorem, 

(l/ — 1)* (2 sin x)- = (y — y-i)* 

= y>~my>-»-f '"(^~^ -ly>-*- etc 

in which y*, y*""*, etc. have the same values as in Art. 244, but the signs of the 
coefficients are alternately -|- and -^, so that if we put 

Qinw + m = cos m (2 n TT -|- x) — mcos (m — 2) (2 n tt -f- x) + etc 
Q^inir + « = sin m (2 n TT -f x) — m sin (m — 2) (2 n tr -|- x) -|- etc. 

we have 

(l/— 1)* (28inxr = C» + . + I/ — 1 Q'tnn + » 

Substituting the value of (i/ — 1)"* by (446), and comparing the real and imaginary 
terms, we find 

(2sinx)'"cos '"^^"^ + ^)" ^Q.„.,. 

(2 sin X)- sin "'<^"^ + ^) T = Q' .„ , . 

and if we make x = --, we shall find by the process frequently employed above 
that n= n^ ; whence 

(2 sin 2:)- = - «?»'*i- (483) 

cos i m (4 n -j- 1) «r ^ ' 

( 2 sin ;r)- = —^-Sl^ti^ (484) 

sm i m (4 n -j- 1 ) ff 

so that the real value of (2 sin x)^ may be developed in either the cosines or sines of 
the multiples. The two series have the constant relation 

Q^in n_+^ _ sin J m (4n -f 1)^ 
Qinw + x cos J m (4n + l)7r 

251. If n=rO in (483) and (484), 

(2 sin x)* = — ^ = (cos na — m cos (m — 2) x + etc.) (486) 

cos i m TT cos J m TT 

(2 sin x)* = — ^^* — = .-- (sin mx — m sin (m — 2) x + etc) (486) 

sin J w TT sin J m tt 

both of which series are applicable when m is fractional. 

252. When m is an integer^ one or the other of the series (485), (486), will always 
be zero, according to the form of m, and there will be but one series to express 

(2 sin x)*". 

If m = 4m', (2sinj)"*^ cos t7u: — m cos (m — 2) x -|- etc (487) 

m = 4m''-fl, (2 sin x)"* — sin tmx — w sin (m — 2) x -f etc (488) 

m rr^ 4 m^ + 2, (2 sin x)~ :: — (cos mx — m cos (m — 2) x + etc) (489) 

m = 4 m'' -f 3, (2 sin i)"* ^ — (sin mx — m sin (m — 2) x -f etc ) (490) 
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253. The series (486) and (486) become zero when m is an mteger, as follows: - 

If m = 2m^, = 8in mx — TO8in(m — 2)x-i-etc (491) 

m = 2m'-fl, = co8iiix — TOC08(m — 2)x4-etc. (492) 

The reason why these series are xero is obvious, since they termmate at the 
(m -f- l)th term, the terms equally distant from the first and last are equal with oppo- 
site signs, and the middle term of (491) is aero. 

254. Oiven the equation 

tanz=ptany (493) 

to express z dt y in a serits of muUiples of y. 
Substituting the values of tan x and tan y given by (431) 



= P 



whence 



or putting 






q =r P-^ (494) 

P-T 1 






(a) 



Taking the Naperian logarithms of both members, 

2 (a: - y) 1/ - 1 = log (1 - ge-''*'-^) - log (1 - ^e^i'i^-i) 

and developing the second member by the formula 

log (1 — «) = — n — J n' — J n' — etc. 
we have 

2 (x — y) 1/ — 1 = — 9 «-' »»'-* — i 7' e-*»*'-i — } ^ «-«rV-i _ etc 

-{-qe^'V'i _{_ Jg«g4,>'-i ^j^ee,y-i _^ etc 

Substituting in the second member by (430), 

X — y = 98in2y4-J9*8in4y-(-}^8in6y + etc (6) 

The equation (a) might have been put under the form 

l__leJiry-i 
^(«+ir) y-1 — 2 



1 — i e-'ry-i 
7 

from which, by taking the logarithms and substituting as before, 

^ . .. sin 2 y sin 4 y sin 6 y . / x 

In this investigation, we have, in effect, used Moivre's formula, in its limiteil or 
less general form ; but the requisite generality may be given to our results, l>y observ- 
ing, that (493) would hold if we were to substitute t.in x — tan {n^'!^ -f x), tan y 
= tan (n^fr -|- y), and therefore we may substitute for the first member of (6), 
10 N 
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n^TT -f X — (lif^ir -f- y) = X — y — (n^' — n^)tr = x — y — nTr, n being (like n^ and n'^) 
an arbitrary integer or zero. Hence, the required general development* of x — y in 
series is 

z — y = nn -\- q^\n2y -\-\<f^nAy -\-\^sm^y-\- etc (495) 

In like manner, since tan x = tan (x — n'^r), tan y = tan (y — n^^ir), we may sub- 
stitute in the first member of (c), x — n^ir -\-y — n^^ir = x -j- y — w'*', and the general 
development of x -}- y in series is 

x + y = «^-»i°2j?_!in4K_8inla + eta (496) 

q 2q^ Zff 

In these formulse x and y are supposed to be expressed in arc, and to obtain x =F y 
in seconds, the terms of the series must be divided by sin V, 

255. The preceding problem is particularly useful in finding x when p and y are 
giv^n, and x is nearly equal to y ; in which case p is nearly equal to unity, either 

9 or - is a small fraction, and one of the series (495), (496) conveiges rapidly. 

Examples. 

1. Given y = 60° and p = 100065, to find x from (493). 
Taking only the first term of the series (495), and assuming n = 0, 

2 y = 100° log sin 2 y 9-99335 

_:00065_ 1 g.51174 

^ 2-00065 '^ ^ 

ar CO log sin V^ 5-31443 

X — y = 65^^-995 log (x — y) 1-81952 

X = 50° V 6''-995 

2. Given y = 50° and /> = — 1*00065, to find x from (493). In this case 

^ 200065 
^ -00065 

and the computation by (496), if we assume n = 0, is 

2 y = 100° log sin 2 y 999335 



1 -00065 



log / — I) —6-51174 



q 200065 V 9> 

ar CO log sin 1^' 5-31443 

2 + y = — 65^^-995 log (z + y) — 1*81952 

J = — y - 65^^-995 = — 50° r 5^^-995 

or, if n = 1, X ^ 180° — 50° V 5'^-995 = 129° 58^ 64^^-005. 

In general, (493) is to be solved by (495) when p is positive, and by (496) when p 
is negative. 

256. Given the equcUion 

sin (o -f 2) =*»8in* (497) 

to express z in a series of multiples of o. 
We deduce as in Art. 168, ^ 

tan (2 -f- J a) = tan } a 

m — 1 



, sin o , sin 2 a , sin 3 a . ^x^ fAQQ\ 
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which is reduced to (493) by putting 

.1 1 m 4- 1 

III — 1 

whence 9= .":; "= — 

p -\- I m 

and (495) becomes 

I si 

« :^ «7r -I- - . 

which is to be employed when m > 1 ;' and (496) becomes 

z -j- o = nT — m sin a — } m' sin 2 a — } m' sin 3 a — etc. (499) ^ 

which is to be employed when m < 1, n being any integer or zero. 

257. Oiven the equation 

Umz= ^^^"" (600) 

1 -}- mcosa 

to expreaa z in a series of multiples of a. 
This equation in the form 

sin z m sin a 



cos Z 1 -h W* C08O 

gives sin z-\-mainz cos a =rr m cos z sin a 

sin » =^ m sin (o — z) 

tan (« — J o) = -?*^^ tan } o 

m -}- 1 

which is reduced to (493) by substituting 

1 1 ^ — 1 

x = z — Ja y^Jo p = 



m-fl 

whence q = ^ r = 

p-\-l m 

and the series (495) and (496) become 

„ „^ sino , 8in2o sin 3o , . /cai\ 

z — a = n^ +- -4-etc. (501) 

m 2 m^ 3 m' 

a = n ff + m sin o — J m' sin 2 a + J tn' sin 3 a — etc (502) 

258. Given the equation 

. m sin a /eAo\ 

tan z= — — (503) 

1 — w COR a 

to express zin a series of multiples of a. 

The equation (500) becomes (503) by changing the signs of both m and o : the same 
changes in (501) and (502) give 

, sin a sin 2 a sin 3 a . /cai^ 

j-far-^n^r ^ —etc. (504) 

m 2nr 3 nr 

I = fiff + w* 8in o -|- J m' sin 2 o -{- J m' sin 3 o -f- etc (505) 



148 PLANE TRIGONOMETRY. 

259. In a plane triangle ABC, given a, 6 and C, to find A or B by a 9erie» of muUipUs 

of a 

By (260) 



tan A^= 



a • /-» 

— sin C 



I cos C 





which, compared with (503), gives, by (505), 

^ = _s,„C7+-j,.- -- + -^-.-^-+etc. (506) 

n being necessarily = in this case. B is found by the same series, interchanging 
a and 6. 

260. In a plane triangUf ABC, given a, b and C, to find c by a series of multiples of C. 
We have 

c* :^ a« + 6« — 2a6 cos C (507) 

a' a' a 
by (.451) =: f-- - (cos C -f 1/ - 1 sin C)"| 

X [ ^ — (cos C- 1/ - 1 sin C)] 






-- fl-y (cosC-f I/ — IsinC)] X ri-|-(co6C— V— IsinC)"! 



Taking the common logarithms, employing in the second member the formula 

log (1 —n)= — M (n -f i nM J w' + etc) 

and applying Moivre's Formula (440) in expressing the powers of cos Ci: i/ — 1 sin C, 
we have 

2 log f — 2 log 6 == 

— M f^- (co8(7-fi/-l sin 0)4-7^ (cos 2 0+ i/-l sin 2 C) + etc! 

L 2 6 J 

— M r - (cosC-v-lsinO-f f^ (cos2(7-i/ — 1 sin 2 C) -f etc."! 

logcr^r:log6 — 3/^^- cosC-f -^^ . — ^^ h-^g-- --g f-etcj (508) 

This series was first given by Legendre. The series (495) and (496), upon which 
are based those of the subsecjuent articles, (Arts. 256, 257, 258 and 259), are due to 
Lagrange. 



PART 11. 



SPHERICAL TRIGONOMETRY. 



CHAPTER I. 



GENERAL FORMULA. 



1. Spherical Trigonometry treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as are 
treated of in geometry, namely, those whose sides are each less than 
a semicircumference, and whose angles are each less than two right 
angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 



* The student is here supposed to be acquainted with Spherical Geometry, at least 
«o much of it as is to be found in Legendre's treatise, or in that of Prof. Peirce, of 
Harvard University. 
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Fkj. 1. 



as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change tlie solid angle, or the values of the angles wliich 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulcB from a direct con- 
sideration of tlie solid angle itself. 

3. In a spherical tnangle^ the sines of the sides are proportional to 
the sines of tlie opposite angles. 

Let A B Cy Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes AO By 
AOC and B C\ to each other, and 
will be designated by A, B and C; 
their opposite sides respectively will 
be designated by «, 6 and c, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BOCy AOCy AO By which they subtend at tlie center of the sphere. 
(PI. Trig. Art. 20.) 

From any point £' in OB, let fall B' P perpendicular to the plane 
AOC; ami through B' P let the planes 7i'iM', 5' PC be drawn 
perjxindicular to ^ and O C, intersecting the plane O^IC in the 
lines PA'y PC, and the planes A OB, BOC in the lines A' B\ B'C. 
The plane triangles A' PB'y B' PC are right angled at P; and 
OA'B'y C B' are right angled at A' and C. The angle JS' A' P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AOB, AOCy or of the angle A] and 
B' C P is the measure of the angle C 
We have therefore, by PI. Trig. Art. 15, 




8in^=sin^M'P = 



B'P 
B'A' 



whence 



sinC = sin J?'C'P = 



B'P 
B'C 



sin_^ ^B'P ]VC' ^ B'C 
siiiC~B'A' B'P B'A' 



(m) 
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Again, sin a = sin B'OC = - --— 



sin c = sin B'O A' = 



B'O 



whence — — = -— - x -.: : . ; = -^tt; W 



Comparing (m) and (n), 



sin a 
sin c 


B'C B'O 
B'O B'A' 


B'C 
B'A' 


l(n), 


sin a sin ^ 
sin c sin C 





(1) 



which in the form of a proportion is 

sin a : sin c ^ sin -4 : sin C 

which is the theorem that was to be proved. 

4. In Fig. 1, Ay a, Cand c, are each less than 90°, but the con- 
struction would not vary if any of these parts were greater than 90°, 
except that the points A' and C miglit be found in tlie lines AOj COy 
produced through ; and one or more of the right triangles A'B'P, 
etc., would contiiin the supplements of A, a, C) or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle, the cosine of any side is eqii(d to the 
product of the cosines of the othrr two sides, plus the continued prodiLci 
of the sine^ of those sides and the cosine of the included angle. 

Let the plane B'A'C, Fig. 2, be ^«-2. 

drawn perp. to 0^, intersecting the 
planes AOB, BOC and A0(\ in the 
li nes A 'B', B' C and A ' C. Then the 
angle B'A'C = A, and B'OC = a, 
and by PL Trig. Art. 119, in the 
triangles A' B'C, OB'C, we have 

B'C^ =-- A'B'^ + A'C —2A'B'.A'C cos A 
JS'e«= 0£'*+ 0C'*-20B'. OCcoaa 
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Subtracting the first of these equations from the j?econd, and observ- 
ing that in the right triangles OA'B\ OA'C, 

a 

O B'^ — A' B'* = A", C'^ — A' C* = A'* 
we have 

= 2 OA'^ + 2 A'B' . A'C cos A- 2 OB' . C coa a 

, OA' . OA' , A'B' .A'C 

whence cos a = - ^-^ -^ - + -^-^770^ «>« ^ 

Substituting the trigonometric functions derived from the right tri- 
angles OA'B', OA'C, 

cos a = cos b cos c + sin 6 sin c cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from indej)endent constructions. 

6. In the construction of Fig. 2, both b and c are supposed less 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI. Trig. Art. 49 be granted. As that principle may not be suffi- 
FiQ.8. ciently evident to the student unacquainted with analyti- 

cal geometry, we shall verify it in this case, as follows.* 
1st. In tiic triangle ABC, (Fig. 3), let 6 < 90° and 
c > 90°. Produce BA^ BC to meet in JS', forming the. 
lune BB' ; then AB'-= 180° - r, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle AB'C. Therefore, applying (2) to -4jB'C, we 
have 

cos (180°— «)=cos b cos (1 80° — c) + sin b sin (180°— c) cos (180°—^) 

or by PI. Trig. (64), 

— cos a = — cos b cos c — sin 6 sin c cos A 

and changing all the signs 

cos a = cos b cos c + '*^in b sin c cos A 

the same result that would have been found by applying (2) directly 
to ABC. 




* Hymer's Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABC, Fig. 4, let b > 90°, c > 90° ; 
produce AB and AC to meet in A' ; then A'B and A^C 
being both less than 90°, the formula (2) is applicable to 
A'BC. Therefore 

cos a = cos (180° — b) cos (180° — c) 

+ sin (180° — 6) sin (180° — c) cos A 
= ( — cos 6) ( — cos c) + sin b sin c cos A 
= cos b cos c + sin b sin c cos A 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of tlie triangle, give the two following 
groups : 

sin a sin B = sin 6 sin A 
sin 6 sin C = sin c sin B 
sin c sin -4 ^ sin a sin C 

cos a = cos b cos c + sin 6 sin c cos A 
cos b = cos c cos a + sin c sin a cos JS 
cos c = cos a cos 6 + sin a sin b cos C 



8. Let ^'5'C', Fig. 5, be the polar triangle 
of ABC, and designate its angles and sides by 
A\ B'y C'y a', 6' and c'. Then, by geometry. 



(3) 



1 



(4) 



A' = 180° — a, 



a 



r 



180° — ^ 



J5' = 180°~-6, . 6' = 180°-JS 
C = 180° - c, c' = 180° - C 

and applying the first equation of (4) to A'B'C, 

cos a' = cos 6' cos c' + sin b' sin c' cos A 




or by PL Trig. (64), * 

— cos -4 = (— cos -B) (— 

— cos A == cos B cos C— 



cos C) + sin JS sin C ( — cos a) 
- sin B sin Ccos a 



Changing the signs of this, we have the first of the following group : 



cos -4 = — cos B cos C-\- sin B sin Ccos a 
cos B = — cos C cos A + sin C sin .1 cos b 
008 C= — cos A cos JS + sin A sin ii cos c 



r 



(">) 



so 
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It is thus that, by means of the polar- triangle, any formula of a 
spherical triangle may be immediately transformed into another, in 
which angles take tlie place of sides, and sides of angles. 

9. Several other important fundamental groups of formulae are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cos a cos c = cos b cos^ c + sin 6 sin c cos c cos A 

and the second of (4) is the same as 

cos a cos c + sin a sin c cos B = cos 6 
the difference of which is 

sin a sin c cos ^ = (1 — cos^ c) cos b — sin b sin c cos c cos A 



Since 1 — cos^ c —- sin- c, this may be divided by sin e, and gives 

sin a cos ^ = sin c cos b — cos c sin b cos A 
whence sin b cos C = sin a cos c — cos a sin c cos B y 

sin c cos A = sin b cos a — cos b sin a cos C 



(6) 



If we interchange JS and C, and therefore also b and c, the group 
becomes 



sin a cos C= sin 6 cos c — cos 6 sin c cos A 
sin b cos A = sin e cos a — cos c sin a cos JS 
sin e cos B = sin n cos 6 — cos a sin b cos C 






(7) 



10. If (6) and (7) are apj^lied to the polar triangle, they give, after 
changing tlie signs of all the terms. 



sin A cos 6 = sin C cos B + cos C sin B cos a 
sin i? cos c — sin A cos C + cos A sin C cos 6 
sin C cos a = sin B cos A + cos B sin A cos c 



1 



(8) 



and 



sin ^ cos c - sin JS cos C + cos 5 sin C cos a 
sin /^ cos a = sin Ocos A + cos f/sin ^1 cos 6 
sin T'cos b -■- sin A cos £ + cos A sin JRcos q. 

11. Dividing the first of (6) by the following derived from (3), 






(9) 



sin a sin B 
sin A 



sin 6 
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we find the first of the fi^llowing group 

sin A cot £ = sin c cot b — cos c cos A ^ 

sin B cot C = sin a cot c — cos a cos B > (10) 

sin C cot -4 = sin 6 cot a — cos 6 cos C J 

and in the same way from (7), or by interchanging the letters B and 
C, 6 and c in (10), we find 

sin A cot C = sin 6 cot c — cos 6 cos A ^ 

sin 5 cot ^ ^ sin c cot a — cos c cos JS |^ (11) 

sin C cot B =^ sin a cot b — cos a cos C J 

If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulae are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first .of (4) substitute, by PI. Trig. (139), 

cos ^ = 1 — 2 sin^ J A 

we find, by PI. Trig. (39), 

cos a = cos (6 — c) — 2 sin 6 sin c sin^ J A (12) 

and we have similar expressions for cos b and cos c. 
If we substitute in (4), by PI. Trig. (138), 

cofiA = — 1 + 2 cos^ J A 

we find, by PI. Trig. (38), 

cos a = COS (6 + c) 4- 2 sin h sin c cos^ J A (13) 

and, of course, similar expressions for cos b and cos c. 

13. Substituting in (5) 

cos a=l — 2 sin^ i « = — 1 + 2 cos^ ^ a 

we find by the same process 

cos ^ = — cos (JS + C) — 2 sin B sin C sin^ ^ a (14) 

cos ^ = — cos {B— C) + 2 sin B sin cos^ i a (15) 

which might have been obtained by applying (12) and (13) to the 
polar triangle. 



\ 
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14. If in (12) we 8iibetitute cos a =^ 1 — 2 sin* }a,cos(6 — c) = l — 2 sin' J (6 — c), 
we obtain the first of the following equations ; and the others are obtained by a similar 
process from (12), (13), (14) and (15). 

sin* J o =^ sin* J (6 — e) -{- sin b sin c sin* } A (16) 

sin* J a = sin* i (6 -j- c) — sin 6 sin c cos* iA (17) 

COB* i a = cos* J (6 — c) — sin 6 sin c sin* J A (18) 

cos* J a = cos* i (6 -|- c) -f sin 6 sin c cos* J ^ *(19) 

sin* J ^ = cos* i (jB-hC) -f sin JJsin C sin* } a (20) 

sin* } ^1 = cos* i (i^-C) — sin ^sin C cos* } a (21) 

co«* i ^ -=8in* i (jB+C)— sin^sin Csin* J a (22) 

C08* J ^ =8in* i (^— C) +sin^8in Ccos* } a (23) 

15. By PL Trig, we have 

1 = cos* i A -i- sin* } A 

C06 A = cos* i A — sin* J A 
whence 

cos6oos c = co86co8e cos* } -4 -f cos 6 cos c sin* J A 

sin 6 sin e cos ^ :i= sin b sin e cos* i ^ — sin 6 sin c sin* } A 

the sum of which is, by (4), 

cos rt =: cos (6 — c) cos* i A -\- COS {b -\- c) sin* J A (24) 

and substituting 1 — 2 sin* i a, etc., for cos a, etc. 

sin* J a ^ sin* J (* — c) cos* M + sin* i (b -h c) sin* } ^ (25) 
cos* i a = cos* i (6 — c) cos* M 4- cos* i (6 -f c) sin' J -^ (26) 
In the same manner we deduce from (5) 

cosA = -coe^(B-C) sin* j a - cos (JJ -f- C') cos* J a (27) 

sin* iA== co^^ k (B-C) sin* i a + cos* i (5 -f- C) cos* } a (28) 

cos* M = sin' i (B-C) sin* J a + sin* i (B -f C) cos* Ja (29) 

It is hardly necessary to add that each of the equations (12 to 29) gives a group of 
three, by applying it successively to the three sides or three angles of the triangle. 



16. From (12) wc find 



sin^ i -4 — 



cos (h — c) — cos a 



2 sin b sin c 



If, in PI. Trig. (108), we put 
whence 

i{x + y) = H^ + ^'- ^). 

find 



y 



= b-c 



h{^-y) = ^{^-f> + <^) 



cos (6 — c) — cos a =^ 2 sin ^{(i— b + c) sin ^ {a+ b 
iich, substituted in the above equation, gives 



c) 



sin^ ^ A = 



sinj- 



(a — 6 + c) sin i ja + b — c) 



sin b sin c 



(30) 
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Let 8 denote the half sum of the sides, that is, let 

then 

a + b — c = a + b + o --2c = 2«— 2c = 2(s 
which substituted in (30) give 



-6) 
-0) 



sin b sin c 



sin 



, , . 2 1 7> sin (« — c) sin (s — a) 

whence also sm^ i B = ■ — ^ .- - . ^ ^^ ^ 



sin c sm a 



. « - ^ sin (« — a) sin (s — 6) 

in* J C= ^^ — 7- —\ ^ 

sin a sin 6 



sin 



17. From (13) we find 



cos 



2 I A cos a — c os (6 + c) 

2 sm 6 sm c 



and from PI. Trig. (108), by making 

X =^b -\- Cy y = (^ 

we find 

cos a — cos (6 + c) = 2 sin ^{a + b + c) sin i^{b+ c 
which, substituted above, gives 



«) 



a) 



cos 



2 I i sin irja + b 4-^c) sin 4 (6 + c — a) 

sin 6 sin c 



Introducing, as in the preceding article, s =^ ^ (a + b + c), 

sin 8 sin (s — a) 



cos* i A = 



sin 6 sine 



« . n sin ^ sin (,s — 6) 
cos* h B = 7 — ^^. 



sm Q sm a 



cos 



2 , ^ sin^sin (« — c) 
sin a sm 6 



(31) 



(32) 
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18. The quotient of (31) divided by (33) gives 

sin 8 sin (« — a) 

. 2 1 7i sin (« — c) sin (« — a) 

tan^B= — f / . \. — ^ 

sm s sm (« — 6) 

tan2 i C = 8^" (^ -^ ^) sin (s — fc) 

sin s sin (« — c) 

19. From (14) we find 

^ 2 sin 7i sin C 

from which, by PL Trig. (107), we deduce 



(34) 



sin^ ^a = 
and if we put 



C08^(^ + ^+ C)C08 ^(^+ C 

sin B sin C 

i(^ + 5+C) = >S 



=1^ 



(35) 



sin* i a = 



sin* ^ 6 = 



sin* ^ c 



— c os Scos (S — A) 

sin B sin C 

— cos S cos (<9 — ^) 

sin C sin A 

— cos S cos (S — C) 

sin A sin jB 



(36) 



The first mcml^er of each of these equations being a square, the 
second member must be essentially positive, although its algebraic 
sign is negative; in fact, since by geometry 2 S'>180°, 6'>90°, 
cos S is negative, and — ex)s S is positive. 

20. From (15) we find 



cos 



- , COS A + cos (7? — C) 

^ 2 sin B sin C 



from which we deduce, by a process similar to the preceding, 



cos" 



, cos l(A-B4- C) cos + ( A + B-C) .^^. 

sm B sm C 
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COS' 



1 _ co8(S— B) C OS (8 — C ) 



sin -B sin C 



cos 



cos 



2 1k — cos (aS^ — C) c os ( S — A ) 

Sin C sm A 

sin -4 sin B 



> 



(38) 



21. From (36) and (38) 



^ „ - — cos 8 cos (8 — A) 
■M,n ■»■ Oi — ^ — — 

^ cos {8 - B) cos {8 ~ C) 
^ co8(S-C)cos(6'-^) 

tanu c = — -^^?^?^'*' (^-i::- ^- 

^ cos(S— ^)cos(S-JS) 



}. (39) 



We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to tlie polar triangle. 

22. Napier^s Analogies, Dividing the 1st of (34) by the 2d, we 
find 

tan ^ A sin {a — 6) 

tan ^ B sin (« — a) 



Regarding this as a proportion, we have, by composition and divi- 
sion, 

tan ^ il + tanjj- B sin {& — b)-\- si n {a — a) 

tan i^ A — tan \ B sin (« — b) — sin (s — a) 

In PI. Trig. (109), if we put «==« — b, y = 8 — a, whence 



(m) 



we have 



X -{- y = 28 — a — 6 = c 
X — y = a — b 

sin (s — b) + sin (a — a) tan ^c 

sin (a — 6) — sin (a — a) tan ^ (a — b) 

and by PI. Trig. (126), 

tan J A_+ tan I B ^ si n ^ (A + B) 
tan ^ ^ — tan | B sin ^{A — B) 
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Therefore (m) becomes 

sin ^ {A + B) tan ^c 



or 



sin ^{A — B) tan ^ (a — 6) 
sin ^ (^ + -B) : sin ^ (^ — JS) = tan ^ c : tan ^ (a — 6) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 

tan i ^ tan i £ = ?ii^?-:=^ 

sin« 

or 1 : tan I ^ tan ^ 5 = sin s : sin (s — c) 

whence, by composition and division. 



1 — tan ^ yl tan j ^ 
1 + tan i ^ tan ^ JS 



sin 8 — sin^« — c) 
sin 8 + sin (s — c) 



By PI. Trig. (109), if ar = «, y = « — c, we have 

sin 8 — sin {s — c ) tan \c 

sin 8 -\- sin (« — c) tan ^ (a + 6) 



and by PI. Trig. (127), 

1 — tan ^ ^ t an \Ji 
1 + tan I ^ tan ^ ^ 



cosj- (^jKB) 
cos ^{A — B) 



Tlicrefore (n) becomes 

cos {(A + B) tan i^c_ 



1 



(40) 



(«) 



1 



(41) 



cos I (.4 —B) tan ^ (a + b) 

or cos ^ (A + B) : cos ^ (^ — J5) = tan | c : tan ^{a + b) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shall find 



sin if (a 4- h) 



cot^ C 



sinH^' — *) tan^{A-B) 

or sin t^{(i + b) : sin ^ (a — b) = cot ^ C : tan ^(A — B) 

cos ^{(i + b) ^cot ^ C 

cos ^ {a — b) tan ^ (^l + B) 

or cos ^ {a + b) : cos ^ {a — b) = cot ^ C : tan ^ (A + JS) 

which are the third and fourth of Napier's Analogies. 



(42) 



(43) 
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25. Gauss's Theorem, If 

p = cx>s i c sin i (A -\- B) P = cos J Ccoe J (a — 6) 

q = cos i c cos i (A -r B) Q = sin } (7 cos i ((i-\- b) 

r = sin } e sin ^ (^1 — B) B ■= cos i Csin } (a — b) 

s = sin i e cos i {A — B) jS = sin J Csin J (a -j- 6) 

then the products py(,q, p^r^ pY^s^ q^r^ 9X«, ''X** «'"« respectively equal to the 
products PXQ. PXB, PXS, QXB, QXS, BXS. 

First. From (3) we have 

sin. c (sin A d= sin B) = sin C (sin a :£: sin b) 

which, by PI. Trig. (105), (106) and (135), are reduced to 

sin iccoejesini (A -{- B) cos J {A — B) =sin } Ccos J Csin i(a.-\-b) cos} (o — b) 
sinjccoejccos J (-4 4- -B) sin} (-4 — 5) = sin} C cos} C cos} (a + 6) sin} (a — b) 

or 

ps = PS and qr = QR 

Second, From (6) and (7) 

sin c (cos B d= coe -4) = (1 =F cos C) sin (a =h 6) 

which, by PI. Trig, are reduced to 

sin }ccos}eco8} (^4~-^) cos} {A — 5)=sin } Csin} Csin i {a -\- b) cos i {a -{- b) 
sin } e cos } e sin } ( A -f- ^) sin } (^ — 5) = coe } Ccos } Csin } (o — 6) cos } (a — b) 

or 

qs = QS and pr = PR 

Third, From (8) and (9) 

(1 zb cos c) sin (A ± B) = sin C (cos 6 =b cos a) 

which, by PI. Trig, are reduced to 

cos}ccos}csin}(4 4--B)co8} (^ -f -B) =sin} Ccos} Ccos} (a -|- 6) cos} (a — 6) 
sin }esin}esin} {A —5) cos} (A — B) =8in } Ccos} Csin } (a + 6) sin} (a — 6) 
or 

pqz=PQ and rs = RS 

26. The notation of the preceding article being still employedy the quantities p', ^, r*, a*, 
are respectively equal to P', Q*, B*, S*. 

We have 

pqXpr = PQXPR 



and 


qr— QR 






the quotient of which is 










p^-P^ 


whence 


P ^P 


and in the same way 


f (? 




q-dzQ 




r^^R" 




r — ±: R 




s' — S^ 




S= ±:S 


21 


o2 







/ 
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27. In these last equations^ the positive sign must be used in cdl the second memherSj or the 
negative sign in all of them. For if we take 

p=-rP 
the equations 

pq = PQ, pr = PR, ps = PS 

being divided by this, give 

<?=+C, r = 4-i?, s = -hS 

and if we take 

p=-p 

the same equations, divided by this, give * 

q = —Q, r= — R, «== — ^ 
We have therefore the following, which are generally cited as Oauss*8 EqwUions, 



or 



cos } e sin } 
006 i c cos i 
sin } e sin | 
sin i e cos } 

cos I c sin i 
co^ i c cos i 
sin } e sin i 
sin } c cos } 



A-i-B)=co6iCco8i{a — b) 
.4 -f 5) =sin i C cos i (o -f 6) 
^ — 5) = cos } C sin J (o — 6) 
A — ^) =sin J C sin i{a-\-b) 

A-\-B)= — cosiCoMi (a ^b) 
^ + ^) = — sin} Ccos} (aH-6) 
^ — B) = — cos } C sm } (a — 6) 

^ — ^) = — sin } C sin } (« + b) 



(44) 



(45) 



If, however, we consider only those triangles whose parts are all lees than 180^, the 
first of these groups, (44), is alone applicable, for we must then have p =: -f P; since 
cos } c, sin i {A -{- 5), cos } C, cos } (a — 6) are then all positive quantities. The use 
of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 



^ 



Additional Formula. 

28. We shall here add some formulae which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance in 
certain inquiries of astronomy and geodesy. 

29. The product of (30) and (32) gives 



' 2 A 4 sin 8 sin (s — a) sin (s — b) sin (s — c) 

sm A — • 9 1 • 9 

sin' sin' e 



Put 



w» = sin 8 sin (s — a) sin (« — 6) sin (« — c) 
then 
and in the same manner 



(46) 



(47) 



. . 2n 

sin A = -— - — 



sin b sin c 



sin B = 



2n 



sin a 8in e 



<48) 



the quotient of which is 



sin A sin a 

sin B sin 6 



which is' our first theorem. Art. 3. As (48) was obtained from (30) and (32), and these 
from (4) without the aid of (3), we may consider the whole fabric of spherical trigo- 
nometry as resting u{X)n the fundamental formulse (4). 
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30. We have also from (35) and (37) 



and if 



ginj a = —4ccmSco»{S—A)cofi(S—B)co8(S—C) 

sin* JE? sin* C 



N* = — cos Soos (S—A) cos (S — B) COB (S—C) 

2N t 



sin a = 



sin B sin C 



From (48) and (51), 



n sin g sin 6 sin c 

^ sin A sin £ sin C 

31. If we develop (47) and (50) by PI. Trig. (173) and (174) 

4 n* =1 — cos* a — cos* b — cos* c -f-2cosa cosfc cose 

4 IP=: I — cos* A — cos* B — cos* C — 2C08^008^C06C 



(49) 

(50) 
(51) 

(52) 



(53) 
(54) 



32. The following simple results are easily deduced from the equations (31 to 38) 



co s i A COS i B sin s 

sin i C sin c 

cos ^ ^ si n i ^ sin (s — a) 

cos i C sin c 



(56) 



(56) 



sin i A cos j B sin {* — b) 

cos i C sin c 

sin ^ ^ sin I ^ sin (g — c) 

sin I C sin c 

sin i a si n \ b — cos S 

cos \ c sin C 

sin \ a co s j b cos (^S^ — A) 

sin ^ c sin C 

cos i aH\n i b c(w («9 — B\ 

sin J c sin C 

cos i a cos i b c os (i^ — C) 

cos ^ e sin C 

^. By means of (55) and (56) we can deduce expressions for the functions of 
8j8 — o, etc., in terms of the angles, or of Sy S — Aj etc, in terms of the sides. We 
have, from (51), 

2iV' N 
sm e = = 

sin ^ sin £ 2 sin ^ ^4 cos ^ ^ sin ^ B cos ^ ^ 
which, substituted in (55), gives 

sin « = 



N 



2 sin i ^ sin ^ ^ sin ^ C 

XT 

• 2 cos J A cos i B sin J, C 
whence, by interchanging the letters, we have also sin (« — a) and sin (« — 6). 



(57) 



(58) 
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Again, we have 

sin (« — c) = sin a cos c — cos « sin c 
whence 



sin 8 COS c — sin (8 — c) 



cos 8 

sin c 



which, by (55), is reduced to 

__ cos i A COS i B COS c — sin ^ ^ sin ^ ^ /ggx 

~ sin J C 

and from the equation 

cos (a — c) = cos s cos c -j- sin 8 sin e 
we find, hy substituting (55) and (59), 

cos (« — c) = — »^"M8in^^cosc-f cos^^cos^^ ,^. 

sin I C 

To eliminate c from the second members of (59) and (60), we have, bv (68) 

,^^ ^ cos C 4- cos -4 cos 5 
cos c = —- — 

sin A sin B 
whence 

coeM COS J Bco8<! = 5^?±-??"-^^ 

A%ini A sin i B 

«;« 1 A »\^ y -D , - cos C + cos -4 cos -B 

sm i -A sin J ji cos c = ' — 

4 cos i -4 cos J ^ 

which, substituted in (59) and (60), give 

CQs^ -f- c os^ -j- cos C — 1 1 — s in^ ^ A — s in* j B — sin' \ C /-, v 

4 sin i ^ sin ^ i^ sin ^ C 2 sin ^ ^ sin J ^ sin ^ C 

, V cos A -f- COS B — cos C -\- 1 cos* ^ ^ -f" c ^' \ ^ — ^^ \ ^ /gov 

4 COS i ^ cos J i^ sin i C 2 cos ^ ^ cos J i? sin ^ C 

From the preceding we easily deduce 

tan» = "^-^ = ^ r-5 («) 

cos ^ 4- COS 5 -f- COS C — 1 cose — tan J ^ tan ^ ^ 

^ / V 2. N sin c ff^^ 

cos ^1 -h cos -B — cos C + 1 cot i ^ cos i ^ — cos c 

34. The equations (57 to 64) applied to the polar triangle, give, 

_eosS=~— — ^^^— - (65) 

2 cos \ a cos } 6 cos ^ c 

COS (S- C) - ^ — - -r" .-, - -,- (66) 

2 sin h (I Bin ^ 6 cos * c 

. CT sin i a sin \ b cos C -^ cos j a cos j b i^\ 

cos Jc 
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~ 4 COS i aco8 i 6co8 J c 2 cos i a cos J 6 co6 i c 



. /o n\ co8iaco8j6cosO-i-8in J osin i6 

sin (o — C) = ^ — -, 

^ cos i e 



(69) 



. . ., _ y^v _ 1 — COS g — cos 6 -f cose _ sin' ia-\- si n* jb — sin* j c / .^^v 
sin ^ ^ — 4 gj„ ^ „ gjn J 5 coQ J c ..2 sin i a sin J 6 cos } c 

^ o 2n _ sin C /^l v 

l-fcosa-f-coso-f-cosc cosC+cotiacotjo 

cot (5 - c) = ^ 2n_- — _ ^^f"i — r-i-A ( '2) 

1— cosa — CO86 + CO8C cosC+taniatan^ft 

35. From (68) we find 

, . o 2 cos A a cos A 6 cos he — cos* i a — cos* J 6 — cos* h c -\- 1 ,..„ ^ 

2 cos ^ a cos ^ 6 cos * c 

, I . o 2 C06 i n cos ^ 6 cos J c -^ cos* J a j- co6*_J 6^+ cos*_J c — 1 ,^. . 

1 -[- sin o — - 111" I '"* j 

2 cos ^ a cos J o cos ^ c 

the numerators of which may be reduced by PI. Trig. (173) and (174), by making 
X ^-- i a, y ^= i bj z = i Cj whence v^^\ {a-\- b -\- c) ^^ i .% r — x = J {s — o), etc. : 
therefore, 

1 . cr 2 sin i « sin k (^ — a) sin \ (s — 6) sin A (« — c) .„_ . 

1 — sin i5 = 2 i_^ — . — L — .. ._5 — 1 i. ^ L (75) 

cos * a cos i cos <^ c 

1 -J- sin S=- - — ^ ^ li*^i 1* _T^"^_^**^_}J''^ y cos J_(« — c ) ,^^ , 

cos J a cos i 6 cos i c 

The product of these equations reproduces (65) ; their quotient is, by PI. Trig. (154), 
tan* (45° — J -S*) = tan J « tan J (« — a) tan i (s — b) tan i (s — c) (77) 

36. CaffnolPs Equation. — Multiplying the first equation of (4) by cos J, we find 

cos a cos A =-. cos 6 cos c cos A -f sin 6 sin c — sin b sin c sin* A 
and from (5) in a similar manner, 

cos a cos -4 — — cos ^ cos C cos a — sin J^ sin — sin B sin Tsin* a 

Observing that by (3) we have sin 6 sin c sin* A -- sin B sin r'sin* a, 
these two equations give, 

sin 6 sin c -f cos 6 cos c cos ^ - sin ^ sin T- cos B cos Ccos a (78) 

a relation between the six parts of the triangle, first given by Cagnoli. It is a 
proj>erty of this equation that either member w a fuuctinn which h(u< the stame mine iti a 
given spherical triangle and its polar triangle. Thus, if we distinguish the sides and 
angles of the polar triangle by accents, we have* 

sin 6 sin c -j- cos 6 cos c cos A - - sin b^ sin r' - cos 6' cos r^ cos A^ (79) 



• See Mathematical Monthly, (Cambridge, Mass.,) vol. i. p. 282. 
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37. To deduce the formula of plane triangles from those of spherical triangles. 

The analogy of many of the preoe<iing formulae with those of plane triangles is 
sufficiently obvious. We can, in fact, deduce the plane formulae from those of this 
chapter, by regarding the plane triangle as described upon a sphere whose radius is in- 
finilej the triangle being an infinitely small portion of the sphere. The quantities a, 6 and 
c must, in this case, express the absolute lengths of the sides ; and the angles which 

they subtend at the center of the sphere, expressed in arc, will be — , — , — , r be- 

r r r 

ing the radius of the sphere. When r is very large, — , — , — , are very small, 

r r r 

and we may express the values of sin -, cos --, etc. approximately, bv one or two 

r r 

terms of their expansions in series, PI. Trig. (405) and (406), and if their values be 

substituted in our spherical formulae, we shall obtain approximate relations between the 

sides and angles of the triangle. If we then make r infinite we shall obtain exact 

relations between the sides and angles of u plane triangle. 

Thus we have 

. art '''.'* «' I * 

sm -r etc a — - — ; -f- etc 

MnA r __r 2.8 r^ 2.3rf_[ 

sin i? .6 b ^' I * L 6^ I * 
sm - . — etc. 6 . -f etc 

r r 2.3 <•* 2.3 1-» 

and making r iufinite, we find the formula of PI. Trig. 

sin A a 
sin B b 

In the same manner 

a 6 c 1 

cos cos- cos — 1 



cos A 



-t- etc. — I 1 ■ H etc. | 

^ _ \ 2r - 2?-^ 4r^ / 

• h . e lb l>^ I ^ \ / c c^i*\ 

sin - sin — I — « -f etc. | ( -^ etc. i 

r r \ r 2.3 r» / \ r 2.3 t-> / 



r r r 2 7*^ 



6" -\- c^ — a^ „ -f etc. 

^ ' 2 j-^ J 

2 be — - - etc. 
and making r infinite, we have the formula of PI. Trig. 

62 .!_ ^ _ ^2 

cos A -- — 

2 be 

Formula? that involve only the sines or tangents of the sides may be reduced im- 
mediately to the plane formuhe by substituting a, 6, etc., for sin «, tan a, etc. Thus, 
(31 to 34) give the corresponding formulje of PI. Trig, by omitting the symbol sin.; 
and (40), (41), by omitting the symbol tan. when these symbols are prefixed to sides. 




CHAPTER II. 



SOLUTION OF SPHERICAL RIGHT TRIANGLES. 



38. When one of the angles of a spherical triangle is a right 
angle, the general formulae of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation. 

39. Let (7=90°, Fig. 6. From (3) we ^^°«- 

have 

. sin a . ^ 
sin A = —, — sm C 
sin c 

hut-since C= 90°, sin C=l ; therefore. 




sin A = 
and, in the same manner, 

« 

sin B = 



sm a 



sin c 



sin b 



sm c 



(80) 



that is, the sine of either oblique angle of a sphnncal right triangle is 
equal to the quotient of the sine of the opposite side divided by the sine 
of the hypotenuse. Compare PI. Trig. (1). 
40. From (11), we find 



cos A = 



sin 6 cot c — s in A cot C 
cos 6 



but if C= 90°, cot C=0; therefore, 



. sin b cot c ^ , 
cos A = : — = tan o cot c 



cos b 



or 



cos A 



tan 6 
tan c 



cos B =^ 



tan a 
tan c 



(81) 
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that is, the cosine of either angle is eqxuil to the tangent of the adjacent 
side, divided by the tangent of the hypotenuse. Compare PI. Trig. (1). 

41. From (10), we liave, 

^ . sin 6 cot a — cos 6 cos C 

cot ^ = - — ~— 

sin C 

w hich, when C= 90°, becomes 

cot -4 == sin 6 cot a = 

tana 

or, taking the reciprocals, 

. . tan a . ^^ tan 6 ,q^. 

tan A — . tan B = (82) 

sin 6 sin a 

that is, the tangent of either angle is equal to the tangent of the opposite 
side, divided by the sine of the adjacent side. Compare PI. Trig. (1). 

42. From (5), we find, 

. cos B + cos C cos A 

sin A = r~^~n 

cos 6 sin C 

and if C= 90°, 

. cos -B . jy cos A .Qcjv 

sm A = ~ sin B = (8.5) 

cos 6 cos a 

that is, the cosine of either angle, divided by the cosine of its opposite 
side, is equal to the sine of the other angle. In PI. Trig, we have 
sin A = cos B. 

43. From (4), we have, 

cos c = cos a cos 6 + sin a sin 6 cos C 

or, when C= 90°, 

cos c = COS a cos 6 (84) 

that is, the cosine of the hypotenuse is equal to the product of the cosines 
of the two sides. In PL Trig, c^ = a^ + 6*. 

44. From (5), 

cos C + cos A cos B 

cos c = : — -r^-^ 

sm A sm B 

or, when C=90°, 

cos A cos B 



cos c 



sin A sin B 



cot A cot B (85) 



'I& 



I ji J>i^vC\ ^1^ C >^ttu<?t <^nia ;;^,>^ -6-i>v0wCts^^ 

u* ^ . Mnb 
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nd its oppose sule are 
>tk less or buih greater 



180°), COS B and cos b 
3t be ei tiler both less 

angle are in the same 
'.en (he ttco aideii art In 
. 90". For, by (84) , 



COB a and cos 6 have 
■; but if a and b are 
;rent signs, and ci>s c 

cnses. 

angU, or c and A, 



(86) 

the same sine, but, 
the same quadrant 

c. A, and h, (as in 
\6 of ^, or, 




170 SPHERICAL TRIGONOMETRY. 

In the same manner, if co. B is taken as the middle part, 

sin (co. B) = tan (co. c) tan a or cos i^ = cot e tan a 

sin (co. J5) = cos (co. -4 ) cos 6 cos £ = sin .i oos 6 

and these four equations are the same as (81 ) and (83). 

3d. Let a be the middle part; then co. B and 6 are tlie adjacent parts, co. A uid 
CO. e the opposite parts, and the rules give, 

sin a = tan (co. B) tan 6 or sin a = cot £ tan 6 

sina = co8 (CO.-4) COS (co. c) " sin a = sin -4 sin c 

In the same manner, if 6 Ls taken as the middle part, 

sin 6 = tan (co. ^) tana or sin 6 = cot i4 tan a 

sin 6 = cos (CO. B) cos (co. c) sin 6-:= sin B sin c 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ten equatiops previously 
proved ; and they include no others, since we have taken each part successively as 
the middle part. 

In the application of these rules, it is unnecessary to use the notation co. A, co. -B, 
CO. c, since we may write down at once sin A for cos (co. A)y etc* 

47. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and the 
required part. 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two given and the one required — is to be taken as the middle part. 
"These three parts are either all adjacent to each other, in which case the middle one 
is taken as the middle part, and the other two are adjacent parts; or one is separated 
from the other two, and then the part which stands by itself is the middle part, and 
the other two are opposite parts." f 

48. In order to distinguish the functions of parts less than 90° from 
those greater than 90^, it will be necessary carefully to observe their 
algebraic signs, according to PI. Trig. Art. 40. But when a required 
part is determined by its sine, since the sine of an angle and of its 
supplement are the same, there will be tw^o angles, both of which 
may be regarded as solutions, except when this ambiguity is removed 
by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the comple- 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Rules. — I. The cosine of the middle part is equal to the product of the 
coiamjentR of the adjacent parts. 

II. The cosine of the middle part is equal to the product of the sirves of the opposiU pcuris. 

With a little attention at the commencement, however, and by observing the aoa- 
logy exhibited in Art. 45, the student will find that he will have little use for either 
of these artificial rules. 

t Peirce's Spherical Trigonometry. 
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49. In a light spherical tnangle, an angle and its opposite side are 
always in the same quadrant, that is, either both less or both greater 
than 90^. For, by (83), 

. cos B 
sin A= ^- 

cos 6 

in which, since sin ^ is always positive, (-4 < 180°), cos B and cos 6 
must have the same sign; that is, B and 6 must be either both less 
or both greater than 90°. 

50. Wlien the two sides including the Hght angle are in the same 
(fiadrant, the hypotenuse is less than 90°, and when tlie two sides are in 
different quadrants, the hypotemise is greater than 90°. For, by (84) , 

cos c = COS a cos 6 

in which, if a and 6 are in the same quadrant, cos a and cos 6 have 
like signs, and cos c is positive, that is, c < 90° ; but if a and b are 
in different quadrants, cos a and cos 6 have different signs, and cos c 
is negative, that is, c > 90°. 

We proceed now to the solution of the several cases. 

51. Case I. Given the hypotenuse and one angle, or c and A, 
Fig. 6. 

To find a. The relation among the three 
])arts, e, A^ and a, (as in PI. Trig, with the 
same data), is given by the sine of A] and 
by Art. 45, 

. sin a 
sin ^ = . 

sm c 
from which we find* 

sin rt = sin c sin A (86) 

Tfiere will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A, 

To find b. The relation among the three parts, c, A, and b, (as in 
PI. Trig, with the same data), is given by the cosine of -4, or, 

. tan b 

cos A = 

tan c 

from which t tan b = tan c cos A (87) 



Fig. 6. 




*This equation would be found by Napier's Rules, taking a as the middle part, 
t We find the same result by Napier's Rules, taking co. ^ as the middle part. 
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To find B. We hftve, by (85),* 

cos c = cot A cot B 

from which cot B = = cos c tan A (88) 

cot^ ^ ^ 

The quadrants in which 6 and B are to be taken, will be deter- 
mined by means of the signs of tan 6 and cot B, according to PI. 
Trig. Art, 40. 

Check. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the check. 
In the present instance, when the three parts, a, 6, and B, have been 
found, we should have, by (82), the relation 

sin a = tan 6 cot B 

so that if the work is correct, we shall find 

log sin a =f log tan 6 + log cot B 

Examples. 

1. Given c = 110° 46' 20'', A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

c, log sin 9-9708106 log tan — 0-4210061 log cos — 9*5498045 

A, log sin 9-9935833 log cos + 9-2320794 log tan + 0*7615038 

log sin a 9*9643939 log tan b — 9*6530855 log cot B — 0*3113083 

* log tan b — 96530855 

ChccL log sin a + 9*9643938 
Ans. a = 67° 6' 52"-7, b = 155° 46' 42"*7, B= 153° 58' 24"*5 

2. Given c= 120°, A -= 120° ; solve the triangle. 

Am, a =~- 131 ° 24' 34"*7 6 = 40° 53' 36"-2 B == 49° 6' 23"-8 

52. If J ^ 90'', we must also have, by (85), c = 90^*, and then 

tan 6--^ tan^ = ^ 



so tliat b and B are both indeterminate; that is, there is. an indefinite number of tri- 
anjrles which satisfy the given values of c and A ; but since 

cos B = cos 6 sin -4 = cos 6 
we always have B =^b; and since 

sin a = sin c sin ^ = 1 
we have a = 90°, and all the parts of the trian^de are equal to 90°, except 6 and B, 

If only c is given ^ 90°, all the parts of the triangle are equal to 90°, except A 
and a ; and we have A =: n. 



* Or by Napier's Rules, taking co. c as the middle part. 
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53. Case II. Given the hypotenuse and a side, or c and a. 
To find A. We have by (80), 

sin A =- . — = cosec c sin a (89) 

sin c 

To find B. By (81), 

cos B = = cot c tan a (90) 

tan c ^ ^ 

To find b. By (84), 

cos c = cos a cos 6 

cos c 

from which cos 6 = = cos c sec a (91) 

cos a 

Chech We have between Ay jB, and 6, the relation 

cos B = sin A cos b 

Examples. 

1. Given c = 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

c, log cosec 0-1919325 log cot — 0-0761865 log cos — 9*8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B — 9-6372524 log cos b — 9-9112682 

log sin A + 9-7259842 

Check, log cos 5 — 9*6372524 

Ana. A= 32° 8' 48''-l 
J5 = 115° 42'23"-8 
6 = 144° 36' 28''-4 

2. Given c = 101° 16' 16"-7, 6 = 115° 42' 38"-5; find A. 

Ana. A = 65° 32' 56"-4 

64. When a = c and consequently both ■= 90°, sin ^ =: 1, i4 =^ 90°, and 

cosjB = — cos6 = — - co8J? = cos6 



80 that B = bf but both are indeterminate as in Art. 52. 

p 2 



i 
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55. Case III. Given one angh and its opposite side, or A and a. 
We shall have 



. sin a , . . . 

sin -4 = - . — whence sin c = cosec A sm a 



tan A 



sin B^= 



sin c 



tan a 
sin 6 



cos A 



cos a 



sin 6 = cot ^ tan a 



sin -B = cos -4 sec a 



(92) 



(93) 



(94) 



Check, sin 6 = sin c sin B 




In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

FiQ. 7. If AB and -4C be produced to meet in A'y ABA' and 

AC A' are semicircumferences and A=^ A' \ the triangles 
ABC and A'BC both contain the given parts A and a, 
but c', 6' and B' are respectively the supplements of c, 
6 and B. It must not be inferred tliat in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 



Examples. 

1. Given A = 100°, a = 112° ; solve the triangle. 

Ans. c = 70° 18' 10"-2 ^ f ^ "" -^^^^ ^^' ^^"'^ 

6 = 154^ 7'26"-5 I or ^ 6= 25° 52' 33"-5 

5 = 152° 23' l"-3 i I B= 27° 36' 58"-7 

2. Given A = 80°, a -= 68°; solve the triangle. 

Ans, c = 70° 18' 10"-2 >| ( "" = ^^^° ^^' ^^"'^ 

b= 25°52'33"-5 I or < 6-154° 7' 26"-5 

B= 27° 36' 58"-7 i i 5= 152° 23' l"-3 



3. Given B = 150°, h = 160°; solve the triangle. 

Ans. c==136° 50' 23''-3 ^ ( ^= ^'^^ 9' 36"-7 

a= 39° 4'50"-7 I or < a -= 140° 55' 9"-3 
A= 67° 9'42"-7 i i ^ = 112° 50' 17"-3 
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56. Case IV. Given one angle and its adjacent side, or A and 6. 
We shall find the required parts by the equations 

cos -B = sin -4 cos 6 (95) 

tan a = tan A sin b (96) 

cot c = cos A cot 6 (97) 
Check, cos B = tan a cot c 

Examples. 

1. Given A = 80° 10' 30", 6 = 155° 46' 42"-7; solve the triangle. 

Ana. JS=153° 58' 24"-5 
a= 67° 6'52"-6 
c=110°46'20"-0 

2. Given 5 = 152° 23' l"-3, a= 112° 0' 0"; solve the triangle. 

Ana. ^ = 100° 

6 = 154° 7'26"-o 
c= 70° 18'10"-2 

57. Case V. Griven the two fades, a and 6. 
We find the required parts by the equations 

cos c = cos a cos h (98) 

cot A = cot a sin 6 (99) 

cot B = sin a cot 6 (100) 
Check, cos c = cot A cot B 

Example. 

Given a = 116°, 6 = 16°; solve the triangle. 

Ans. c=114° 55' 20"-4 
A = 97° 39' 24"-4 
B= 17°41'39"-9 

58. Case VI. Given the two angles, A and B. 
The required parts are found by the forraulsB 

cos c = cot A cot B (}0l) 

cos a = cos A cosec B (1 02) 

cos h ^= cosec A cos B (103) 

Check, cos c = cos « cos b 



CHAPTER III. 

SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 

69. In the solution of sphericjal oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proj>er 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the follow- 
ing principles, some of which are demonstrated in geometr}\ We still 
consider only those triangles each of whose parts is less than 180°. 
I. The greater side is opposite th^ greater angle, and conversely, 
II. Each side is less than the sum of the other two, 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. Each angle is greater than the difference between 180° and the 
sum of the other two angles. 

For, by IV., A + B-^C> 180^ 

whence, ^ > 180° — (J? + C) 

But if J5+ C> 180°, we have, in the polar 
triangle, A'B'C', Fig. 8, by II., 

a' < 6' + c' 

or 180° — ^ < 180° — J? + 180° — C 
— ^<180°-(5+ C) 

VI. A side which differs more from 90° than another side, is in the 

same quadrant as its opposite angle. 

For, by (4), we have 

. cos a — cos b cos c 

cos -4 = . , 

sin b sin c 

in which the denominator is always |X)sitive. If, then, a differs 
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more from 90° than 6 or than c, we have, (neglecting the signs for a 
moment)^ 

cos a > cos 6 or > cos c 

and still more cos a > cos 6 cos c 

Hence cos a being numerically greater than cos 6 cos c, the sign of the 
whole numerator, and therefore the sign of cos Ay is the same as that 
of cos a ; that is, A and a are in the same quadrant. 

VII. An angle which differs more from 90° than another angle, is 
in the same quadrant as its opposite side. For, by (5), 

cos A + cos B cos C 
cos a = — 



sin jB sin C 

in which, if ^1 dififers more from 90° than B, or than C, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every sphet^ical triangle there are at least two sides which 
are in the same quadraiit^ as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than, equal to, or less than, 180°, 
according as the sum of the two opposite angles is greater than, equctl 
to, or less than, 180°. In other words, the half sum of two sides is 
in the same quadrant as the half sum of the opposite angles. For, 
by (41),_ 

tan \{a-{- b) cos \{A-^ B)=^ tan J c cos J (-4 — B) 

the second member of which is always positive, so that tan J (a + 6) 
and cos \{A-\- B) must have the same sign. 

70. Case I. Given two sides and the in- 
eluded angle, or 6, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts 6, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos c cos 6 + sin c sin b cos A (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural 
cosine of a; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 
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PI, Trig., Arts. 174, 175. Thus, let k be a number and ip an aux- 
iliary angle such that 



then (m) becomes 



k sin (f = sin b cos A 
k cos if = cos b 

cos a = k (cos c cos <p + sin c sin y) 

= k cos (c — <f) 



(m) 



(mO 



SO that k and ^ being found from (in) we may find a by (wi'). But we 
may eliminate k by dividing the first equation of (m) by the second, 

cos o 
and substituting in ?u' the value of A; = '- > whence we have, for 

cos if 

finding a, 

tan if = tan i cos A 



cos a =^ 



cosj^o — <f) cos 6 
cos if 



> 



(122) 



which are the formulae commonly employed.* 

To find B, The relation between 6,-c, A and 5, is, by the first 
equation of (10), 



, ^ sin c cot h — cos c cos A 
cotJs = - — ,— / — 

sin A 



(N) 



This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin b, whence 



cot B 
which by (m) become; 



sin c cos 6 — cos c sin b cos^ 
sin b sin A 

Sin b sin A 



(n) 



or substituting the value of k - 
B are 

tan if —- 

cot B = 



sin 1) cos A 



sin c 

tan 6 cos A 

sin {c — if) cot A 
sin if 



, the formula) for finding 



> 



(123) 



* Wo mi^ht have assumed k sin o cos h, k cos 6 = sin b cos .4, which would have 
ro(hice(l (m) to cos a — A sin (c -j- <?). In this way all the solutions that follow may 
be varied. 
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In the use of these formulae, as indeed of all that follow, the signs 
of all the functions must be carefully obsefved, according to PL Trig. 
Arts. 37 and 40. 

We may take if between and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 37 
and 174). 

Check. The quotient of (it) divided by {m') is 

cot B tan ( c — y ) 

cos a sin h sin A 

* 

which multiplied by the following, from (3), 



gives 



sin a sin JS = sin 6 sin A 
tan a cos B = tan (c — if) 



(124) 



by which the values of a and i?, found by (122) and (123), may be 
verified. 

71. If a and C were required, the solution would evidently be 
similar, only interchanging b and e, B and C By the fundamental 
formulae we should have 



cos a =^ cos 6 cos c + sin 6 sin c cos A 
sin b cos c — cos b sin c cos A 



cot C = 



\ (O) 



sin c sin A 



and denoting the auxiliarj' angle in this case by ;f, the logarithmic 
solution would be 



tan ;f = tan c cos A 

cos (b — y) cos c 
cos a ^= —-^^ — '- ' — 

cos;f 



cot 



O— ?^^*_^ /) ^-?Ld: 



sin 



1 



Check, tan a cos C== tan (6 — y^ 

Q 



(125) 
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Examples. 

1. Given 6 = 120° 30' 30", c = 70^ 20' 20", A = 50° 10' 10"; 
find a and B. 

By (122). 
6 = 120° 30' 30" log tan 6 — 0-2297071 
A = 50° 10' 10" log cos A + 9-8065322 

f = 132° 36' 44"-2* log tan y? — 0-0362393 
c = 70° 20' 20"-0 
c — (p = — 62° 16' 24"-2 

By (122). By (123). By (124). 

log COS (c — 0) -f 9-6676893 log sin (c — ^) — 9-9470304 log tan (c — ^) — 0*2793410 

ar CO log <^ — 0-1693898 ar co log sin ^ + 01331505 log tan a -f 0*4291648 

log cos 6 — 9*7055761 log cot ^ -f 9*921 2038 log cos -B — 9*8501762 

log cos a -[- 9-5426552 log cot -B — 0*0013847 Check. — 0*2793410 

a = 69° 34^ 55^^*9 B = 135° 5' 28^^*8 

2. Given 6 -= 120° 30' 30", c = 70° 20' 20", A = 50° 10' 10"; 
find a and C. 

Ans. a = 69° 34' 55"-9 
(7=50° 30' 8"*4 

3. Given b = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10"; 

find a and B. 

Ans. a = 64° 23' 15"-0 
B = 95° 38' 4"-0 

4. Given 6 = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10"; 

find a and C. 

Ans. a = 64° 23' 15"-0 

C= 97° 26' 29"-l 

5. Given h = 98° 2' 20", c = 80° 35' 40", A = 10° 16' 30"; 

find a and C. 

Ans. a = 20° 13' 30"-l 

C=30° 35'56"-7 

72. If /?, C and a were all required, we might find a and C by 
(125), and then B by Art. 3, which gives 

sin a : sin b = sin ^ : sin B 

sin b sin A 



or sin B 



sin a 



* We niav also take — 47° 23' lo^^'S, whence c — = 1 17° 43^ Sy^% which 
will give the same values of a and Ji as found in the text. 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of By* and on this account it is preferable, 
in general, to combine (123) and (126), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given 6, c and A. Second Solution; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin J (6 + c) : sin ^ {b — c) = cot i A : tan i (B— C) 
cosi{b+c):co&i{b — c) = coiiA:t8Lnj^{B+C) 
whence 

tan HS-C) = -^ m~'\ cot i A (126) 

sin J (6 + c) 

tan i (^ + C) = ^-Hr~-^, cot J A (127) 

cos i {o + c) 

which determine ^ {B — C) and ^ (B + C) ; then the half difference 

addeil to the half sum gives the greater angle, and the half difference 

subtracted from the half sum gives the less angle. 

If c > 6, we may write c — 6, C — ^, in the place of 6 — Cy B — G 
We may now find a by either of Napier's Analogies, (40), (41), 

which givef 



* By Art. 69, VI., if 6 differs more from 90° than c, B is in the same quadrant as A, 
and all ambiguity is removed. If c difiers more from 90° than 6. we may find a and B 
by (122) and (123), and then C by the formula 

. ^ sin c K in .4 

Bin C= . 

sin a 

C being taken in the same quadrant as e. 

t We may also find a from any one of Qauss's Elquations (44), which become, in the 
present case, 

cos } a sin J (-B 4- C') = cos i -4 cos J (6 — c) 

cos } a cos J (^ -f C*) = sin } -4 cos J {6 -f c) 

sin A a sin } (5 — C) = cos } ^ sin J (6 — c) 

sin i a COS J (^ — C ) = sin J -4 sin A (6 -f- c) 
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Examples. 

1. Given 6 = 120° 30' 30", c = 70° 20' 20", ^ = 50° 10' 10"; 
find B^ C and a. We have 

^ (6 + c) = 95° 25' 25" 

^(6-c) = 25° 5' 5" 

^^=^25° 5' 5" 

By (127). 



By (126). 

ar CO log sin \ [h + c) + 0*0019487 

log sin H6 — c) + 9-6273228 

log cot ^ -4 + 0-3296529 

log tan J (JS — C) + 9-9589244 
\{B—C)= 42° 17'40"-2 
jS = 136° 5'28"-8 

By (128). 

ar CO log sm\[B— C)+0-l 720227 

log sin \ {B+ C)+9-9994824 

log tan ^ (6 — c)+ 9-6703471 

log tan ^a+ 9-841 8522 

i a = 34° 47' 28"-0 



ar CO log COS J (6 + c) — 1-0244829 

log cos i (6 — c) + 9-9569757 

logcoti^ + 0-3296529 

logtani(5+C)-- 1-3111115 
•J^(J? + C) = 92°47'48"-6 
C=50°30' 8"-4 

By (129). 

ar CO log cos \ {B— C)+ 0- 1 309469 

log cos i(^+ C)— 8-6883709 

log tan i (6 + c)—l 0225342 

log tan ia+ 9 -84 18520 



^rw. 5 = 135° 5'28"-8 
C = 50° 30' 8"-4 
a == 69° 34' 56"-0 

2. Given h = 99° 40' 48", c= 100° 49' 30", A = 65° 33' 10"; 

find £, C and a. 

Ans. B = 95° 38' 4"-0 

C=97° 26' 29"-l 

a ==64° 23' 15"-1 

74. It may be remarked with regard to (128) and (129) that, when 6 and c (and 
consequently B and C) are nearly equal, a small error in the previous determination 
of the small angle A {B — C) may produce a large one in log sin J (J5 — C), and 
consequently in log tan J a found by (128). In that case, therefore, (129) must be 
preferred. 

In like manner, if J (6 -f- c), and consequently i {B -{- C), are nearly equal to 90°, 
(129) will become inaccurate, and then (128) is to be preferred. 

Formula (128) would fail entirely if B = C, and formula (129) would fail if 
i {B -f- C) = 90°, since the second members in these cases would assume the inde- 
terminate form 







75. Case I. (xiven h, c and A. Third Sohdion, When the 
third side /.«? alo7ie required^ the computation by (122) is in raost cases 
as convenient as any other; but there are various other methods 
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derived from the formiilae of the preceding chapter, which have been 
employed with advantage in jxirticular applications. Among the 
most convenient are the following, from (12) and (13): 

cos a = cos {h — c) — 2 sin 6 sin c sin^ ^ A (130) 

cos a = cos (6 + c) + 2 sin 6 sin c cos^ ^ A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 

Example. 

Given 6 = 99^ 40' 48", c = 100^ 49' 30", A = 65° 33' 10"; 

find a. 

By (130).* 

^ ^1 = 32° 46' 35" log sin* ^ ^ = 2 log sin ^ ^ 9*4669752 
b — c='- r 8' 42" log sine 9-9922023 

log sin 6 9-9937722 

log 2 o^sqiosoo 

— 2 sin 6 sin c sin« ^ ^ = — 0-5675181 log 9-7539797 

nat cos (6 — c) = + 0*9998003 

nat cos a = + 0-4322822 a = 64° 23' 15" 



^A= 32° 46' 35" 
b + c = 200° 30^ 18" 



+ 2 sin 6 sin c cos' ^A= + 1-3689240 

nat cos (6 + c) = —0-93664 16 

nat cos a == + 0-4322824 



By (131). 

log cos* ^ ^ = 2 log cos i ^ 9-8493748 

log sin c 9-9922023 

log sin 6 9-9937722 

log 2 0-3010300 

log 0-1363793 



a = 64° 23' 15" 



76. In Art. 14, we have deduced several fonmilfle by which } a may be computed. 
We may adapt (17) and (18) for logarithmic computation, as follows: 

sin' =^ sin 6 sin c cos' J A 
sin' i a = sin' i (b ^ c) — sin' ^ - (132) 

= sin[§(6-f c)-J-0]8in[J(6 + c)-^] - ' 

sin' d =:r sin 6 sin c sin' i A ^ 

cos'}a=:cos' J (*— c)— 8in'0 \- ' (ISS) 

^ cos [J (6 - c) -^ 9] COS [J (S - c) - 0] 
of which (132) is to be preferred when i a < 45°, and (133) when i a > 45°. 



* The computation of (130) is facilitated 'by the use of a special table (given in many 
treatises on navigation), from which, with the argument A^ is taken the logarithm of 
2 sin' iA = versin A. [PI. Trig. (4) and (139)]. 
24 q2 





cot a 



sin 6 
sin C cos A + cos C sin A cos 6 



sin A sin 6 
which, by (i/i), becomes 



cot a 



cos & 



w 
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77. Case II. Given two angles and the * 
included aide, or A^ C and 6. (Fig. 9). 

First Solution ; when the. third angle and 
one of the remaining sides are requii'ed. 
To find B. The relation between Ay C, b 
"o*^ and By is, by (5), 

cos B= — cos C cos A + sin C sin A cos 6 (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin I? = cos A 
h cos e? = sin A cos 6 
then (m) becomes 

cos B = h (sin C cos ^ — cos C sin &) 

= A8in(C— (?) (m') 

cos ^ 

or, eliminating h = -; — -> the formuUe for finding B are' 

sin V 

cot i9 = tan .4 cos 6 ^ 

^ sin (0-1?) cos ^ ^ (134) 

cos B = — ^ . r, 

sin v- J 

To find a. From the third equation of (10), we find, 

sin (7 cot A + cos C cos 6 



(K) 



A cos ((7— t?) . V 

cot a = — ^ ,— :- t"^ W 

sin ^1 sm 6 

,. . ^. , sin yl cos 6 , /•/.!• 

or, eliminating h = — — _ > we have, tor finding a, 

cos e/ 
cot «? = tan A cos 6 

cos (C—??) cot 6 y (135) 



As in the preceding case, we may either take e? always between 
and 180°, less or greater than 90° according as its tangent is posi- 
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five or negative; or we may take ?? numerically less than 90° in all 
cases, positive or negative, according to the sign of its tangent. 
(PL Trig. Art. 174.) 

Chech, The quotient of {n) by (»i') is 

cot a cot (C — d) 

cos B sin A sin 6 

which, multiplied by 

sin JB sin a = sin A sin b 
gives 

tan JB cos a = cot (C— d) (136) 

by which the values of B and a, found by (134) and (135), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and c, A and G By the fundamental formulae, we 
should have, 

cos JS = — cos A cos C+ sin -A sin Ccos 6 

sin AcoQ C - \- cos A sin C cos 6 > (o) 

sin Csin 6 J 

and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot ^ = tan C cos 6 

^ sin (A — C) cos C 
cos B = ^^ — : -^^ 

sm ^ 

cos C 
Chech tan B cos c = cot {A — ^) 



cotc = 



> 



(137) 



Examples. 

1. Given A = 135° 5' 28''-8, C=^ 50° 30' 8"-4, 6 = 69° 34' 55"-9 ; 

find S and a. 

By (134). 

A= 135° 5' 28"-8 log tan A — 9-998f)154 

b = 69° 34' 55"-9 log cos h + 9-5426553 

t? = 109° 10' 31"-0* log cot ?> — 9-5412707 

C= 50° 30' 8"-4 
C— t> = — 58°40'22"-6 



♦We may also take ^^ — 70^ 49' 29''0, whence C— ^ r= 12P 19' 37''-4, which 
will evidently give the same results as those obtained in the text. 
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By (134). By (135). By (136). 

log8in(C—i:^) — 9-9315664 log ooe (C—^) -f 9*7159386 log cot (C— ^) — 97843722 

ar CO log 8ini» -f 0*0247897 ar co log coe ^ — 0*4835187 log tan i? + 00787962 

log cos ^ — 9-8501762 log cot 6 -^ 9*5708352 log coe a — 9*7055757 

log COB 5 -h 9-8065323 log cot a — 9*7702925 Cheek. —9*7843719 

5 = 50° lO' lO^'O a = 120° 30^ 29^^*9 

An8.B= 60^10' 10"0 
a=120°30'29"-9 

2. Given ^ = 135° 5' 28"-8, C= 50° 30' 8"-4, 6 =^ 69° 34' 55"-9 ; 
find B and c. 

An8.B= 50°10'10"-0 
0= 70°20'20"-0 

3. Given A = 65° 33' 10", C= 95° 38' 4", 6 = 100° 49' 30"; 
find B and a. 

Ans.B= 97° 26' 29" 

a= 64° 23' 15" 

4. Given A = 97° 26' 29" C= 95° 38' 4", 6 = 64° 23' 15"; 
find B and a. 

Am. B = 65° 33' 10" 

a = 100° 49' 30" 

79. If a, c and B were all required, we might find B and c by 
(137), and then a by Art. 3, which gives, 

sin -B : sin ^ = sin 6 : sin a 

s in A sin b 

sm a = \ — - — (138) 

sm ij 

Of the two values of a given by this equation, the proper one is to 
be selected, if |X)ssible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* IJy Art. 69, VII., wlien A difTers more from 90° than C, a must be taken in the 
same quadrant with A, and all ambiguitv is removed. If, then, by A we always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this case by means of (137) and (138), without meeting with any diflSculty 
in determining the quadrant in which a is to be taken. 
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80. Case II. Given Ay C and b. Second Solution; when the two 
remaining sides, or when the three unknown parts are all requireil. 
We have, by Napier's Analogies, (40) and (41), 

sin ^ (^ + C) : sin i^{A — C) = tan -^ b : tan -^ (n — c) 

cos i^{A -\- C) : cos \{A — C) = tan ^ 6 : tan |(a 4- c) 
whence 



tan i (a - c) = ^•"-i-i^- ^^ tai, i 6 
^ *- ' sin ^ (.1 + C) ^ 

cos -^ (^1 + C ) 



(139) 



which determine \{a — c) and ^ (« + ^ ; then the half diflPerence 
added to the half sum gives the greater side, and the half difference 
subtnicted from the half sum gives the less side. If (7> ^, we may 
write C — A, c — a in the place of ^ — C, a — c. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 

cot i £ - 4"-^'-^^1 tan H^ - G) (140) 

^ sm -^ (a — e) ^ ^ ^ ^ 

cot A £ = ^""^ \ ^^ tan i (^ + C) (141) 

^ cos ^ (a — c) ^ ^ ^ ^ ^ 

Examples. 

1. Given A = 135° 5' 28''-6, C= 50° 30' 8''-6, b = 69^ 34' 56"-2 ; 
find a, c and B, 

We have ^ (^1 + C) = 92° 47' 48"-6 

i(^— C)-42° 17'40"-0 
J^ 6 = 34° 47' 28"-l 
Then, by (139), 

arcologsin^(^+C)+0-0005176 arco log cos 1(^1+0)- 1-31 16286 

log sin^(^— C)-r 9-8279768 log cos h {A- C)+ 9-8690535 

log tan ^ 6 + 9^^8527 log tan ^ i + 9841 8527 

log tan I (a—c) + 9-6703471 log tan ^ (a + c) — 1 -0225348 

^^a — c)= 25° 5' 5"-0 ^ (a + c) -- 95° 25' 25"-0 

a = 120° 30' 30"-0 c ^- 70° 20' 20"-0 



*We may also find B by any one of Gauss's Equations, (44), interchanging Ji and 
Ci 6 and c. 
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By (140). By (141). 

ar CO log sin J (a — c) + 0-3726772 ar co log cos i{a — c) + 0-0430243 
log sin i (a + c) + 9-9980523 log cos i{a + c) — 8-9755171 

log tan i (A—C) + 9'9589234 logtanH^+C)— j-'^lllllO 

log cot| 5 + 0-3296529 * log cot | £ + 0-3296524 

i £ = 25° 5' 5"-0 

Arts, a =120° 30' 30" 

c = 70° 20' 20" 

B= 50° 10' 10" 

2. Given A = 95? 38' 4", C= 97° 26' 29", b = 64° 23' 15"; 
find a, c and B. 

A718. a= 99° 40' 48" 

c = 100° 49' 30" 

B = 65° 33' 10" 

81. Case II. Given A, C and b. Third Solution. When the 
third angle B is alone required, the computation by (134) is in most 
eases as convenient as any other, but there are other methods (cor- 
responding to those given in Art. 75 for finding a) which may occa- 
sionally be serviceable. By (14) and (15) we have 

cos ^ = — cos {A+ C)—2 sin A sin Csin^ ^ b (142) 

cosB = — cos {A — C) + 2 sin A sin Ccos^ I b (1 43) 

the computation of which is similar to that of (130) and (131). 

Example. 

Given A = 95° 38' 4", C=^ 97° 26' 29", 6 == 64° 23' 15"; 
find B, 

By (142). 

^6= 32°ll'37"-5 log sin^ i 6 == 2 log sin i 6 9-4531022 

A + C=^ 193° 4' 33" log sin A 99978967 

log sin C 9-9963268 

log 2 0-3010300 

— 2 sin ^ sin C sin^ ^b = — 0-56021 62 log 97483557 

— nat cos(^ + C) = + 0-9740715 

nat co8B = + 0.4138553 B = 65° 33' 9"-9 



*For the reasons given in Art. 74, (141) is, in this example, not so accurate 
as (140). 
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82. In Art. 14, several formulae are given, by which J B may be computed. By (!21) 
and (22) we have 

sin''' i B = cos* i (A — C) — sin A sin C cos* J 6 

cos* i B = sin* J (A-\-C) — sin ^ sin C sin* J 6 

which may be adapted for logarithms, thus : • 

gin* = sin -4 sin C cos* } 6 
8in*i^ = cos* J (il — C)— 8in*0 . (144) 

= co8[i(^-C)+9]co8[J(^-C)-rt J 

sin' ^ = sin J. sin C sin* J 6 1 

cos* J ^ = sin* i (A-^O— sin* <j> I (145) 

= 8in[i(^4-C) + ^]8in[J(^ + C)-^] J 

of which (144) is to be preferred when iB < 45°, and (145) when iB > 45°. 

83. Case II. might have been reduced to Case I. by means of the polar triangle, 
Art. 8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of tlie given angles and side of the pro- 
posed triangle. The polar triangle being sol veil, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the prox)osed triangle. It is easily seen, also, 
that all the formulae above given for this case might have been obtained by these 
considerations. 

84. Case III. Given two sides and an ^^^-^ 

ongk opposite one of theni; or «, i^ and A. 

Fig-9. 

First Soliitiony in which each required part 

is deduced directly from fundamental for- 

mulse independently of the other two parts. 

To find c. We have, by (4),* 

• cos c cos b + sin c sin h cos A = cos a (m) 

to solve which, let 

A sin ^ = sin h cos A 

k cos <p =^ cos b 




(m) 



then (m) becomes 

or putting c — ^ = ^'^ 



k cos (c — f ) = cos a 

k cos ^' =^ cos a 

c = <p + ^' 



{ni') 



* This formula has been already employed and adapted for logarithms in Case 1 ; 
but, for the sake of clearness, it is rejx'ated. The studunt will riMuark that a sim- 
ple transformation of (122) fr'wes n46). It will also be observed that the jrivcn angle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and 6, in order that the auxiliaries ^ and <^ may have the same values throughout. 
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The auxiliary <p will be fully determined by (m), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174); but, as 
the cosine of an angle is also the cosine of the negative of that angle 
[PL Trig. (56)], we may take ip' in (//i^) either with the positive or 
the negative sign, so that c--<p±: f'. There will thus be two values 
of c answering to the same data, both of which will be admissible, 
except when f -\- <p' exceeds 180°, in which case the only solution 
is c = <p — <p' ; and except w hen <p' exceeds <p (which would make 
c negative), in which case the only solution is c = y> -|- ^'. 

Therefore, eliminating i, we have for finding c, 



tan <p 

COSf>' 



tan b COS A 

cos <p cos a 
COS 6 



. (146) 



c = y> d: ^' 



To find a We have by (10), 



COS C cos 6 + sin C c6t ^ = sin 6 cot a 



or, multiplying by sin A, 



cos C sin A cos b -\- sin C cos A = sin A sin b cot a 



(s) 



to solve which, let 



h sin & = cos A 

h cos t? = sin A cos b 



(») 



then (n) l>ecomes 

h cos {C — t?) = sin A sin b cot a 

or putting C — t? = ^^, 

h cos t?' = sin A sin b cot a 



(nO 



Here d yf\\\ be fully determined, while ??' found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of C = & ±i «?', corresponding respectively to the two values 
of c'\ but, as before, values greater than 180°, and negative values, 
beinsr excluded, there will in certain cases be but one solution. 

Eliminating: h=- - „- i we have, then, for finding C, 

cos «/ 
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cot & —- tan A cos h \ 

cos &' =- cos i^ tan 6 cot a [ (147) 

To find B. We have several methods: 1st, ditectly by (3), 

sin B =^ ^"^4-^^ (148) 

sin a 

which gives two values of jB, supplements of each other, correspond- 
ing respectively to the two values of c and C, We shall presently 
see how to determine which are the corresponding values of c, 
C and B. 

2d. In (123), (f has the same value as in (146), and therefore put- 
ting in (123), c — ^ = ^', we have 

cot 5 = ^}mL^^lA (149) 

sin <p 

which gives two values of B by the positive and negative values 

of if\ 

3d. By (124), 

cos B == tan <f^ cot a • (^^0) 

which also gives two values of B by the jx)sitive and negative values 

of <f'. 

4th. In (134), <? has the same value as in (147), and therefore put- 
ting in (134), C-» = &', 

„ 8in«?'cos-4 /-.ri\ 

cos B -= ^— — (151) 

sm t/ 

'which gives two values of B, as before. 
5th. By (136), 

cot B -- tan e>' cos a (152) 

"which gives two values of B, as before. 

The formula (149) shows that when f ' is positive, cot B and cot A 

IjAve the same sign, that is, B and A are in the same quadnmt ; and 

thiitt, when ^' is negative, cot B and cot A have different signs, that 

^«> -B and A are in different quadrants. A like result ♦ follows from 

(ISl), with reference to '?'. Hence, that vaJuc of B which in in the 

^^rn^ qiiadrard as A, beloncjs to the triamjle hi irhieh c = <f -^ ^ ', 

C' = j> + ?5^'/ (ind that vdlue of B which is in a different (piddntnt 

f^om A, bdongs to the trianf/le in which c (f <f\ C^^ d^ — ^?'. 

*« precept enables us to employ (148) without ambiguity. In the 
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use of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Checks, Of the various formula) above given for finding By one or 
more may be employed for the purpose of verification. When c and C 
have been found, the most simple check is the following, from (3), 

sin C sin A /i to\ 

- . - = . - (-153) 

sin c sin a 

which, indeed, might have been employed to find C, after c was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if b differs more from 90° than a, 
B must be in the same quadrant as 6, and, since but one of the two 
values of B can satisfy this condition, there will be but one solution. 
In that case c and C will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than 6, and is yet not in the same quadrant with A, In 
such case, we should find that f> + f>' > 180°, and f — ^' < 0; 
t?+«?'>180°, t?-t?'<0. 

The problem will also be impossible; when sin A sin b > sin a, 
since, by (148), we shall then have sin 5 > 1. 

P]XAMPLE8. 

1. Given a = 40° 16', b = 47° 44', A = 52° 30'; find B. 

By (148). 

a= 40° 16' ar CO log sin a 0-1895350 

b =-- 47° 44' log sin b 9*869^449 

A = 52° 30' log sin A 9-8994667 

B= 65° 16' 35" log sin B 9-9582466 

or ^ = 114° 43' 25" 

2. With the same data, find c and B. 

By (146). 
a = 40° 16' log cos a+ 9-8825499 

/> ^ 47° 44' log tan 6-f 0*0414996 arcolog cos 6+0-1722547 

A= 52° 30' log cos ^-1- 9-7844471 

c = 33° 48' 51 "-4 logtan^-f 9-8259467 log cos f +9-9195204 

c' = ± 19° 30' 29"-0 log cosf '+9-9743250 

c,---- 53°19'20"-4 
e - 14° 18'22"-4 



SOLUTION OF SPHERICAL OBLIQUE TRI ANGLES. 195 

By (149), Check. (150). 

^ = 33° 48' 51"-4 ar co log sin ^+0-2545328 log cot a+0-0720848 
f> =±19° 30' 29"-0 log sin f '±9-6236676 logtan^' ±9-6493427 

A= 52° 30' 0" log cot 4+9-8849805 ±9-6214275 

£,= 65°16'34"-9t W cot 5 ±9-6631809 l(«co8J5±9-6214276 
B^^ 114° 43' 25"- 1 J ^ 

Ana. c = 53° 19' 20"-4 ) f c = 14° 18' 22"-4 

£=:65°16'34"-9 j *"" |5 = 114°43'25"-1 

3. Given a = 120°, 6 = 70°, A = 130° ; find Cand B. 

By (147). 
a= 120° logcot a— 9-7614394 

6 = 70° log cos 6 + 9-5340517 log tan b +0-4389341 

A = 130° 1<^ tan 4— 0-0761865 

& = 112° 10' 33"-6 logcot 9 — 9-6102382 Ic^cosi?— 9-5768627 
&'=± 53°13'13"-8 log cos «?'+ 9-7772362 

C[= 165° 23' 47"-4 
C,= 58°57'19"-8 

By (161). Check. (152). 

&= 112° 10' 33"-6 arco logsiu e? +00333755 log cos a —9-6989700 
&'=± 63° 13' 13"-8 logsin j^' ±9-9036030 log tan«?' ±0-1 263669 

A= 130° 0' 0" log 008^—9-8080675 q:9-8253369 

Bi= 123°46'37"-5 
5,=; 56° 13 



I log COS Bz^ 9.7450460 log cot Bqi 9-8253369 
'22"-5j 6 -^- 6 -t- 



Ans. C= 165° 23' 47''-4| ( C= 58° 57' 19"-8 

5=123°46'37"-5| ^^ 1 5 = 56° 13' 22"-5 



►°23'47"-4| ^^ (C= 
l°46'37"-5j ^^ 1^ = 

Given a = 70°, 6 -= 120°, A = 130° ; find G 



By (147). 
a= 70° logcot a + 9-5610659 

6 = 120° log cos b — 9-6989700 log tan h — 0-2385606 

A= 1S0° log tan^— 0761865 

*= 69° 12' 37"-0 logcot??+ 9-7751565 logcos(? + 9-7091756 

&'=± 108° 49' 35"-l log cos fV- 9-5088021 

C= 168° 2'.12"-1, taking &' with the positive sign only, since its 
n^ative value would render C negative. 
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5. Given a = 99° 40' 48'', b = 64° 23' 15", A = 95° 38' 4" ; find 
c, Cand B. 

A718. c -- 100° 49' 30" 

C= 97° 26' 29" 

B= 65° 33' 10" 

6. Given a = 40° 5' 25"-6, 6 = 118° 22'7"-3, ^ = 29°42'33"-8; 
find c, C and B. 

Ans. c = 153° 38' 42"-4 ] T c= 90° 5'41"-0 

C=160° l'24"-4 I or •. C= 50°18'55"-2 

B = 42° 37' 17"-5 J [^ = ^37° 22' 42"-6 

7. Given a = 69° 34' 56", b = 120° 30' 30", A = 60° 10' 10"; 
find c and C. 

Ans. c = 70° 20' 20" 

C=:50°30' 8"-4 

8. Given a = 120° 30' 30", b = 69° 34' 56", A = 50° 10' 10" ; 
find c and C. 

Ans. Impossible. 

9. Given a = 40°, b = 60°, ^ = 50° ; solve the triangle. 

Ans. Impossible. 

87. Case III. Given «, 6 and A. Second Solution. We find B 
by the formula 

sin A sin b 



sin B = 



sm a 



'X 



(154) 






and then by Napier's Analogies, (41) and (43), 

, - cos I (A + B) , . . , , . 

tan i c = TT7" "^ *^" i (« + *) 

cos -^ {A — B) 

cot i 0= """ t>-+ J^ tan i (^ + 5) 
cos ^ ( « — 6 ) 

or by (40) and (42), 

tanic=«:"j;j+-^tani(«-6) 
sin -J^ (^ — B) 

cotie-^'"t!''^f-^tani(J-£) 
sm ^ ( a — 6 ) 

in wliich we employ successively the two values of B, and obtain 
two solutions, except when for one of these values the second mem- 
bers become nejrative, for ^ c and ^ C being less than 90°, their 
tangents must be positive. 
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We leave it to the student to apply these formulae to the preceding 
examples. 

88. To deteifnine by inspection of the data a, 6 and Ay whether there are two soluiionSj or 
but one. 

1st. It has already been seen, Art. 85, that when 6 differs more from 90® than a, 
B must be in the same quadrant as 6, and there can be but one solution. It remains 
to show, 

2d. That when o differs more from 90° than 6, there will necessarily be two solu- 
tions. We have, by the first of (4), 

cos a — cos 6 cos e 
sm c = ; 

sin 6 co6^ 

Two solutions exist so long as both values of c are positive, and less than 180°, that is, 
so long as sin c is positive. Now when a differs more from 90° than 6, we have, (neg- 
lecting the signs for a moment), 

coso > cos 6 > cos6cosc 

therefore the numerator of the above value of sin c has the sign of cos a. But by Art 
69, VI., a and A are in the same quadrant, and coe a and cos A have the same sign ; 
consequently also, the numerator and denominator have the same sign, and the value 
of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there is but one soluiinn when the side opposite the given angle differs less from 90" 
than the other given side^ and two solutions when the side opposite the gii^en angle differs more 
J'rom 90° than the other given side. 

89. Case IV. Given two angles and a side opposite one of theni, 

or A, B and 6. (Fig. 9). 

First Solution^ in which each required 
part is deduced directly from the funda- 
mental formulae. 

To find c. We have, by (10), 

sin c cot b — cos c cos -4 = sin -4 cot B 

or multiplying by sin 6, 

sin c cos b — cos c sin b cos ^ = sin ^ cot B sin b (m) 

t^o solve which, we take 

k sin ^ = sin i cos A , 

K COS <p = cos 6 




* The same proposition may be otherwise proved thus. By the equations (m) and 
{_ m^) Art. 84, we have 

„^^ cos 6 ,»^ A/ cosrt , sin 6 « 

K k sm9 

from the third of which we see that k has the sign of cos A ; if then a differs more 
from 90® than 6, that is, if cos a and oos A have the same sign, cfw o' is pwitivc, and 
^ < 90®. Also since, (neglecting signs), cos a > cos b, we hnve oos 0'' :• cos 0, or 
^ differs more from 90° than p. Hence 6^ < and 0' 1H0° — 9, or — 0' > 
ind -h ^ < 180®, or both values of e are between and 180°. 

r2 
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then, putting c — f =^*f\ (m) becomes 

k sin (f' = sin A cot B sin 6 
c = f + f' 

or eliminating fc, we have, for finding c, 

tan (f = tan 6 cos A 
sin ^' =^ sin <f tan ^ cot 5 
c =^ <f -\- <f^ 



(mO 






(156) 



Here ^' being determined by its sine, will have two values, sup- 
plements of each other, which being successively added to f , give 
two values of c. 

When the second member of the formula 

sin <f^ ^^ sin ^ tan A cot B 

is negative, sin ^', and therefore ^ ' is negative, and the two supple- 
mental values of ^ ' must be successively subtracted from <p. There 
will be two solutions, then, except when one of the values of c exceeds 
180°, or when one of them is negative. 
To find a We have, by (5), 



sin C sin A cos b — cos C cos A = cos B 
whence, if we put 

h sin ^ = cos^l 

h cos ^ = sin A cos 6 



(K) 



(«) 



and also 


C t> = 


= «?' 


, we have 

Asin^>' = 
C = 


- cos B 




Eliminating A, 


we 


have 












cot ?? 


tan A co« 


;6 








sin (?' -- 


sin ^ cos 
cos A 


B 



("') 



> (1-57) 



C=&^9' 



y 



As t?' is also determined by its sine, it will have two supplemental 
values, which will both be added to or both subtracted from t?, (ac- 
cording to the sign of sin /?',) thus ^ivins: two values of C\ except 
when one of them exceeds 180°, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3), which 

gives 

sin 6 sin ^ /^erox 

sina = — : — - — (lo8) 

sin B ^ ^ 
2d. By (146), where <p and ^' have the same values as in this case, 

cos ^' cos 6 /I -rv\ 

cos a — ^ — (ao9) 



3d. By (150), 



cos <p 



cot a = cot <p' cos B (160) 



4th. By (147), where d^ and &^ have the same values as in this 



case. 



cos (?' cot b /ir*t\ 

cot a = — (161) 

cos (/ 

5th. By (152), 

cos a = cot e>' cot B (162) 

Each of the last four formula; gives two supplemental values of a 
by the two values of <p' or (?', employed in the second members. 
From (156) we have 

cos A = tan <p cot b 

'Vhich with (159) gives 

cos a , , sin 6 

=costp'X . — 

cos A sin tp 

The sign of the second member of this equation depends upon that 
^f cos <p\ since sin b and sin <p are always positive. Hence when 
'OS <f^ is positive, cos a and cos A must have like signs; and when 
'OS <p' is negative, cos a and cos A must have different signs. A like 
csult follows from the first of (157) and (161) with reference to «?'. 
-Jence, thivt value of a which i.v in the same quadrant with A belon(js to 
he triangle in which <p' < 90°, «?' < 90° ; and that value of a vjhich 
8 in a different quadrant from A beloncjH to the triangle in which 
:>' > 90°,\?' > 90°. This precept enables us to employ (158) with- 
Mit ambiguity. In the use of (159), (160), (161), and (162), it is only 
i€*cessary to observe the algt»braic signs of the several terms. 

Checks. Of the various formulae above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
C have been found, however, the most simple check is 



/ 
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sin C sin B 
.— =.— .- (IW) 

sin c sm b 

which might have been employed for finding (7 after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VII., if A differs more from 90° than 
JS, a must be in the same quadrant with A, But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and (J will each be found to have but one admissible 
value. 

91. The problem will l)e impossible when B differs more from 90° 
than A J and yet is not in the same quadrant with 6. In such case 
we should find both values of c (and both values of C) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin A > sin -B, 
since by (158) we shall then have sin a > 1. 



Examples. 

1. Given A = 132° 16', B = 139° 44', h = 127° 30'; find a. 

By (158). 

B = 139° 44' 0" ar co log sin B 0*1895350 

^ = 132° 16' 0" log sin A 9'8692449 

6= 127° 30' 0" log sin i 9-8994667 

a= 65°16'35"-1 log sin a 9-9582466 

or a =-114° 43' 24"-9 

« 

2. With the same data, find Cand a. 

By (157). 

B= 139° 44' 0" log cos 5— 9-8825499 

A = 132° 10' 0" log tan ^1—0-0414996 arcolog cos ^1—0-1 722547 
h = 127° 30' 0" log cos />— 9-7844471 

f^ —- 56° 11' 8"-6 log cot (?-f 9-8259467 log sin t?+ 9-91 95204 

fr, + 70°29'31"-0 

(r.^-+ 109 

(\-r-- 12r)O40'39"-6 
(^3- lG5°41'37"-6 



"'^ '^ ^ I log sin t>'+9-97432r)0 
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By (161). Chech (162). 

t> = 56° 11' 8''-6 arcologcost? 4 0-2545328 log cot £— 0-0720848 

t?',= 70°29'31"-0) 

9^,= 109° 30' 29''-0i logcost>'d^9-5236676 logcot(?'±9;5493427 

b = 127° 30' 0" log cot 6— 9-8849805 zp9-6214275 

«,- 11-4 40^0 logc()ta::F9-8031809 1ogcosa:F9-6214275 

Am. C^ 126° 40' 39"-6 ) J C= 165° 41' 37"-6 

a=114°43'25"-l j "'' 1 a== 65°16'34"-9 

3. Given A = 110°, £ = 60°, 6 = 50° ; find c and o. 

By (166). 
5= 60° log cot £+9-9614394 

A= 110° logcos^- 9-5340517 logtan^— 0-4389341 

6= 50° logtan 6 + 00761865 

^ = 157° 49' 26"-4 log tan f'— 9-6102382 log sin ^ + 9-5768627 

<=^— 36°46'46"-2) , . , 7ZZIZZZ 

^^ v log snitfi'— 9-7772362 

f,'=-143°13'13"-8j ^ ^ 

c,= 121° 2'40"-2) 

'- 14°36'12"-6i 

By (159). Check. (160). 

^ = 157° 49' 26"-4 arcologcos^ —0-0333755 logcos 2;+9-6989700 

Kf',=— 36°46'46"-2) 

^;^_j^3o 13, i3„.8 [ logcos^' ±9-9036030 logcoty^'q:0-1263669 

6= 50° 0' 0" log cos 6 +9-8080675 q= 9*8253369 

«!= 123°46'37"-5 



^2 



a^=- 56°13'22"-5 



log cos a =p 9-7450460 log cot a t 9-8253369 
An8. c=121° 2'40"-2 



(i--123°46'37"-5 



r c = 14°36'12"-6 
I a =- 56° 13' 22"-5 



4. Given A -- 60°, B = 110°, 6 =- 50°; find c. 

A'm. r--ll° 57'47"-9 
.">. Given A =- 115° 36' 45", 7i-- 80° 19' 12", b = 84° 21' 56"; 
£ud a, c and C. 

^7is. a =114° 26' 50" 

c= 82° 33' 31" 
C^ 79° 10' 30" 
6. Givenu4 = 61°37'52"-7, ^=139°54'34"-4,t-150°17'26"-2; 
find a, c and C 

^rw. a= 42°37'17"-5^ r a = 137° 22' 42"-5 

c=-129°41' 4"-8 V or ^ c= 19°58'35"-6 

C= 89°54'19"-0J I C= 26°21'17"-6 

26 
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7. Given A = 70°, B ^ 120°, 6 = 80° ; solve the triangle. 

Arts. Impossible. 

8. Given A == 60°, B = 40°, 6 = 50° ; solve the triangle. 

Ans, Impossible. 

92. Case IV. Given A^ B and 6. Second Solution. We find a 
bv the formula 

sin 6 sin A 



sin a 



sin B 



and then by Napier's Analogies we find c and C, precisely as in 
Case III., Art. 87, employing successively, in (154) or (165), the two 
values of a given by the preceding equation. There will be but one 
solution, if one of these values renders the second members of (154) 
or (155) negative. 

The student should apply this method to the preceding examples. 

93. To determine by inspection of the data A, B and 6, whether there are tvoo solutions or 
but one. 

1st. It lias already been seen, Art. 90, that when A differs more from 90® than B, 
a must be in the same quadrant with Ay and there can be but one solution. It remains 
to show that, 

2(1. When B differs more from 90° than Ay there will necessarily be two solutions. 
We hnve, by (5), 

• n oos B -^ cos A cos C 
sin .1 cos o 

Two solutions exist so long as both vnhicf* of C are less than 180", and both positive, 
(hat is, so long as sin C is jxxsitive. Now when B differs more from 90° than Ay we 
have, (neglecting signs for a moment), 

cos B > cos A > cos A cos C 

therefore the numerator of the value of sin C has the sign of cos B. But by 
Art. 69, VII., B and b are in the same quadrant, consequently Xhe numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
IK)Mtive, as was to l>e proved.* 

Hence, th're. in but one solution when the angle opposite the given side differs tes^ from 
00° than the other given angle ; and two solutions when the angle opposite the ffiven side 
differs morr from 90° than the other given angle. 

94. Case IV. might have been re<luced to Case III. by means of the polar triangle 
of Art. 8. For there will be known in the jKiIar triangle two sides and an angle 
opposite one of them, Iwjing the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solved, therefore, by Case III., and its two 
remaining angles and third side found, the supplements of these parts will be the 
required sides and third angle of the proposed triangle. 



* It may be shown that both values of C will be iuimissible, by a process of reason- 
ing similar to that employed in the note on page 197, applied to the equations 
of Art. 89. 
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95. Case V. Given the three sides, or a, 6 
and c. (Fig. 9.) We have three methods 
for computing the half angles : 

1st. By the sines, from (31), remembering 
that 



sm 



Fig. 9. 




. , . / / sin (s — b) sin (a — c)\ 

in ^A=^t '-^ . ^- - 
^ \ sin 6 sin c / 

• IT) / / «i" (^ — <') -^in (s — a)\ 

>( \ sin (' sin a J 

. . ^ I j sin (s — a) sin (s — h) \ 

sin ^C = \ I — ^^ — : — - . . I 

> \ sin a sin 6 / 



2d. By the cosines, from (33), 



cos ^A 



/ / sin 8 sin {s — a) \ 
^ \ sin 6 sin c / 



. ^ I / sin 8 sin (s — h)\ 

cos^B = yl( : ^ ) 

^ \ sin c sin a J 

. ^ 1 1 sin s sin (s — c)\ 

cos^C=^[ :- : M 

^ \ sin a sin 6 / 



3d. By the tangents, from (34), 



tan \A^ 



tan J^^ = 



tan ^ C = 



f / sin {s — b) sin (s — c)\ 
^ \ sin ft sin (« — a) ) 

j I sin (s — c) sin (s — a) \ 
^ \ sin s sin [s — 6) / 

/ / sin (s — a) sin (s — i] \ 
\ \ sin ff sin (« — c) / 



(164) 



> 



(165) 



^ 



(166) 



y 



When only one of the angles is recjiiired, the simplest method will 
be by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then ^A < 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will recjuire tlie least 
labor, since sin a, sin 6, and sin c, are not then re(|uired. 
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No ambiguity can arise in these solutions, since the half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given a == 100°, 6 = 50°, = 60°; find ^. 

a ^- 100° 

6^ 50° logcosec 0-1157460 

c^ G0° logcosec 0-0624694 

2«=-2lO° 
«-=105° log sin 9.9849438 

B — a= 5° log sin 8-940296Q 

2)91034552 

^A= 69° 7' 52"-7 log cos 9-5517276 

A = 138° 15' 45"-4 

2. With the same data, find all the angles. 

By (166). 

8 = 105° 1. cosec 0-0150562 1. cosec 0-0150562 1. cosec 0-0150562 

8 — a= 5° 1. cosec 1-0597040 1. sin 8*9402960 1. sin 8*9402960 

8— b= 55° 1. sin 9-9133645 1. cosec 0*0866355 1. sin 9-9133645 

« — c = 45° 1. sin 9-8494850 1. sin 9-8494850 1. cosec O'l 5051 50 



2)0-8376097 2 )8*8914 727 2)9^0192317 

1. tan 0-4188049 1. tan 9-4457364 1. tan 9*5096159 

^Ar 69° 7'52"-7|J5=-15°35'37"-0^C=17°54'59"-l 
Ans. A 138° 15' 45"-4 J? :^- 31° 11' 14"*0 C==35° 49' 58"-2 

3. Given a = 10°, 6 = 7°, c = 4° ; find the angles. 

Ans. yl = 128° 44' 45"- 1 
B= 33° 11' 12"-0 
C= 18° 15'31"-1 

96. The method by (166) may be })ut under the following convenient form. Let 

p ■ / sin f-t — a) sin [s — h) sin (s — c) \ 

\ \ sin a / 



then 

P P 

tan J A — , tan A ^ = — , tan J C= — 



(167) 



sin (« — a) " sin (8 — 6) sin (« — c) 

which are similar to the formulae of PI. Trig. Art. 146, and are computed in the same 



manner. 
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97. Case V. Given a, b and e. Second SoLuiion. If the whole angle is required 
directly,"* we have 

cos a — cos 6 cos c 



cos -4 = 



sin h sin c 



which may be adapted for logarithms by an auxiliary thus : 

008 ^ = C086C08C 



cos ^ = 28i ni(0 + a) s in \ (9 — a) 

sin 6 sin e 



- (168) 



Or thus, 



cot 
cos^ 



cos h cose 



sin a 



sin i<i> — a) 

sin 6 sin c sin 9 



► (169) 



Fig. 9. 




98. Case VI. Given the three angles^ or 
A, £and C. (Fig. 9). We have three methods 
of finding the half sides : 
1st. By the sines, (36). 
2d. By the cosines, (38). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A = 120°, B = 130^ C= 80° ; find c. 

A718. c = 4r 44' 14"-6 

99. The formulae (39) may be arranged for convenient use in the same manner as 
the corresponding formulae of the preceding case, Art. 96. 

100. Case VI. Given A, B and C. Second Solution, We have, by (5), 



cos a = 



cos_<4 -L- c os ^cos C 
sin ^sin C 
^Hich may be adapted for logarithms by an auxiliary, thus: 

cos ^ =^ cos B cos * 

cog „ _^ 2co8n --> 4-0)cosiU -^) 

sin ^sin C 



(170) 



or. 



tan <l>^= 



cos a = 



cos B c<^ C 
sin A 

00a (.4 — d) _ 
sin B sin C cos <ff 



(171) 



*See Note at the end of this chapter, p. 211, for the methrxl of computing many 
of the general formulae of spherical trigonometry directly, without the aid of auxiliary 
angles. 

S 
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Solution op Oblique Sphebical Trianoles by Means of a Perpendiculab. 

101. All the cases of oblique spherical triangles may be solved by dividing the 
triangle into two right triangles by a perpendicular from one of the vertices to the 
opposite side, and solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rule^ (Art 46), by 
which the application of this method is facilitated. 

^°- ^^- 102. Bowditch' 8 RuUs for (Miqw Triangles, " If in a 

spherical triangle, (Fig. 10), two right triangles are 
formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the {)eri)en- 
dicular is an adjacent part in both of them; then 

The sines of the middle parts in the two triangles are 
proportional to the tangents of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which niles, let M denote the middle part in one of the right triangles, 
A an adjacent part, and O an opposite part. Also, let m denote the middle part in 
the other triangle, a an ac^acent part, and o an opposite part;* and let p denote the 
perpendicular. 

FirsL If the perpendicular is an adjacent part in both triangles, we have, by Napier's 
Rules, (Art 46,) 




sin ^f= tan A tan p 
sin m = tan a tan p 



whence 



8in^3f ._ tan A tan p t an A 

sin m tan a tan p tan a 

or sin 3/: sin m = tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we have, by 
Napier's Rules 

sin Jf ^^ cos O cos p 

sin m ^= cos o cos p 
whence 

sin M _ cos O c^08_p cos O 

sin m cos o cos p cos o 

or • sin 3/: sin m^^ cos O : cos o"* 

We proceed to solve the six ctvaen of spherical triangles with the aid of a perpen- 
(iiciilar. It will be seen, however, that Bowditch'H Rules are applicable but in the first 
four cases. 



*Peirce'8 Spherical Trigonometry, Art. 44. 
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103. Case I. Given 6, c and A. Let the perpendicular C P, Fig. 10, be drawn 
from C, (that is, in such a manner as to put two given parts in one of the right tri- 
angles). Then the right triangle A C P gives, by Napiei-'s Rules, if we put A P-=<^, 

Xan d = tan6co8^ (172) 

then taking oo. 6 and co. a as middle parts in the two triangles, A P=fp and 
£ P = e — ^* are the opposite parts, whence, by Bowditch's Rules, 

cos ^ : cos (c — <^) = cos b : cos a 
whence 

cos (C — 0) C08 6 /T'QX 

cosa = ^ ^ (1'3) 

cos ^ 

Again, taking A P and P ^ as middle parts, co. A and co. B are adjacent parts, 
whence, by Bowditch's Rules, 

sin ^ : sin (c — <^) =^ cot A : cot B 
whence 

cot B = MIL (<:-») cot ^ (174) 

sin ^ 

and the formula (172), (173), (174), agree entirely with (122) and (123). 
The triangle B C P gives as a check 

tan a cos -B = tan (t — 9) ( 175) 

which agrees with (124). 

By drawing the perpendicular from B, we Tiiny in the same manner obtain the 
fomiulse (125). 

The angle C may be found by the proportion 

sin a : sin e =: sin ^ : sin C 

or if C has been found by means of a perpendicular from B^ B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A^ C and 6. Let the perpendicular be drawn as before. 
Fig. 10, and let 

ACP = ^, BCP=C—^t 

then, by Napier's Rules, 

cot 1^ = tan ^ cos 6 (176) 

and by Bowditch's Rules, taking co. A and 00. B as middle parts, and therefore 
CO, AC P and co, B C P as opposite parts. 



sin 1^ : sin (C- - ^) ^ cos A : cos B 
whence 

sin (C — y^ ) cos A 
co»B= Bin i^ 



(177) 



*If -4 P should exceed A B, (that is, if the pcr|>endicular should fall without the 
triangle), B P would be c<|ual to ^1 P — A B- o — c, and the solution oouIjI Iw 
modified accordingly. But the true results will always be obtained by repanlini: 7? P 
as negative; tliat is, by still taking B P -— c — and attending to the sijijns of all tlie 
terms as already exenii>lifiod, p. 1H2. 

flf A C P > A (' B, B C P C - A C P will booonie negative, hut tlie true 
results are still found by attendinsr to the signs, as already shown, p. IS7. 
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Again, taking co. A CP and co. BCP as middle parts, and therefore oo. 6 and co. a 
as adjacent parts, Bbwditch's Rules give 

cos ii^ : cos (C — ^) = cot 6 : cot o 
whence 



coto = 



cos (C— ^) cot 6 
cosi!^ 



(178) 



and (176), (177). (178), agree entirely with (134) and (135). 
The triangle B C P gives 

tan ^ cos a = cot (C— ^) (179) 

which agrees with (136). 

By drawing the per|)endicular from A^ we may in the same manner obtain the 
formulee (137). 

The side c may be found from the proportion 

sin A : sin C= sin a : sin c 

and Art. 69; or c being found by means of a perpendicular from -4, we may find o by 

a similar proportion. 

105. Case III. Given a, 6 and A. Let the per- 
pendicular be drawn from C, Fig. 10, as in the preced- 
ing cases, and let ^ P=0, B P = ^; then, by Na- 
pier's Rules, 

tan = tan 6 cos -4 (180) 

^ and, by Bowditch's Rules, 

cos 6 : cos a = cos 9 : cos ^ 



Fig. 10. 




cos 9 



, cos (f > c os a 

cos 6 



(181) 



and then 



c = (t>-\-</ 



In Art. 84, we have found, from analytical considerations, that this case admits of 
two solutions, and that the general expression for c is 



c = <{,db</ 



(182) 



In fact, let us attempt to construct the triangle with the data a, b and A. Having 
constructed A equal to the given angle, and 6 equal to the adjacent side, Fig. 11, let 

^10. 11. a small circle be described about C as a ix>le, 

with a (circular) radius = 0; this circle in- 
tersects the great circle A B in two points, 
B and B^^ and both triangles, A CB and 
A CB^ contain the same data a, b and A. 
If the peqiendicular CP is drawn, we liave 
B P^ B^P, so that in one of the triangles, 
the side r:r=AB = AP-h PB=^^ + P\ 
and in the other, c — A B' -- A P— B' P — (p— 6'. If lK)th points of intersection, 
l^and B\ fall on the same side of .4, and within 180° of A, both solutions will be 
admissible. 

To find C, let ACP=^, and BCP—^', then by Napier's Rules, 




cot ^ = tan A cos b 



(183) 
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and by 3owditch'8 Rules, 
whence 



cot 6 : cot a = cos ^ : cos ^^ 
cos 1^'' = cos ^ tan 6 cot a 



(184) 



and since in Fig. 11, 

C=ACB = ACP + BCP=^ + ^', or C:=ACB' = ACP'-B'CP=^ — ^', 

we have 

C=^zt^' (185) 

and the formula (180), (181), (182), (183), (184), (185), agree entirely with (146) and 
a47). 
After e was found, we might have foun.d C from the proportion 

sin a : sin c = sin ^ : sin C 



and B is found from the proportion 

sin a : sin 6 =^ sin ^ : sin B 



(186) 



(187) 



The two values of B determined by (187), are both admissible when c has two, values 

as above. It is also evident, from- Fig. 11, that the two values of B are supplemental. 

To determine the corresponding values of e and B, we observe that, by Art. 49, the 

perpendicular CP is in the same quadrant with A and with CBP and CB^Pj and 

therefore CB'A is in a different quadrant from A. Hence, that value of B which is in 

tht same quadrant as A eorrespontU to the value o/" c = ^ -f- ^^, and thai value of B which is 

in a different quadrant from A corresponds to the value of c^=^ — ^^ ; wliich agrees with 

Mrhat is shown in Art 84. 

In computing (186), the two values of c must be employed successively, and the 
formula computed twice. At each computation we shall liave two values of C found 
^Vom the sine, one of which must be selected by Art. 69. But as the application of the 
f Principles of Art. 69 is tedious and embarrassing, it is better to find C by (184) 
**nd (185). 

The formulre (149), (150), (151), (152), for finding B, may easily be deduced by 
fapiei-'s and Bo wd itch's Rules. 

106. Case IV. Given j4, B and 6. Let the perpendicular be drawn as before, 
1g. 10, and let AP = (^, BP = <^\ then as before. 



«Jid by Bowd itch's Rules, 



whence 



tan ^ ^= tan 6 oos A 

coi A:coiB^= sin ^ : sin ^ 
sin </ — sin tan A cot B 



C188) 



} (1S9) 



Fir.. 12. 



which agree with (156). But f/ having two supplemental values determined by the 
sine, c has two values, as already explained in Art. 89. 

To show the same geometrically, let BPy 
Fig. 12, be the acute value of 6\ and about 
C as a pole, let a small circle be dcscril>ed 
passing through B, and intcrsectini^ the 
great circle AB again in B^\ I^t B^^C be 
drawn, and produced to meet AB a^rain in 
B^y forming the lune B'^B\ Then we have 




27 



B' = B'^ = CBA 

s2 
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so that in both triangles, ACB and ACB\ 
the value of the angle opposite the side 6 is 
the same, that is, both triangles contain the 
same data, Ay B and 6. Now 

180° ^ B''B'= B'^P 4- B'P= BP -f B'P, 

so that ^Pand B^P are supplements of each 
other. 
In the triangle ACB we have 

c = <l> -\- <p' = AP -{- BP 

and in the triangle A CB^ we have 

e = <l>-{'6' = AP-\-B^P 

and hence the two values of e are found by giving ^^ its acute and obtuse values suc- 
cessively, as already shown analytically. 

By Art 49, CP must be in the same quadrant with A ; hence, if B is in the same 
quadrant with A^ P falls between A and B, as in the figure, and for the same reason, 
between A and B\ But if A and B were in different quadrants, both points, B and B^y 
might fall between A and P. The two values of c would then be found bj the 
formula 

c = ^ — 



^^ taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin ^p^ would be negative, which would make </ 
negative, so that the true results will be obtained, without reference to a diagram, by 
attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find C, let ACP= i», BCP=^\ then we have, as' before, 

cot 1^ = tan ^ cos 6 (190) 

and byBowditch's Rules 

cos A : cos B •= sin ^ : sin '^^ 

whence 

sin 1^ cos B 



8in 17' -= 

cos A 



(191) 



which agree with (157). It is evident from Fig. 12, that BCP and B^CPy are sui>- 
plemental, and that the remarks above made with reference to ^^ apply also to ^\ 
After c was found, we might have found C by the proportion 

sin b : sin c =: sin B: sin C (192) 

and a is found by the proportion 

sin £ : sin ^ = sin 6 : sin a (193) 

The two values of a found by (193) are both admissible when e has two values. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with CPf that is, (Art. 49), in the same quadrant with A; and when BP is obtuse, 
a must be in a different quadrant from A. That is, that value of a which is in the wime 
quadrant with A, belongs to the triangle in which (p^ < 90°, and that value of a which is in a 
dijfrrcnt quadrant from A, belongs to the triangle in which ^^ > 90° ; which agrees with 
Art. 89. 

The fornuilBB (159), (160), (161), and (162), for finding a may easily be deduced by 
Napier's and Bowditch's Rules. 
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107. Case V. Given a^ b and c The perpendicular 
cannot be drawn, in tliis case, so that two of the given 
parts shall be in one triangle ; nevertheless the case can 
be solved by means of a perjwndicular. Let the perp. 
be drawn from any angle, as C, Fig. 13, and as before, 
put AP=<l>j BP = <}>^; then by Bowd itch's Rules, 

cos ^ : cos ^^ = cos b : cos a 

whence cob ^ — cos __ cos a — cos 6 

cos 0^ -f- cos 9 cos a -f- cos 6 
or, by PI. Trig. (110), 

tan J (0 -f- <t>^) tan } (<^ — ^) = tan J (6 -f a) tan } (6 — o) 

whence, since ^ -f- 0' =: c, 

tan}(0 — 00 — tanJ(6-}-a)tani(6 — o)cot}c 1 /|04\ 

i(0-f0O = ic / ^ ^ 

which determine J (0 — p^) and J (0 + 0') whence and 0'. The angles A and B 
are then determined by Napier's Rules. 

108. Case VL Given A, B and C. In Fig. 13, let ACP=^, BCP=^^; then, 

by Bowditch's Rules, 

sini^ : sin 1^' ^ cos -4 : cos -B 
whence 

em t§ — gin t^' cos A — cos B 

sin 1^ -j- sin i?^ csos A -^cos B 
or, by PI. Trig. (109) and (110), 

tan } (v -f t?') 
whence, since ^ -\- ^^ =z C, 

tani(^ — ^0 = tanJ(5-f i4) tan J(B — ^)tan} C \ ^,g5\ 

which determine } (^ — ^') and } (^ + ^') and therefore ^ and ^^. The sides a and b 
are then found by Napier's Rules. 

Note keferred to on page 205. 
Computation of Spherical FormtUce by the Gaussian Table. 

The GauuUm Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 
quantities are given. 

If p and q are the two numbers whose logarithms are given, p being the greater 
number, (or log p the greater logarithm), we have, in the first place 



p + , = ,(i + Z)=p(i + l) 



If, then, we put x = -^, we have 

log X = log p — log q 
^og{p + q)=^ogq + log (1 4- x) 

or log ( p + g) = log p -f- log (l H — \ 
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Downes's Table XXII., with the argument log z, the difference of the given logar^ 
ithms, gives log {I -{- x), which being added to log 9, the less logarithm, gives the 
required log. sum, or log (p-\-q). Table XXIII., with the argument log x, gives 

logll -h — ) which, being added to log p, the greater logarithm, gives the required 

log. sum. Either table may, in general, be employed, but one or the other may be 
found more convenient in a particular application, and therefore both are given. 
Again, we have 



p — q 



('-!) 



so that, putting, as before, x = ^, we have 

log X = log p — log q 
^og{p — q) = \ogp + log ^1 - _. j 

Downes's Table XXIV., with the argument, log x, gives log jl — _| which, being 

added to the greater logarithm, gives the required log. difference, or log ( p — q). 

With these tables, then, we may readily compute any of the preceding formulae 
which contain two terms in the second member, without the aid of auxiliary angles. 

Examples. 

1. Given b = 120° 3(K 30'^ c =-. 70° 20^ 20'^ A = 50° 10^ 10^-'; find a. (Same 
as Ex. 1. p. 182). 
The formula is 

cos a = cos b cos c -f- shi b sin e cos A 

which will be thus computed : 

log cos 6 — 9.70557 
log cos c -h^-52693 

log q — 9-23250 

log sin 6 -f- 9-93529 
log sin c -f 9-97391 
log cos ^ -h 9-80654 

log p - f 9-71574 

log p — log 9 = log X — 0-48324 

The terms p and q have opposite signs, and although, by the formula, they are to be 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference Is 
required by the sign before log x. In this case this sign being negative, we are to find 
a difference, and therefore, by Table XXIV., we take 



log (1 - ^_) 



9-82694 

log p -f J|;71574 

log cos a -h 9-54268 
a = 69° 34' 62^ 



i 
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2. With the same data, find B, The formula is 

. n sin c cot b — cos c cos A 

cot B = : — 

sin A 

which must here be put under the form 

. T> sin e cot 6 ^^^^ ^ ^^^ j 

cot Ji =^ cos c cot A 

sin A 

and is thus computed : 

log sin e + 9*97391 

log cot 6 — 9-77029 

ar CO log sin -4 -f 0'11467 

log p — 9-85887 

• log (—cos c) —9-32693 
log cot ^ -f 9-92121 

log 9 — 9-44814 

log p — log 9 = log X + 0-41073 

where the sign before log x being positive, the tables for log. sum must be used. By 

Table XXIL, we have 

log (1 -f- x) 0-66325 

(which is to be added to the less log. ) log 9 — 9-44814 



log cot 5 — 000139 



or, by Table XXIII. , we have 



log(l+l) 



0.14262 



(which is to be added to the greater log.) log p — 9-85887 

log cot B — 0-00139 
B = 135<» 6^ SV^ 

In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while 6 and c are constant, log 7 will be constant, and log x 
will take successive values, corresponding to those of log cos A, so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary <j> in the formulse (122), depends upon Ay the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach's Monatliche Con'espondenz, Nov. 1812 ; Mat- 
thiessen's, (to seven places), Altona, 1817 ; in Vega's SammLung matkemntiftcher Ta- 
fdn, (five places), Leipzig, 1840; Zech, (seven- places), Leipzig, 1849; Sliortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tnhtex for the Compu- 
tation of Life QmtingencieHj (six places), London, 1849 ; Schumacher's HOlfstafdn^ 
new ed. (four places). 




CHAPTER IV. 



SOLUTION OF THE GENERAL SPHERICAL TRIANGLE. 



109. We have thus far, following the usual course, considered those spherical 
triangles only whose sides and angles are less than 180°. In the applications of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180°. (For example, the right ascension of a heavenly body, 
admitting of all values from 0° to 360°, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180° or 360° of those of the proi)osed triangle ; but this mode, 
although very generally regarded as the simplest, is not really so in the cases alluded 
to. The construction of figures for discovering the supplemental triangles is often 
embarrassing and liable to mistake, wliile the solutions, when obtained, are mostly 
deficient in generality, and can only be regarded as solutions of the particular cases 
of a general problem. But if we proceed by a metliod that is as applicable when the 
parts of the triangle exceed as when they are less than 180°, we may investigate a 
problem under the simplest supposition of the values of these parts, and rely upon the 
generality of the method to qover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherical triangle. 

Fig. 14. 

Let ABCj Fig. 14, be any spherical triangle whose parts 

are all less than 180° ; then the remainder or complement 

of the si>hcre is also a s]:)herical triangle whose sides are 

a, 6 and r, and whose angles are 360° — A^ 360° — B, 

and 360° — C. We shall distinguish these triangles from 

each other by means of accents, writing the letters within 

the triangle to which they respectively belong, as in 

Fig. 14. The sides are common, but when referred to as 

sides of A^B^C^j they will be denoted by a\ y and c^. 

Again, one of the sides may exceed 180°, as the side a of the triangle ABQ 

Fig. 15. In this triangle, it is evident that we must have yl>180°, so long as B, 

C,b and c are each < 180°. In the triangle A^B^C we have A^<180°, while 

B' > 180°, Cy > 180°. 

Fig. 15. Fig. 16. 

Of ^^^ T7.A 






If we next suppose two of the sides to exceed 180°, as a and 6, Fig. 16, these sides 
intersecting in two points whose distance is 180°, the figure ceases to present the 

214 
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triangle as an enclosed surface, but it will presently appear that such triangles are 
solved by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceive Fig. 16 to be obtained from 
Fig. 15 by carrying the jioint A along the arc CA produced until it crosses the side a; 
the p<»ints A and B may then be joined either by an arc less than 180^, as in Fig. 16, 
or by its supplement to 360'^, as in Fig. 17, in 
which last case every side exceeds 180°. In 
these figures, to avoid confusion, the point .4 
is not placed in its true position according to 
j)er8pei!tive. 

In each figure we have two triangles, whose 
sides are common, and whose angles are sup- 
plements to 360°. It will 1x5 e;i.sy to trace the 
two triangles signified by ABC and A^B^C\ by 
remarking that the letters in each case are all 
on the mmt side of the perimeter of the triangle. 

We may go farther, and suppose the arc joining A and JB to be a circumference 
-f- the arc A B, or any number of circumferences -^ AB; and similarly the angles may 
l)e supposed to be altogether unlimited ; but since the relative positions of any three 
points of the sphere must be fully determined by arcs and angles less than 360"^, 
nothing is gained by passing lieyond this limit. 

111. AU the fonnuhe of Chnpter I. are appIiciibU to the general npherieal triangle. 

This proix)»ition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily establishe<l by a continuation of the process of Spher. 
Trig. Art. 6, where the fundamental equation was shown to apply to all triangles whose 
parts arc less than 180°. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from the 
fundamental one, 

cos a = cos b cos c -p sin 6 sin c cos A (m) 

We have then only to prove the generality of this single equation. 

1st. Let all the si<les l)e < 180, but A^ > 180°, Fig. 14. The formula being true for 
the triangle ABQ we have 

cos a := cos 6 cos c -f- sin 6 sin c cos (360° — A^) 
or in the triangle A'B'C, by PI. Trig. (76), 

cos a^ — cos 6'' cos c^ -f- sin h^ sin </ cos ^4^ 

2d. Let o > 180°, Fig. 15, and produce a to complete the great circle. The triangles 
-4BCand /l^^^C are respe<!tively the difference and sum of a hemisphere and the 
triangle A'ik^ all of whose i)art8 are < 180°. In the triangle A^ik we have, in terms 
of the parts of A BC, 

cos (360° — a) —cos 6 cose -f sin 6 sine cos (360° — A) 

and in terms of the parb* of A^B^C\ 

cos (360° — a^) =^ cos b^ cos c^ -f sin b^ sin e^ cos A^ 

both of which reduce to the form (m). But it is here necessarv to show that the 
formula may also l)e applied to each of the other angles: thus the triangle A^ik 
gives 

cos 6 = cos (360° — a ) cos c -f sin (360° — a ) sin c cos ( 1S0° - B) 

cos 6' = cos (360° — a') cosr' + sin (360° — a') sin c^ cos (B' — 180°) 

both of which reduce to the form (m). 
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3d. Let a > 180*», 6 > 180°, Fig. 18; these arcs intersect at i, and the triangle -4''^'' t 

gives 

Fig. 18. 




cos (a — 180<») = cos (6 —180°) cose -h8in(6 -180*»)8inc cos (360° — il) 
cos (o^ — 180°) = cos (6' — 180°) cos c' -f sin {b' — 180°) sin c' cos A^ 

which reduce tothe form (m) ; and in the same way the formula applies to the angle 
B. We have also 

cos c = cos (a — 180°) cos (6 — 180°) + sin (« — 180°) sin (6 — 180°) cost 

and since cos t = cos C= cos (360° — C^) = cos C^, this also reduces to the form (m) 
for both ABC and A' B' C, 

4th. Let a > 180°, 6 > 180°, c > 180°, Fig. 19 ; the side c being produced to com- 
plete the circle, the triangle i k I gives 

Fig. 10. 




cos (a — 180°) = cos (6 — 180°) cos (360° —c)-{- sin {b — 180°) sin (360° — c) cos / 

and since cos / = cos (180° — A) ^ — co8-4=cos {A^ — 180°) = — cos A^^ this 
reduces to the form (m) for both ABC and A^ B^ C^ ; and in the same way the for- 
mula applies to the angle B. We have also 

cos (360° — c) = cos (a — 180°) cos (6 - 180°) -f sin (a — 180°) sin (6 — 180°) cos t 

and since cos i = cos (7= cos C^y this reduces to the form (m) for both ABC and 
A' B' C\ 

The cases in which the angles or sides exceed 360° are included in tlie preceding, in 
consequence of PI. Trig. Art. 45. 

112. The preceding demonstration, thougli tedious, has the advantage of giving a 
definite conception of the figures which our forniulfe represent. But perhaps the most 
Batisfactorv (as it is the most elegant) method, is to rest the demonstration of our 
fundamental equations themselves upon the principles of analytical geometry, and, for 
the sake of those who are acquainted with that subject, we add the following 
investigation: 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, P'ig. 20, and A B C a spherical triangle upon its 
surface. Let one of the eo-ordinate planes, as X F, coincide with the great circle 
A By and let the axis of X pass through B. If C P be drawn perpendicular 
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to the plaiic X F, and CP' and PP^ to the axis O X, the co-ordinates of the point 
C are 

i.= OP', y = PP', z--=CP 



Tio. 20. 



Fio. 21. 





the values of which (0 C being taken = 1) are 

X = cos a 

y = sin a cos B 

z —-- sin a sin £ 

If now the axis of X be made to pass through A, Fig. 21, without changing the 
position of the plane X F we shall have for z', y^, «^, the co-ordinates of C referred 
to the new axes, 

x^ = cos b 

y^ = — sin 6 cos il 



z 



J _ 



sin 6 sin A 



The axis of z being unchanged, the relations between z^, y'^ and x, y, are expressed 
simply by the formula? for the transformation of co-ordinates in a plane ; the in- 
clination of the new axes to the first is here expressed by c, and the formulae of trans- 
formation are therefore 

x^=x^ cos c — y^ sin c 

y z= x^ sin c -f y' cos c 
z=z' 

substituting the values of the co-ordinates, we have at once the three following funda- 
mental e([uation8 : 



cos a -— cos c cos h -}- sin c sin b cos A 
sin a cos B sin c cos 6 — cos c sin 6 cos A 
sin a sin B ^^ sin b sin A 



(N) 



which are identical with (4), (0), and (3). 

113. Having established the complete generality of our fundamental ecjuntions, we 
may now employ for the solution of the general triangle any of those deduced fn>m 
them in Chap. I. 

As a single trigonometric function is not sufficient to determine an unlimited angle 
or arc, (PI. Trig. Art. 58), it l)ecomes necessary in most cases to ileduce ex})ressi<>ns 
for both the sine and cosine of the retjuired part. 

It will be found that all (he «</ cases of the general triangle admit of two sohitimis, hut 

that they all become <htermi nate^vhrn, in afldition to the other da fa, the xign of the .vnif or 

cosine of one of the requind jxirts w giren. In the practical applications in astronomy, 

it mostly happens that the conditions of the problem supply this sign. 

28 T 
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114. Case I. Given 6, c and A. First Solution; wlien one of the remaining angles, 
as B, and the third side a are required. The relations between the given and required 
parts are 



cos a 
sin a cos B 
sin a sin jB 



~ cos c cos 6 -f- sin c sin 6 cos A 
- sin c cos b — cos c sin 6 cos A 
= sin 6 sin A 



(196) 



The signs of the second members will he known from tlieir computed numerical 
values ; the sign of cos a is therefore known. If the sign of sin a is also given, the 
quadrant in which a must be taken will be known ; the second and thiixl equations 
will determine the sign of the sine and cosine of B, and therefore the quadrant in 
which B is to be taken. 

In like manner, if the sign of either cos ^ or sin ^ is given, that of sin a becomes 
known, and the problem is determinate. If no conditions are attached to the required 
part**, there must lx» two solutions. 

The numerical solution will be conducted as follows : The values of the second 
members (or simply their logarithms) are to be separately computed, and their signs 
carefully noted ; then the quotient of the 3d by the 2d (or the difterence of their 
logs.) will give tan B, and hence /?, which will be taken in the quadrant indicated by 
the signs of the sine and cosine. Then the 3d divide<l by sin B^ or the 2d by cos J5, 
will give sin a, which, agreeing with the value from the Ist equation, will serve to 
veiify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

1st. Let k and ^ be determined by the equations 



k sin ^ - sin 6 cos A 
k cos (p - - cos b 

k being a positive number (PI. Trig. Art. 174) ; then 

cos o = ^ cos (c — 0) 
sin a cos B — - k sin (c — 0) 
sin a sin B — sin 6 sin A 



(197) 



2d. Eliminating k, and taking ^ < 180°, (PI. Trig. Art. 174), 





tan (P 


— tan 


6 


cos 


A 


(^ 


<180*= 


•) 




cos a 

• 


cos 
cos 


b 

9 


COS 


(c 


-rt 






sin a cos B 


cos 
cos 


b 


sin 


{c 


-0) 






sin 


a sin B 


- sin 


b\ 


fiiin 


A 









(198) 



3d. Tf the quadrant in which a is to be taken is given^ we may give the preceding equa- 
tions the following form : 



tan — 

tan a cos B ^^- 

tan a sin -B ^- 



tan 6 cos .4 

tan (r — ^) 
sin o tim A 
cos (c — 0) 



(^<180°) 



(199) 
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4th. If both a and b arc less than 180°, as not unfrequently happens in the appli- 
cations of this problem, let 

«. — ^ « — sin a 

sin k 

then m and n are both positive numbers (k being positive) and (197) gives 

m sin fp ---- cos A 
m cos <j> ■= cot b 
n sin B -- sin ^ tan A ► (200) 

n cos B = sin (c — ^) 
cos a ^= cot (c — 0) cos B 



Oieek, We find 



sin (c — 0) sin a cos B tan A 

sin <{> sin ^ cos A tan ^ 

cos (c — 0) cos a 

cos cos 6 



(201) 



besides which we may employ, in connection with (200), the equation sin a sin ^ = 
sin 6 sin ^ ; or in connection with (197) or (198) the equation tan a cos B -- 
tan (c — 0). Or when (197) and (198) are employed, we may find a both by its sine 
and its cosine. 

115. The angle C may be found in the same manner as B^ interchanging B and C, 
b and c, in the preceding formulae. But when B and C are both required, the Second 
Solution to be given presently is preferable. 

Example. 

Given A = 261<» 16', 6 = 45° 54^ c :^. 138° 32^ and a < 180° ; to find a and B. 

We shall first employ (197). The first column of the following computation, con- 
taining the symbols expressing the operations to be performed, should be prepared 
before opening the tables : 

A 261° 16' 
6 45° 54' 

e 138° 32' 

log sin A — 9 9949352 

log 008 yl — 9-1813744 

log sin 6 +9-8562008 

log cos ft = log A: cos -h 98425548 

log sin ft cos .4 = log it sin — 9*0375752 

log tan <f> — 91950204 

log cos (p -4- 9-9947336 

log k -4 9-8478212 

^351° 5'42"-6 
*c — 147° 26'17"-4 



* As ^ > c, we take « = 138° 32' -^ 360°, so that c — 6 may be a positive angle ; 
but it would be equally convenient to take c — 9 = — 212° 33' 42"-6. 
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log an(c — 6) -f 9-7309514 

log cos (c — 0) — 9-9257303 

log A; cos (c — 0) = log cos a — 9'7735515 

a 126"25^6'^-6 

(1) log sin 6 sin ^ = log sin a sin ^ —9-8511360 
log ^ sin (c — ^) = log sin a cos J5 -f 9-5787726 

log tan ^ —0-2723634 

B 298® 6' 26'''-8 

log sin a + 99056351 

log sin B — 9-9455009 

(1) GhML log sin a sin B —98511360 

If a were not limited, we should have two solutionSi the second being a = 
233° 34' 53^' -4, B = 118° 6' 26''' -8. 

We shall next give the computation by (200), which is applicable to this example, 
since both a and 6 are less than 180°. ^ 

A 261° 16' 
b 45° 54' 

e 138° 32' 

log cos ^=: log m sin — 9*1813744 

log cot 6 = log m cos + 9*9863540 

log tan ^ — 91950204 

351° 5'42"-6 
c — 147° 26' 17 "-4 

log tan ^ -f 0-8135608 

log sin - 9-1897534 

log tan ^ sin = log n sin B — 00033142 

logsin (c — 0) = lognco8 J5 -f 9*7309514 

log tan ^ — 0-2723628 

B 298°6'26"-9 

log cos ^ -f 9-6731379 

logcot(c— 0) — 0-1947789 

log cos J? cot (c — 0) = log cot a — 9*8679168 

a 126°25'6"-7 

116. Case I. Given 6, c and A, Second Solution ; when the two angles B and C, 
or when all the remaining (mrts are required. We have, by Gauss's Equations (44), 

cos i a sin i (^ -f- C) := cos J (6 — c) cos i A 
cos i a cos J (^ -f C) = cos i (6 4- c) sin J ^ 
sin i a »ln i {B — C) = sin J (6 — c) cos J -4 
sin J a cos J (^ — C*) = sin i (b -{- c) sin i A 

From the first two we deduce J [B -{- C) and cos J a, and from the second two 
J (i? — C) and sin J a, whence J?, C and a. The problem becomes determinate, as 
before ; that is, when a is limited by one of the conditions 

a<180°. or a > 180° 

for then the signs of both cos ^ a and sin i a will l)e known.* 



(202) 



* By Art. 27, Gauss's Pxjuations may also be taken with the negative sign when the 
triangle is unlimited, as in the proup (45), but the same final results are obtained 
from cither (44) or (45). See note at the end of this chapter, p. 227. 
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EXAMPLK. 

Same as in Art. 115. a< 180°. 



A 


261° 16' 


h 


45° 54' 


e 


138° 32' 


iib-c) 


46° 19' 


i(6-fc) 


92° 13' 


M 


130° 38' 



log rf — log C08 J (6 — c) -h 9-8392719 
log 6 ^ log ain J (6 — r) — 9'8592393 
log / rrr log COS i (6 -t- c) — 8-5874694 
log ^ = log sin i (ft + 0) -f 9-9996749 
log cos J .4 — 9-8137250 
log sin i A -r 98801803 

log d cos J yi r= log cos i « sin J (-^ -r C) — 9-6529969 
log / sin i A ^ log cos J a cos J (5 4- C) — 8*4676497 

log tan i (B -r C) - l-18o3472 

J(J5-C')266°15'58"-0 

log sin J (^ -I ^') — 9-9990771 
log cos i a -f 9-6539198 

}a 63°12'33"-3 

log e cos J .4 =: log sin J a sin J (^ — C') -f- 96729643 
log fj sin i A -..-^ log sin JacosJ(^^— C^) + 9*8798552 

log tan J {B~C) -f 9-7931091 

J (B-C) 31°50'28"7 

C log sin A (/^ — C) - 9-7222788 

Vmjicatioru \ log sin i « -r 9*9506855 

i a 63°12'33"-3 



I 



^ -298° 6'26"-7 
Am. ^ a r-. 234° 25' 29"-3 



(^ -21 

1 /y — »K 

^ \.' — *<* 

( ar-_126°25' 6"-6 



117. If a only is re<inirecl, we may find it by one of the methods of Arts. 75 and 
76 ; and if the sign of sin a is given, the solution is determinate. If the sign of sin 
B or of sin C is givtMi, we find that of sin a by inspecting the equation 

sin A sin b sin A sin c 

sin a — — - z=^ - 

sin B sin C 

118. Case II. CJivcn A, C and 6. Fir«t S(tlntiou ; when the third angle By and 
one of the remaining sides (as a) are re<iuiretl. 

The general relations between the given and required parts ^re 

cos B --- — cos C cos A -\- sin C sin A cos 6 '\ 
sin B cos n _ sin (*cos A -f cos Csin A cos 6 ^ (203) 

sin i^ sin a - - sin yl sin 6 ) 

which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin Bj cos «, or sin a is given. 

t2 
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Adapting (203) for logaritlims, we find 
Ist. 



* k sin 1^ =^ cos A 
k cos ^ — sin A cos 6 
cos J? :^^ sin (C— 1^) 
sin B cos a = k cqi& (C — i^) 
sin ^ sin a 1= sin A sin b 



(k positive) 



(2W) 



2d. 



(i^ < 180<») 



cot ^ ==; tan -4 cos 6 

cosB = -^^8in(C— t?) 
sin 17 

sin ^ cos a r:.: -^-A C08(C— t?) 

sin i!^ 
sin i? sin a = sin i4 sin b 

3d. TTAen <Ae quadrant in which B is to be taken is given : 

cot 1^ = tan -4 cos 6 {^< 180**) 

tan -Bco8a=:cot (C — ^) 

ton »«;«..— tan 6 cos 1^ 
tan /> sin a = 

sin(C— i») 
4th. IF]^ ^ and B are both less than IW, let 

k 



(206) 



(206) 



P = 



sin ^ 



sin vl k 

then j[) and 9 are positive numl)er8, and we have from (204), 

p Bin 1^ ^:^ cot ^ 
p cos ^ ^^ cos 6 
q sin a — tan 6 cos t^ 
^ cos a =: cos (C — ^) 
cotB = tan ( C — t^) cos a 



(207) 



Checks. We have 



cos (C — 1^) _ sin i? cos a t an b 

cos t^ 



sin A cos 6 

sin ( C — 1^ ) cos i? 



tan a 



sin i5^ 



cos A 



(208) 



* The same factor k is used here and in (197), although the auxiliaries and t3 are 
different. To .shoW that k has the same value in (197) and (204), let the squares of 
the equations 

k sin ^ = sin 6 cos A k cos ^ = cos b 

he added ; we find 

l^ (sin* ^ -f- cos^ 0) = yf r=r cos* b 4- sin* 6 cos* -4 = 1— sin* 6 sin* A 
and in the same manner, from the equations 

k sin ^ ^=- cos A k cos 1^ = sin -4 cos 6 

we find 

^* 3= 1 — sin''' b sin* .4 

and therefore, in hoth cases, k =^ y^ (1 — sin* 6 sin* A) 
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besides which we may employ, with (207), the equation sin B sin a^^sin A sin 6; 
or with (204) and (205), tlie equation tan i? cos a = cot (C— i^). Also, when (204) 
or ( 205) is employed, we may find B both by its sine and its cosine. 

These formulee are computed in the same manner as those of preceding case. 

119. Case JI. Given -4, C and 6. Seeoiid Solution; when the two sides, o and c, 
or all the remaining parts, are required. We employ Gauss's liquations in the fol- 
lowing form : 

sin } ^ sin i (a + c) = cos J (^ — C) sin } 6 
sin J ^ cos i (a 4- c) = cos J {A -f C) cos J 6 
COS J 5 sin i (a — c) — sin i {A — C) sin J 6 
cos J ^ cos } (a — c) = sin i (^ -f C) cos J'6 

which are solved in the same manner as (202). 



(209) 



Example. 
Given A = 12P 36^ 19'^-8, C= 42<» 15' 13''-7, 6 = 40<» 0' 10'', and B > 180°. 

By (209). 



6 
A 
C 

i {A - C) 
i (A -h C) 

log d ^= log cos i (^ — C) 
log e = log sin ^ {A — C) 
log/-logco8i(^-f C) 
log g = log sin J (.4 -f C) 

log sin i b 



40<» 0'10"-0 
121° 36' 19"-8 
42° 15' 13" -7 
39° 40' 33"0 
81° 55' 46"-7 
20° 0' 5"*0 

-f 9-8863038 
-f 9-8051224 
+ 91473326 
-f 9-9956775 
-f 9-5340806 
-I- 9-9729820 



log cos i 6 

log rf sin } 6 := log sin J ^ sin } (a -|- c) 
log / cos J 6 ^ log sin J B cos J (a -f c) 

log tan J (a -f c) 

i (« + c) 

log sin } (a -f- r) 
log sin i B 

i B 162° 52' 28"-6 

*log (— e sin } 6) = log (— cos J B) sin i{a — c) — 9-3392030 
*log (— g cos i 6) = log ( — cos J ^) cos } (a — c) 

log tan A fa — c) 
i(a-r) 



+ 9-4203844 

•-f 91 203146 

-f 0-3000698 

63° 23' 3"-3 

-h 9-9513526 
-f- 9-4690318 



tAns. ' 



a =^ 
B^ 



— 9-9686595 

-L 9-3705435 

193°12'32"-9 

256° 35' 36"-2 

230° 10' 30"-4 

325° 44' 57"-2 



*The sign of each of these factors is changed because B > 180°, and cos i B is 
negative. 

f It was necessary to increase J (a 4- f ) hy 360°, to obtain c. The corresponding 
value of 6 would be 616° 35' 36"-2. See note at the end of this chapter, p. 227. 
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120. When B only is required, we raay employ the methods of Arts. 81 and 82, 
which are determinate when the sign of sin B is given ; or when that of either sin a 
or sin c is given, since we may then find that of sin B by inspecting the equatioms 

sin A sin 6 sin Csin 6 

sin a sin c 



sin B = 



,121. Care III. Given a, b and A. First Solution; when the three remaining parts 
Bf C, and c are all required. 
We find ^ by the equation 

sin A Binb 



sin B = 



sm a 



(210) 



which is determinate when the sign of cos B is given. 
Then, to find C, we have 

— cos C cos A -\-8in C sin A cos b =: cos B 
sin C COS A -}- cos C sin A cos 6 = sin 5 cos a 

which have already been employed and adapted for logarithms in Art 118. If we 
denote the auxiliary by t?, and put C — i^ = i?^, we find, from (204), 



To find c, we have 



jt sin 1^ = COS A 

k cos ^ = sin A cos b 

k sin •&' ^= cos B 

k cos ^^ = sin B cos a 



(k positive) 



(211) 



cos c COS 6 4- sin c sin b cos A = cos a 

sin c cos b — cos c sin 6 cos ^ = sin a cos B 

which have already been employed and adapted for logarithms in Art. 113. If we 
denote the auxiliary by ^, and put c — ^ ^ ^'', we find, from (197), 



Checks, We have 



kBin <p = sin 6 cos A 
k cos ^ = cos 6 
k sin <p^ = sin a cos B 
k cos 0' = cos a 

c =:0 4-0^ 



(k positive) 



(212) 



sin 1^ 
sini^^ 


cos A 
cos B 


cos ^ 
cost?' 


tan a 
tan 6 


sin <p 
sin 0'' 


tan B 
tan A 


cos <p 
cos 0' 


cos b 
cos a 



(213) 



One of which may be used as a check when either C or c has been alone computed.* 
Wlien both Cand c have been found, the obvious check is 









sin C _ 


_ sin -4 








(21-1 




►wi 




sin c 


sin a 
passing 










*The folk 


n? 


relations deserve a 


notice: 








sin 
cos 


6 


cos 
' sin 


— — sin sin B 

tan tan (t>^ 
tan ^ tan t?' 


iin' a sin 


sin 6^ 
cos <l> 

« B — sin^ 


cos 1? 
sin i9' 

6 sin' ^ 


sin a sin 


^ 








sin 2 d sin 2 0' 


sin' 6 














sin 2^ 


sin 2 <}>^ 


sin'* a 


1 
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Example. 

Given a = 126° 25' 6''-6, b= 138° 32' 0'", A = 261'' 16' 0", and cos B negative. 

tt 126°25'G^'-6 

6 138° 32' 0"-0 

A 261° 16' 0"-0 

Bv (210), log sin a + 99056351 

log sin 6 -t 9-8209788 

log sin A — 99949352 

log sin i? —9-9102789 

B 234°25'29"-3 

By (211), log cos 6 —9 8746795 

log sin yl cos 6 = log ^ COS i» -h 98696147 

log cos ^ = log k sin i> — 91813744 

log tan 1^ — 9-3117597 

i» 348°24'53^0 

log cos a —9-7735515 

log sin i? cos a = log /fc cos >!^' + 9*6838304 

log cos -B = log k sin i^' — 97647520 

log tan 1^' — 00809216 

<^' 309°41'33'^-7 

^-\-^^ = C 298° 6'26"-7 

By (212), log sin 6 cos ^ = log k »\n ip — 90023532 

log cos 6 = log A cos d — 9-8740795 

log tan -h 9-12767r;7 

^ 187°38'31"-3 

log sin a cos 5 = log k sin 0' — 9-6703871 

log cos a = log k cofi o' — 9*7735515 

log tjin v>' -f- 9-8968356 

</ 218°15'28"*6 

-f 0' = (t 45°53'59"*9 

log sin C — 9-9455010 
log sin c -f 9-8562006 

log (^^^-^ — 0-0893004 
\ sin c / 

Check, logf**— -^M —0-0893001 
\ sin a / 

In this example, both i^ -|- ^^ nnd <P -\- (tf^ cxcee<l 360°, and consequently we have to 
deduct 360° from each of them. We might have avoided this, however, bv taking 
i&^ = — 50° 18' 26"*3, i/= — 141° 44' 31"-4. 

122. Case III. Given a, 6 and A. Second Solution; when C and e are re<iuired 
without finding B. 

We have only to eliminate B from the fourth equation of (211) by means of (210), 
and then (omittint; the third equation) determim? ^' by its cosine, olwervin^, however, 
to take it so that sin i^' shall have the sign of cos B^ which sign is supposed to be 
given. The formulae for finding C thus become 
29 
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k sin <^ ^= cos A 
k cos "^ = sin A cos b 
cos "&' = cos t^ cot a tan 6 
(i^'' < 180° with the sign of cos B) 



{k positive) 



(216) 



To find Cy we observe that sin ^^ has the sign of sin a cos ^, so that we have the fol- 
lowing formulse: 

k sin = sin b cos A {k positive) 
k cos ^ ^ cos 6 

cos «' = ?5«l~?^ I (216) 

COS b 

(0' < 180° with the sign of sin o cos -B) 

Check. The equation (214). 

123. Case IV. Given A, B and 6. First Solution; when the three remaining parts 
a, e and Care all required. 
We find a by the equation 

sin A sin 6 



sin a = 



sin B 



(217) 



which is determinate when the sign of cos a is given. The remainder of the solution 
is by (211) and (212). 

124. Case IV. Given A^ B and 6. Second SdiUum; when e and C are required, 
without finding a. 

We easily find, from (211), 



k sin ^ =^ cos A 
k cos i:^ = sin A cos 6 
sin ^ cos B 



{k positive) 



sin ^^ -^ 



cos A 



And from (212), 



(oo8 t?^ and sin B cos o to have the same sign) 



(k positive) 



(218) 



^ sin ^ = sin 6 cos A 
k cos ^ ^= cos 6 
sin ^' ■= sin O tan ^ cot ^ 
(cos 0^ and cos a to have the same sign) 

c = + 0' 

Check. The equation (214). 



(219) 



125. Case V. Given a, b and c. The formula 

cos a — cos 6 cos c 



cos A = 



sin 6 sin c 



(220) 



determines A when the sign of sin A is known. If the sign of sin B or of sin C is 
given, that of sin A becomes known by the equation 

sin A pin B sin C 

sin a sin 6 sin c * 
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The forinul© (31), (33), (34), may be used, each of which will become determinate 
when the sign of either sin Ay sin B, or sin C is known. 
126. Case VI. Given A, B and C. The formula 

^^^ ^A-]-^B^ C_ ^221) 

sm -B sm C 

determines a when the sign of sin a is given. If the sign of sin b or of sin c is given, 
that of sin a becomes known by the equation 

sin a sin 6 sin c 

sin A sin B sin C 

The formulae (36), (38), (39), may be used, each of which will be determinate when 
the sign of either sin a, sin 6, or sin e is known. 

Note upon Gauss's Equations. 

In the unlimited spherical triangle, we may consider any part, as o, to have an 
infinite number of values, viz. a, a -f- 360°, a -f- 720°, etc., expressed generally by the 
formula a -f- 2 n fl", n being any whole number or zero ; and since 

sin a = sin (a -}- 2 n rr) cos a =^ cos (o -f 2 n tt) 

all those equations of Chap. I. that involve only sin o and cos a will not be changed by 
the substitution of a -f- 2 n tt for a. A similar substitution may be made for each of 
the parts, or for all of them, at the same time, so that there is an infinite series of tri- 
angles to which these equations are applicable. 

But the substitution of o + 360° for a, in Gauss's Equations, (202), will change the 
sign of all of them, since 

sin J (a -f 360°) = — sin J a cos i (o -f 360°) = — cos i a 

while the substitution of a -f- 720° for a will not change their sign, since 

sin J (a + 720°) = sin J a cos} (a -f 720°) = cos } a 

In general, their sign is changed by the substitution of a -}- (4 n -f 2) tt for a, and it is 
not changed by the substitution of a -f 4 n tt. The same results follow like substitu- 
tions for each of the parts. It follows that these equations taken only with the posi- 
tive sign, do not include all the triangles of the infinite series above spoken of, and 
that they are complete only when taken with the double sign, and expressed in two 
distinct grouiw, as (44) and (45) of Art. 27. 

In pmctice, however^ we may take them trith the positive sign only; for they will then 
give at lea.st one of the triangles of the series, from which all the others, (and particu- 
larly that whose parts are less than 360"), may l)e directly deduced by the application 
of 360°.* 

This will be illustrated by the example of Art. 119, p. 223; we there find 

} (a -f c) = 63° 23' 3'''-3 
} (a — c) -^-193" 12'32''-9 
or rather, since } (a — c) should he greater than } (a — c), 

}^(a-\-c)= 423° 23' 3'' 3 
} (a — c):=--19.n2'32''-9 



* Gauss (Theoria Motni< Corp. Orl. Art. 54) recommends the use of the |)ositive sign 
only, observing that any side or angle may Ik^ diminished or increa.sed by 360°, asthe 
case may require, hut confines himself to the statement of this practical 
out explaining the grounds upon which it rests. 
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whence 

a = 616° 35' 36''-2 

c = 230° 10' 30''-4 

which 18 the proper solution of the equations taken with the positive sign. If now we 
deduct 360° from a, and take, as on p. 223, 

a = 256° 35' 36"-6 
c = 230° 10' 30"-4 

we have the solution that would have been obtained by taking the negative sign in all 
the etjuations ; for we now have 

} (o -f c) = 243° 23' 3"-3 
\(a — e)= 13° 12'32"-9 

which, differing from the former values by 180°, must change the sign*of all the 
equations. 

I have given some further particulars respecting unlimited spherical triangles, an 
a fuller discussion of Gauss's Equations, in an essay which the reader will find in tl 
Astronomical Journal, Vol. 1., published at Cambridge, Mass. 



CHAPTER V. 

AREA OF A SPHERICAL TRIANGLE. 

127. Given the three angles of a sphetncal triangle, to compute the 
area. 

This problem is solved in geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
w as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of tlw sum of the angles over two light angles. 

To express this analytically, let 

r =^ radius of the sphere 
r= surface of tlie tri-rectangular triangle 
= \ surface of a sphere = \i:r^ 
2^=A + B+ C 
K = area of the triangle A B C. 

Also, let the angles A, B and C be expressed in the unit of Art. 11, 
that is, let A, B, C denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is ' > therefore the number of right angles in 2>S is 

2 s- 



• 



and we have, according to the above theorem of geometry, 

A'- r X ( ^ ''''- 2 ) - - ^(2 ,S- r) 

or A'- /-(2>S'— r) (222) 

and if the radius of the sphere is taken = 1 

K-^'lH—r. (223) 

128. In a plane triangle the sum of the angles is equal to r, and 
in a spherical triangle the sum exceeds t: hy K ; hence this 
Ky is commonly called the spherical excess, 

V 
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129. Given the three sideSj to find the area. 
By (223), we have 

sin J K= sin Is — ^\~ 

cos j A" ^^ cos Is — ^1 
tan § A*^ = — col S 



= — C085 



siniS 



(224) 



in which we have only to substitute the values of cos S^ sin Sy and cot -S, given in 
Art. 34, to obtain the required solution. We find, [« = J (a -|- 6 -f- c)], 



• 1 ^__ 1/ [sin s sin (a — a) si n (s — 6) sin (s — c)] 

2 cos i a cos i h cos ^ e 



sin 



(225) 



^^^ 1 v- COS a -!- cos 6 4- cos c + 1 

cos J A — — ■ - — — 

4 cos i a cos ^ 6 cos } c 

cos' j ^ a 4- c os' \ b 4- cos' j e — 1 

2 cos i a cos i 6 cos } e 

The numerator of (225) being denoted by n, we find. 



. 1 J^^ 1 4- cos ft -t- co s b 4- cose 

^'^ ^ — 2n 



which is known as De Guas formula. 



(226) 



(227) 



Again, from the formulae of Art. 36, since 1 — sin 5:= 2 sin ^K, 1 -|- sin S -- 
2 cos '} Kf we find 



sin \ K 

cos \ K 
tan \ K 



--P 



= V 



sin } g sin \ (g — a) sin \ (s — b) sin } (s — c)"| 
cos i a cos J 6 cos J c J 

[ cos i 8 cos i is — ft) cos i (s^- b) cos j^ (s — c)"1 
cos J ft cos i b cos J c J 

V^ [tan J 8 tan J (s — a) tan i (s — 6) tan J (« — c)] 



(228) 



the last of which is known as LhuilUer's formula. 

130. Gh'en two ndes and the included angle j (or a, 6 and C) to find the area. 
We have, from (224), by (71), 



cot } AT 



cot j q co t } b 4- cos C 
sin C 



or 



tan J A' = - 



tan \ a tan ^ ft sin C 
1 4- ^^^ i « tan J b cos 



(229) 
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an 



131. If we admit more than three parts of the triangle into the expression of A', we 
have, by (56) and (67), 



. 1 rr Kin \ a sin ^ 6 . /^ 
in } A := ' — -^ ~ sin C 

cos i c 



am 



1 j^ C06 I g cos t 6 -f- sin ^ a s in t 6 cos C 

COS i c 



(230) 



the quotient of which gives (229). 

132. Since there are always two triangles uix)n the surface of the sphere which have 
the same three sides, (Art. 110), the angles not being limited to values less than 180°, 
the formulae (225), ^226), (227) should give tlie areas of both of them, and their sum 
should be equal to the surface of the sphere =^ 4 ir. In fact, by (225), sin } K may 
be either positive or negative, while by (226) the cotiine is fully determined, so that 
these formuUe give two values o( i K whose sum is 2 ?r, and therefore two vailues of A', 
whose sum is 4 ff. ^ 

It follows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it gives four solutions. The most convenient formula is therefore (22S), 
for we must always have i K < 'r^^ and the double sign of the radical gives the two 

values of \ K, one less and the other greater than ^ • 




CHAPTER VI. 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES. 

133. Two parts of a spherical triangle being constant^ and a thiixl 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PL Trig. Chap. XII.), this will be effected by a comparison of two 
triangles liaving two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences, and give 
them the positive sign, (PI. Trig. Art. 187). 

134. Case I. A and c constant. The parts of 
ABC) Fig. 22, being Ay c, B, (7, a, 6, those of the 
derived triangle ABC are A, c, B + JB, C-}- A(\ 
a + Ja, b '\- Jb] and the parts. of the differential 
triangle BCC are a, a + Ja, J6,'l80° -C,C-\-AC 
and JB. We have, then, in BCC, by (3), 




sin Jb _ sin {a +_Ja)^ sin a 

sin J J5 ~ sin C~~ "~ sin {C+JC) 

Also, in BCC, by (40), we have 

sin j^(180° — ^\+ ^+ 4P) = >" 14*. 

sin \ (180° — C— C—'JC) tan ^ (o + Ja — a) 

whence 

tan I Ja ^ cos ( C+jJC ) 
tan ^ Ab cos ^JC 

By (41) we find in a similar manner, 

tan \ Jb _ _ tan_(a_-fj- Ja) 
sin iJC~ sin (C+fJC) 

By (42), 

sin_^ Ja _ sin (a_+ ^ Ja]f 
tairiJ£~tan(~C+iJC) 

2.32 



(231) 



(232) 



(233) 



(234) 
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By (43), 



tan h JC _ __ cos (« + ^ Ja) 
tan J JB cos J Ja 



(235) 



By combining (232) and (233), 



tan i Ja _ _ tan (a + | Ja) 
"tan jJc? " tan (C+ i JC) 



(236) 




As these formulte involve tlie increments in the second members, 
they are to be computed by successive approximations. (See PI. 
Trig. Art. 201). 

135. Case II. A and a constant Tlie given 
triangle being ABC, Fig. 23, the parts of the 
derived triangle -4' -6 C are A, a^B + JB, 6 + J6, 
C+ JCy + Je. Although the figure appears to 
show that the angle B is diminished, it is still proper 
to represent the angle ^'-6 C by -S + J-B, to preserve uniformity in 
the algebraic signs of the increments ; the essential signs being given 
by the equations of differences themselves. Hence we put the angle 
ABA'=ABC-A'BC=B-{B+JB) = -JB. Joining^^' 
we have in BAA' and CA A', by (43), 

cos (c + i Jc) : cos i Jc = — cot J J J5 : tan n^'^ ^ + ^ ^' ^) 
cos (6 + J J6) : cos J J6 = cot J JC : tan J {A' A C + A A' C) 

but since A is constant, or -B^l C= ^ -4' C, we find that the fourth 
terms of these proportions are equal ; whence 

tan i_J^B _ cos (b + j J 6)co8 j Je (9^''\ 

tan J JC ~ cos (c + 4 Jc) cos J J6 

In the polar triangle of A B C, the constants are still an angle and 
its opposite side, and the preceding equation applied to this polar 
triangle (by Art. 8) gives 



tan ^ J6 _ _ cos (B + \J B)cos^JC 
tan I Jc ~ cos (C + i JC) cos i JB 

In ABC and ABC we have 

sin a sin B --= sin A sin h 
sin <i sin {B -\- JB) - sin A sin (6 + Jb) 

30 r 2 



(238) 
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the difference and sum of which give 

sin a cos {B + ^ JB) sin ^ JB = sin ^ cos (6 + ^ Jb) sin | Jb 
sin a sin {B + ^ JB) cos ^ J J5 = sin A sin (6 + ^ J6) cos ^ J6 

from which, by division, we find 



tan ^Jb _ tan (b +\Jb) 
tan ^ J£ ~ tan (£ + i J J5) 



(239) 



(240) 



(241) 



(242) 



and in the same manner 

tan ^ Jc tan (c + ^ Jc) 

tan^JC ~~ tan(C+iJC) 

The product of (237) and (239) gives 

sin ^ Jb sin {b +_ ^ Jb) c os ^Jc 

tan i JC ~" cos (c + ^ Jc) tan (5 + i J J5) 

whence also * 

sin^ Jc si n (c + ^ ^^)S^i J6 

tan ^ J£ ~ cos (6 + i J6) tan ((7+| JC) 

FlO. 24. 

£ 136. Case III. 6 and c constant. The given 

ic triangle being A B C, Fig. 24, the parts of the 

derived triangle ABC are b,c,a+Ja,B+JB, 

C+ JC,A + JA. Joining CC we have in BCC'\ 

3 by (42), 

sin (a + ^ Ja) : sin ^ Ja = cot | J£ : tan ^ (5 O C — £ C" C) 

But observing that AC ^AC, ACC = AC' C, vfe have 

BCC^ACC—C 
BCC=ACC+C+JC 
^{BCC-BCC)=-{C+^JC) 

and the above proportion gives, therefore. 




sin ^ Ja sin^a + \ Jn) 

tan ^ J^ ~ ~ cot (0+ ^ JC) 



(243) 



the 




The equations (239), (240). (241), and (242), contain each two factors less than 
corresponding equations given by Cagnoli. 
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In the same manner we should find 



sin ^ Ja sin (a + ^ ^^\ 

tan i JC "~ "^ 00^(5 + ^JB) 

The quotient of (243) and (244) gives 

jtanj- J i? ^ tan (B + ^JB) 
tan i'jC ~~ tan (C+ I J C) 

In ^ £ C and ^ 5 C, by (4), we have 

cos a = cos h cos c + sij^ ^ sin c cos ^4 
cos (a + Ja) = cos 6 cos c + sin b sin c cos {A + J-4) 

the diflPerence of which gives 

sin^ J g sin 6 sin c si n (A -j-^JA) 

sinJJ^ sin(a + ^Ja) 

The quotient of (243) divided by (246) gives 

sin ^JA ^ _ sin'(a + ^ J ri) ta n (0+ \J C) 
tan ^ JB sin 6 sin c sin (^1 + ^ J-4) 

and from (244) and (246), in the same manner, 

sijli ^-i ^ _ si^lOz +^ J^O tan(J? + ^^ig) 
tan ^ JC sin 6 sin c sin {A -\-^JA) 



(244) 



(245) 



(246) 



(247) 



(248) 



137. Case IV. B and (7 constant. The equations of the preced- 
ing case (243 to 248), applied to the polar triangle, give 



sin ^JA sin (A + i ^A) 

tan ^ Jb cot (c + ^ Jc) 

sin ^ J A __ sin (^ + ^ J A) 
tan ^ Jc~ eot(6 + ^J6) 

tanj^ JJ) _ tan (ft 4- ^ Jb) 
tan ^ Jc tan (c + ^ Jc) 

sinji^ J. 4 sin JB sin C^sin (^+ j-_J«) 
sin ^ Ja sin (u4 + ^ J A) 



(249) 



(250) 



(251) 



(252) 




V 
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sinjrjia _ sin^ (A + ^ J A) tan (c + ^ Jc) 
tan ^ Jb sin i? sin (7 sin (a + ^ Ja) 

si n ^ Jg ^ sin^ (A + 1^ J A ) tan (6 + ^ J &) 
tan ^ Jc sin -6 sin C'sin (a + ^ Ja) 



(253) 



(254) 



Finite Differences of Spherical Right Triangij^s. 

138. All the preceding eqnations are, of course, applicable to right 
triangles, or to quadrantal triangles, and in some cases they assume 
simpler forms. Thus in Case I., if the variable C= 90° (231) and 
(232) become 

sin Jb — sin (^ + J a) sin J B 
tan ^ Ja = — tan ^ Jb tan ^ JC 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations do 
not generally assume any simpler forms, but they may l>e trans- 
formed so as to involve the same xHmnblea in both inemberH, which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suffice to 
explain it. 

I^t C {= 90°) and h be the constants; to find the relation of Jc 
and JBf we have between the two variables and the constant 6, the 
equations 

sin /? = sin b cosec c 
sin {B -{- JjB) = sin b cosec (c + Jc) 

the difference and sum of which, by PI. Trig. (105), (106), (131), and 
(132), are 

o / T> , 1 « m • 1 < 7> 2 sin /> cos (c + A- Jc) sin I Jc 

2 cos (B + ^ JB) sui ^JB = r — - , ^ - V x" 

sin c sin (c + Jc) 

o • /D , 1 fi>\ 1 ID 2sin6sin(c + J^c)cosi Jc 

2 sin (J? + i JB) cos A JB = . — . , . , r -^ 

sin csm (c + Jo) 



^^^^ 



*Cagnoli gives these equations reduced so as to involve the same variables in both 
meml)ers: but in almost everv instance his fornuilje involve two factors more than are 
ecessary, and are far less simple and convenient tlian those here given. 
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and the quotient of these is 

ta n ^ JB tan ^Jc 



tan (JS + ^ JB) tan (c + ^ Jc) 

which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be diflferenced involves cosines, we employ 
PI. Trig. (107) and (108); if tangents, (115) and (116); if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



140. Case L C = 90° and 6 constant. 

tan J- Jc^ ta n(c4- \ -Jc) tan ^ Jc _ . , cot (c + ^ Jc) 

tan^JJS" tan(^ + ^Ji?) tan^Ja" cot(a + ^Ja) 

sin^ja_ __ sin^2a -|- Ja) tan ^ Ja _ _ tan(a_+ J Ja) 
sinJ^l "^ sin (2.1 + J A) sin J^ ~ ~sin(2£+ JJ5) 



(255) 



(256) 



sin Jc _ sin (2c + Je) *^!lijr^£l _ _ tan(yl +_^4A) (0-i\ 
tanJJ^"" cot(^ + ^J.l) tan|j5~" Got{B + \AB) ^^^ 



141. Case II. C= 90° and c constant. 

s in J A sin (2 ^1 + J A) tan J Jji cot (a_+J_J a) 

sin J J5 "~ sin (2 B^JB) tan J J i" ~ ~ cot {b +T^^) 

tan I Jg tan(aH- ^ J<i) tan \ Jh _ tan {h -\- \^Jb) 

tanJJA~ tan(.l + iJ^) tanJJ^~ tan(«+iJB) 

sin Jg sin^ ^^3~^^^\ sin J 6 sin (2 h + Jb) 

tanJJ£~ coi{B+\JB) tani Ji ~ ~cot(^l + iJ^) 

142. Case III. 0-90° and A constant. 

t an^ Jc _ tan( r+ \ Jc) sin J a _ siiW2^+Ja) .^^^-v 

tan^Ja" tan(a+ J Jg) tanJJ6~ tan(6+JJ&) ^" ^ 

.*».?i^? ^ ^^^* (^ +_ \ -^^*) ^^^ i -^^^ _ ^^t {h 4- ^ Jh) 
sin JB sin(2/r+J/?) tan.WT?" cot(7? + ^jy?) 



(258) 



(259) 



(260) 



(262) 



sin Jc_ _ sin (2 c 4^ Jc) tan j; J^ _ cot (g + t J '^O 
sin J 6 ~" sin(2ft+J6) tan^^JJ?" tan(B + |j/^) 



(263) 



143. If a constant side is 90°, the equations of finite differences 
for the triangle may be obtained by {il>plying the preceding equations 
to the polar triangle. 
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Differential Variations of Spherical Oblique Triangi>es. 

144. To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PI. Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PL Trig. Art. 
192. For example, A and c being constant, to find the relation of 
d a and d By we have 

sin A sin c = sin a sin C 

the differential of which is 

= sin a d sin (7+ sin Cd sin a 

= sin a cos Cd C -\- cos a sin Cd a 

da tan a 

'dC~~ ~tanC 

and to find the relation of d a and d 6, we have 

cos a -- cos b cos c + sin 6 sin c cos A 

— sin a cZ a = — sin b cos cdb + cos b sin c cos Adb 

da sin 6 cos c — cos b sin c co s^ 

db sin a 

or by (7), 

da ^ 

- = cosC 

db 

results which agree with those found from (236) and (232), by making 
Ja, Jb and JC infinitely small. By either method, then, the fol- 
lowing equations may be readily verified. 



145. Case I. A and c constant. 

db ^15^1 

d'n ~ sin C 

db tan^ 

dC ~ ~ sin C 



da 


tan a 


dC 


~ tan C 


da _ 

dh "'' 


cosC 


da 


sin a 


dB 


tan C 



(264) 



(265) 



- ^^ — cos a (266) 

dB ^ 
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146. Case II. A and a constant. 

d B _^ cos h ( 1 b cos B 

d C cos c d c cos C 

d b tanj» d c ^'*^^_^ 

dB'' taui rf C~ tan C 

d b sin 6 d c sin c 



d C cos c tan B d B cos b tan C 

147. Case III. b and c constant. 



(267) 



(268) 



(269) 



-— - = — sin a tan C --z^=^ — sin a tan B (270) 

dB dC ^ ^ 

dB tan B da •!•/-, /n^rix 

, ^= -. -~ = sin b sin G (271) 

d C tan C dA ^ ^ 

d A sin -4 d A sin ^ 



d 5 sin -B cos C d C sin C cos B 

148. Case IV. B and C constant. 



(272) 



— =r sin ^ tan c ,-= sin ^ tan 6 (273) 
d b d c 

d b tan b d A • t> • /ck^4\ 

— = ■- — = sm B sm c (274) 

d c tan c d a 

d a sin a da sin a 



d b sin b cos c ci c sin c cos 6 



(275) 



Differential Variations of Spherical Right Triangles. 

The preceding may also be used for right triangles; but it may 
be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 

149. CvsE I. 0= 90° and 6 constant. 

(276) 



(277) 



d c 


tan c 


d c 


cot c 


dB 


tan B 


d a 


cot a 


d a 
dA 


sin 2 a 
sin 2^1 


d a 
dB 


2 tan a 
sin 2 B 


d c 


pin 2 c 


dA 


tan A 


dA 


2 cot .4 


dB~~ 


cot B 



(278) 
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150. Case II. C= 90° and c constant. 

(I A sin 2 A d a cot a 

dB~~ ^i B 

da tan a 

dA tan A 

da sin 2 a 

dB~ 2 cot B 



d c tan c 

d a tan a 

d c 2 cot c 

dB ~ sin 2 B 

d c sin 2 c 

d h sin 2 b 



d b 


cot b 


d b 


tan 6 


dB 


\2i\\B 


d b 


sin 2 6 


dA 


2cot^ 


A constant. 


xl a 


sin 2 a 


d b 


2 tan 6 


d b 


cot b 


dB 


cot 5 


d a 


cot a 


dB 


tani? 



(279) 



(280) 



(281) 



(282) 
(283) 



(284) 




152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed in 
the same unit. 

Differential Variations of Spherical Triangles when all the parts 

ARE Variable. 

153. Let the equation 

COS a = cos 6 cos c + sin 6 sin c cos A 

be differentiated, all the parts being variable ; we find 

sin ada^=^ (»in h cas c — cos 6 sin c cos A) db 
-\- (sin c cos 6 — cos c sin b cos A) dc 
-f- sin 6 sin c sin Ad A 

Dividing by sin a, this l>ecomes, by (7) and (3), 

rf a =: cos C(Z 6 -f cos /? d c 4- sin 6 sin Cd ^ (285) 

and in the same manner from the 2d and 3d equations of (4) we find 

d6-^cos^rfc -L cosCrfa-f sine sin.4d-B (286) 

d c = cos 5 d a -h cos ^ r/ 6 -r sin a sin -B d C (287) 

From these three equations, any three of the six differentials da, db, dc, dA, 
dB, dC, being given, the other three may be determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, and 
these equations will assume simpler forms. If two of the parts be supposed constant, 
we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 



CHAPTER VII. 

APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN CERTAIN 

CASES. 

154. When some of the parts of the triangle are small, or nearly 90®, or nearly 
180®, approximate solutions may be employed with advantage. . These are generally 
found by means of series. 

155. In a spherical right triangle (the right angle lieing C), given A and c, to find 6. 
We have 

tan 6 = cos /I tan c (288) 

which is of the form in PI. Trig. (493), and may therefore be developed by (495) and 
(496) by putting x^^bj y —c^ p = ooa Af whence 

p — 1 1 — cos A . 2 1 I 

p -\- I 1 -f- 008 A 

and (495) and (496) become, [uking n -= in (495), and n =^ 1 in (496)], 

6 = c — tan* § A sin *2c-{^ i tan* J A sin 4c — etc. (289) 

6 = fl._c -I- coi« J .4 sin 2c — i col* i A sin 4c -\- etc (290) 

If i4 is small, coe ^ is nearly equal to unity, and b exceeds c by a small quantity, 
which is approximately found by one or more terms of the series (289). 

If A is nearly l^O"^, or cos A nearly = — 1, 6 exceeds rr — c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

156. Although these solutions are termed approximate, it must not be infernd that 
they are lesn accurate in practice than the direct solution of (288) by the tablets; for tlie 
logarithmic tables are themselves only approximate, and the neglect of the higher 
IK)wer» in such series as (289) and (290) may involve a le^«* theoretical error than the 
similar neglect of the higher powers in the series by which the tables are computed. 
In the examples of PI. Trig. Art. 255. the thousandths of a second were found with 
accuracy, which could not have been effected by a direct solution with less than eight 
decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions in 
astronomy. 

157. If A and 6 are given, to find r, we have 

tan c =: sec j4 tan 6 
which 18 reduced to PI. Trig. (403), by putting x = c, j/ =z 6, p = sec J, 

„ sec A — 1 1 — cos A * » i 4 

7= .- , -"^^ , ^ ^^ tan' J i4 

sec ^ -f 1 1 -f cos ^4 

and the series will be 

c = b-\ tan» } i4 sin 2 6 4- i tan* J .4 sin 4 6 -h etc 
c = iT—b — cot* } ^ sin 2 6 — i cot* J A sin 4 6 — etc 
31 V 211 
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158. Similar solutions apply to the equations of right triangles, 

tan a = sin 6 tan A 
cot J5 = cos c tan A 
the last being solved under the form 

tan (90° — 5) = cos c tan ^ 

We may also compute, in the same manner, the auxiliaries ^ and ^ in (122) and 
(1.S4), so frequently employed in the solutions of oblique triangles. 

159. In a right spherical triangle, given e and Ay to find a, when A is nearly 90°. 
We have 

sin a = sin ^ sin c (293 ) 

from which we deduce 



tan J (c — o) =^ tan'' (45° — J ^) tan § (c + a) 



(294) 



From this we may find c — a, which is supposed very small, by successive approxima- 
tions. For a first approximation, let a = c in the second member, and find thence the 
value of c — a and of a ; for a second approximation substitute in the second member 
the value of a just found ; and so on until two successive values agree as nearly as 
may be desired. 



Example. 

Given A = 89°, c = 87° ; find a. 

Here 45° -- J ^ = 0° 30', and for the first approximation i (e -}- a) 

log tan J {c-\- a) 

log tan" (45° — }/l) 

ar CO log sin 1'^ 

J (c — fl) = 299''-74 log J (c — a) 



= 87° 

1 -28060 
5-88172 
5-31443 



2-47675 



a = 87° 



9' 59'^*48 = 86° 50^ 0''-52 



2d Approx. 



i (c + «) 

lop: tan i (c -f- a) 

1^ tan^ r45° — M) 

sin l^^ 

log J (e — a) 

i(c-a) 

c — a 

a 



86° 55' (y 
1-26868 

1-19G15 

2-46483 
29r'-63 
9' 43'''-26 

86°50M6'''-74 



3d Approx. 



86° 65' 8^' 
1-26899 

1-19615 



2-46514 
291''-83 
9' 43''-66 
86° 50' 16"-34 



4th Approx. 



86° 55' 8"-17 
126900 

1^9615 

2-46515 
291"-84 
9' 43"-68 
86° 50' 16"-32 



The direot solution of (293) gives a 86° 50' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of it8 particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The proce«is here explained may obviously be applied to any equation of the form 



sm I = wt sm y 



when m is nearly equal to unity. 
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160. In a spherical oblique triangle, given two sides and the included angle^ to find the 
other angles and side by series. 
If 0, 6 and Care the data, to find c, we have 

COB c = cos a cos 6 -j- sin a sin 6 cos O 
Substituting half arcs, 

sin* i c = sin* J a cos* ib-\- cos* i a sin* J 6 

— 2sin}acosi6co6iasin}6co6C 

which is of the form PI. Trig. (607), and may be developed by (508) by substituting 
sin i e for e, sin J a cos i 6 for a, and cos } a sin } 6 for 6 ; so that (508) becomes 

log 8in J c = log C06 i a 8in i 6 - M ['^^Icm C + ('""M-r)' "^^ + «'«.! < 295) 

Ltan J 6 \tan ^ 6/ 2 J 

To find A and J9, we have, 

tanJM+-B):='^ff«--f-|cotJC' 

aw i (a -|- o) 



whence 



tani(^-B)=T*|«7A>cotJC 

Sin 5 (a -}- 6) 

tan [i . - i ( .4 + £)] - (""'-^ " - '"5.; J) tan i C 

\cot * a -|- tan j 6/ 

Un [J r - J (^ - S)2 = (Lan4»+i?5J ^ tan J C? 

Vtan J a — tan ^ 6/ 

Comparing these equations with PL Trig. (493), and developing by (495), n = 0, 

J ^ _ } (4 + B) = i C - ^""-1* «in <? + ('5n_i. *y «n|0. _ ^ (296) 

cot f a \cot i a/ 2 

} ^ _ J (^ _ jj) .^- J C + *"5 i_A sin c+ ('i'^ *iV -«yi^^ + etc (297) 

tan i a Vtan A a/ 2 

If we develop by (490), we find 

}^.-j(.4+/?) .-jc + ('^i_«),inC-f'^'i-''V-^^+eta (298) 

Vtan hbf Man h b/ 2 



} ^ _ J (^ _ ^) _ _ A C- (^^'^i-") sin C- f^""-4-"V 

Vtan * 6/ Vtan Aft/ 2 



(299) 



from which a selection will be made in any particular case, according to the ron- 
vergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividinpj by sin K''. 

This solution may be applied to the case where two angles and the included side are 
the data, by means of the ])olar triangle. 

161. To erprens the area of a spherical triangle in series. 

Comparing (229) with PI. Trig. (500), and <leveloping by (502), we find 

i K= tun i a tan i 6 sin C— J tan* i a tan* J 6 sin 2 C-^ etc (300) 



\ 
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162. Legendre's Theorem. Jj the sides of a spherical trianrjU are very small com- 
pared with the radius of the spherej and a plane triangle be formed whose sides are equal 
to those of the spherical iriangUy then each angle of the plane triangle is equal to the corre- 
sponding angle of the spherical triangle minus one-third of the spherical excess. 

Let a, 6 and e be the sides of the spherical triangle expressed in arc, the radius of 
the sphere being unity; and let A'y B^ and C^ be the angles of the plane triangle 
whose sides are a, 6 and e. Then we have, in the spherical triangle, 

4 cos a — cos 6 cos c 
cos ^ = . — -— ; 

sin 6 sin c 

Substitute in the second member of this, the values of cos a, etc., in series, by 
PI. Trig. (405) and (406), neglecting only powers above the fourth, viz. 

cos a = '[ — i «' + A "* 

co86 = l — i6» + ^6* 8in6 = 6 — i6» 

cos c = 1 — J c' -f 2^ c* sin c = c — J c* 

we find 

C06 ^ ^ J (*' + ^' -«')+i>V (a *-6*-r *-6fe'^ <^) 

hc[\- J(6^-f c»)] 

Multiplying the numerator and denominator by 1 -|- i (^' + <^)^ Jind neglecting terms 
of a higher order than the fourth, as before, we have 

cos A =: - ' ■ ' — 

26c 246c 

which, by PI. Trig. (225) and (239), becomes 

cos A = cos A^ — \bc sin* A^ 

Let A ^= -4' -f I, then since x is small, we may put cos z = 1, so that, by 
PI. Trig. (38), 

cos A ^- cos A^ — X sin A^ 
whence 

X := J 6 c sin A^ 

But J 6 c sin v4^=^area of the plane triangle = very nearly area of the spherical 
triangle = A*", whence 

x = ^K A'-^A-^K 

The same rcjisoning applies to each of the other angles, so that 

B' = B-iK C'=-C-iK 

which proves the theorem. 

163. This theorem is applied in geodetical surveying, and is found to be sufficiently 
accurate for triangles whose sides are considerably greater than 1°. It is to be remem- 
bered that the sides are to be expressed in arc; and if they are given in feet (for 
example), they must be reduced to arc by dividing by the radius in feet, or, which is 
equivalent, the area must l)e divided by the square of this radius. If then r = radius 
of the earth in units of any kind, a, 6 and c the sides of the triangle in units of the 
same kind, and k the area of the ]>lane triangle, we shall have A" in seconds, by the 
equation 

• ;•» sin y^ 

Example. 

In a triangle upon the earth's surface, given 6-^183496-2 feet, c = 1561221 feet^ 
and A - - 48° 4^ 32'''35 ; to find the remaining parts. 
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We have k = i b csln A, and the mean value of r -= 20888780 feet Hence 

log 6 5-26363 

log c 51 9346 

log sin A 9-87159 

ar CO log 2 r^' sin V^ 037356 

jr=5''04 logA" 0-70224 

It 18 evident that great accuracy in the value of r and of the other data is not 
required in computing K. We now have iK= 1^^-68, A^ = 48'» r W^'67, and by 
solving the plane triangle with the data A^^b and e, we find 

o = 1405800 feet B^ = 76'» 12' 22''-19 C = 55° 43' 7''-13 

Adding ^ Kto each of these angles, the angles of the spherical triangle are 

B = 76° 12' 23"-87 C = 55«» 43' 8"-81 

For furth^ details respecting geodetical triangles, and for the methods of solving 
spheroidal triangles, special works upon geodesy must be consulted, such as Legendre's 
Analyse des Triangles traeia sur la sur/aee (Tune vphhoide ; Puissant* s TraiU d'i 
(^Sodiaie ; Puissant' s Nouvel essai de trigonomiirie ephiroidique ; Fischer's Lekrbuch der 
hoheren Oeoddsie; various papers by Gauss, Bessel, etc 

164. To solve a spherical triangle when two of its sides are nearly 90°. 

If a and 6 are nearly 90°, e and C are nearly equal, and it will be expedient to com- 
pote the small quantity C — c by an approximate method We have, by (25), 

sin« i c = sin^ J (a + ^) sin* J C+ sin« } (« — ^) «»' J C' 
and by PL Trig. 

sin« i C= [sin» } (o -f 6) + cos« i (« + 6)] sin* J C 
the difference of which equations is 

sin K C+ c) sin J (C — e) = cos» J (a + 6) sin' } C— sin* i{a — b)co^iC 
Let 

a' = 90° — a 6' = 90° — 6 

a^ and y being very small : also, since C and e are nearly equal, put 

i(0+c) = C 
then the above equation becomes 

sin Csin J (C— c) = sin« J (a' + 6') sin" J C— sin» J (a' — 6') oos» J C 

Dividing by sin C=2 sin J C cos } C, and substituting the arcs i (C—e), 
i (a' + 6'), J (a' — 6'), for their sines, we find 



C-c = slny^^[<^)\.niC-(^'^)'cotic] 



(301) 



which is the required approximate formula for the case when a', 6' and C are given 
to find e. 

If a', 6' and c are given, to find C, we may exchange C for c in the second member, 
whence 

C - « = gin 1" [ (?i±ii) tan Jc-(5l^)'cotic] (302) 
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CHAPTER VIII. 



Fig. 25. 



MISCELLANEOUS PROBLEMS OF SPHERICAL TRIGONOMETRY. 

165. In a given spherical ii-iangUy to fitui the perpendicular from one of the angles upon 
the opposite side. 

Denoting the perpendicular upon the side c ( Fig. 25) 
by Pf we have 

sin p = sin 6 sin A (303) 

If the three sides or the three angles are given, we 
find by (48), or (51), and (303), 

O AT 

(304) 




2n 2N 
sm p = -— = -^-— 

sin c sin C 



Fig. 26. 



in which n and N are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of p, we 
have, by (55), (56), and (303), 

.^ ^ 2 sin J ^ sin i ^ „j 2 cos J a cos {6 ^.^ o (q(\^\ 

sin p = ■*- * — sin s=^ -^ — - *~ cos o («5Uo> 

cos } C sm } c 

166. To find the radius of the circle described about a given spherical triangle. 

The radius here understood is the arc O A^:^ O B=^ O C\ 
Fig. 26, drawn from the pole of the small circle A B C txi 
either of the angles. Let 

OAB= OBA=x 
then C=OCA-{^OCB=^OAC^ OBC 

= ^ — ar-h B — X 
x^iiA-^ B-C)=S-C 

putting .9 — J (^ -f J? -f C ). 

The triangle A B being isosceles, the perpendicular 
P bisects the side c, therefore if A :=^ R, we have 

tan i2 = "^-"-i^ = - ^*°-i-?_ 
cos X COS (S — C) 




(306) 



or, by {m), 



tan 



■n 2 sin ^ g sin ^ ft sin ^ c 



(307) 



n 



Bv applying the principles of Art. 37, this will give the corresponding formulae of 
PI. Trig. (285). 

167. P>om (65) and (66) we find 

cos (5 — C) = — cos 5 cot J a cot } 6 

by which (306) is reduced to 

tan R ^ ^^" i-"" ^''^ ^~ ^"^^ (308) 

— cos S 
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Also, by the last eqaation of (56), (306) becomes 

COS i a cos J b sin G 
1(>8. Substituting in (306) for tan i c by (39), 

— cos S 



tan 



R= V- ( 



COS {S — A) cos (S—B) cos {S— C) 



n) 



or, by (50), 



. r> COS S 

tan R^= — ^, — 



169. Let the sides of the triangle A B Q Fig. 27, be pro- 
duced to meet in A^, B\ and O' ; and denote the radii of 
the circles circumscribed ^howfA^ B C^ B^ A C, (y A B by 
12', R^', R"' respectively. Then if 2 S' denote the sum of 
the angles of A^ B C, (-4, B and C being the angles of 
ABC), 

2S' = 2n — B—C+ A 

S' — A' = TT — -^ (,A -\- B -^ C) = TT ^ 8 
so that (306) applied to A^ B C gives 



tan R^ =_ J^»i«-^,=:-^i4-^ 
co&{S' — A') —cobS 



and in like manner 



tan R'' = 
tan R''' =^ 



tan J 6^ 

— cos S 

tan J c 

— cos S 



Substituting for tan i a, etc., by (39), or for cos S by (69), 



tan R' 

tan R'' 

tan R''' 



cos (iV — 'J ) _ _ r_^ip i ^L^"^ f' t^^^J c 

ooA_[S^-_B) _ 2 COS J/*_sin^6^o»J c 
.V - -- 



n 



cos (S — C') _ _ 2 cos J a cos j 6 sin jj_c 



(309) 



(310) 



.• 



Fig. 27. 




(311) 



(312) 



170. Combining (310) with (312), we find the relation 

cot R cot R' cot R'^ cot R^^^ =^ xV« (313) 

If this be multiplied succesaively by the squares of (310) and (312), we obtain 



tan R cot R^ cot R/^ cot R' 
cot R tan R' cot ii'^ cot 12''^ 
cot R cot i2^ tan R'' cot i?/'' 
cot 72 cot R' cot /?'' tan R 



/// __ 

// ._. 
// _. 



cos* 5 
cos" (S 
coh' (.Sf 
cosM'S^ 



-1) 
B) 

C) 



(314) 
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171. Again, from (310) and (312) we find 

— tan R -j- t&n R' -{- tAn R'^ -\- tan R^^^ 

^ COB S -h C OS {S — A) -]- cm {S — B) + COS {S ^ C) 

N 

= 2cosMco 8i(B-fC)+2coeMcoe^(B~C) 

N 

whence 

— tan /2 -f tan i2' + tan /2'' + tan R'^' = ^ cos ^ ^ cob ^ B ooe ^ C ^gj^j 

N 
We shall find in a similar manner 

tan i2 - tan i2' + tan R'' + tan R'^' = icog_Ji ^ sin ^ ^ sin t C 

N 

tan 12 -f tan /2' — tan iJ'^ H- tan jg/// = lgj" | ^ co s j ^ sin ^ C 

N 

tan i2 + tan i2' + tan i2'' - tan R''' = -> sin M sin i B cob j C 

N 

It is also easily shown that 
tan« i2 + tan* jB' + tan» R'' -\- tan« R'^' = 2 + 2 cos ^4 cob jctmC .g^^ ^ 

172. Toyfnd (Ae radttM of the circle inscribed in a given spherical triangle, 

^^^' ^ In Fig. 28, being.the pole of the required circle, draw 

. OP', OP"' and OP"'' to the points of contact, and join 

OAyOB, We have P"' = O P"'' and the triangles 

, ^ P'' and ^ P'^' right-angled at P'' and P^'' ; hence 



(316) 




sinO^P'^ = ?i'?^^' 



sin O P^'' 



sin AO sin i4 



= sin O ^ P''' 



therefore A P*' -^^ A P''\ (for we cannot have 
O A P^' =^ TT — A P''^), and the pole of the inscribed circle is consequently found 
by the same construction as in piano, namely, by bisecting the angles of the triangle. 

If then we put s = i (a -}- 6 -f- c), and r := radius of the inscribed circle, we 
have 

A P"'' -f- B P' + CP" = A P"'' + a = «, A P^'^ = « — a 
and the right triangle A P'" gives 

tan r = sin (« — a) tan } A (318) 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (318), the value of tan J A^ 

ft 

*-- _. // sin {s — g) sin {s — 6) sin (a ~ c) \ 
\ \ sin 8 / 



or 



tan r 



n 



sm s 




Substituting, in (318), the value of sin (8 — a) given by (58), 

t3.n r ^^^^ " 

2 cos } A cos \ B cos J C 

Also, by (51), we have JV = J sin B sin Csin a, which reduces (320) to 

. sin i J5 sin i C - 

tan r ^^ -* — ' 



cos J A 



sin a 



(319) 



(320) 



(321) 



MISCELLANEOUS PROBLEMS. 



249 



173. Let tlie radii of the circles inscribed in the three triangles A^BC, B^AC\ 
<yAB of Fig. 27, be r\ r'' and t^^\ Then if 9^ denote the half sum of the sides of 
A^Bt\ we have 

2a^ -2Tr — 6 — c-fa 

8^ — a-— r — J(a-}-6-|-^) = ^ — « 



so that (318) applied to the three triangles, gives 

tan r' -~ sin « tan J A 
tan I"'-' -=-- sin s tan J ^ 
tan r^^^ = sin « tan i C 

Substituting in these the values of tan i A^ etc., or of sin 8, 



tan r^ = 
tan r^' = 
tan r^^'' = 



n 



.V 



Also, by (321), 



sin (« — a) 2 cos i ^ sin ^ ^ sin } C 

n .^ iV^ 

sin (« — 6) . 2 sin } ^ cos ^ £ sin J C 

n ^ iV^ 

sin (a — c) 2 sin } ^ sin J £ cos ^ C7 



. / cos i B cos i • 

tan r t= - * * sm a 

cos J -4 

tanr" ^co s ^ go^" M ,{„ ft 
COS i -B 



/// COS j^ A c os i B 



tan r'^' = 



sm e 



COS } C 
174. Tiie product of (319) and (323) gives 



tan r tan r' tan r'^ tan r^''= — = n' 



n' 



whence, as in Art. 170, 



cot r tan r^ tan r''' tan r'^' = sin' a 
tan r cot **^ tan r^^ tan r''^^ = sin* (« — a) 
tan r tan r^ cot r''' tan r^^^ = sin* (« — 6) 
tan r tan r^ tan r^' cot r''^ = sin* (« — c) 

175. We find from (319) and (323), as in Art. 171, 



— cot r -f- cot r' -f" «)t r^^ -f cot r'"' =^ 



4 sin j g sin ^ 6 sin j c 
n 



cot r - cot r' -h cot r^' + cot r'^' = 4 H\n j a <^ j b^m±c 



n 



cot r + cot r' - cot i^' -f cot r'^^ = ^_9^ j ^ ^^ri j b cos j e 



n 



cot r + cot r^ -f cot r'^ — cot r^^^ = - 



4_cos \ a c os j^ 6 sin j e 
n 



cot* r -I- cot* r^4- rot" r^' -f cot* r'^'' = 



2 — 2 cos n cos 6 co s c 
n* 



(322) 



I- (323) 



(324) 



(325) 



(326) 



.32 



\ 
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176. From (309) and (321), we find 

= 4»m i A sin i B sin i Ccoe }aco8^6cos}e (328) 

From (307) and the firet of (327), 

— cot r -f cot r^ -I- cot r^'' 4- cot r^^^ = 2 tan J2 (329) 

From (315) and (320), 

— tan B -f- tan iJ^ -f tan R^^ + tan R''^ = 2 cot r (330) 

and other similar relations are found by comparing (312) with (327), and (316) 
witli (323). 

177. The following relations are also worth remarking. 
If p is the perpendicular from C upon c, 



tan iJ sin p = 28in_JLa sinU 

cos i e 

^» - o:« « 2 cof» J ^ cos J B 
cot r sm p = * * — 

sin } C 



(331) 



178. The pole of the drele inacribed in a spherical triangle is also the pole of the circle 
circumscribed abotU the polar triangle; and the radii of these circles are complements of each 
other. 

The arcs bisecting the angles of a given triangle will evidently bisect the sides of the 
polar triangle, and will be perpendicular to those sides respectively ; the common 
intersection of these arcs is therefore at once the pole of the circle inscribed in the first 
and circumscribed nboul the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
tlie arcs thus drawn, being produced to meet the sides of the firet triangle, are perpen- 
dicular to those sides, and therefore pass through the points of contact of the inscribed 
circle. Each of these arcs = 90°, and is at the same time the sum of the two radii of 
the circles in question. 

This latter property is also obvious from the analytical expressions of the two radii. 
By means of it, we might have deduced all the fonnula? for the inscribed from those 
for the circumscribed circle, or vice versa. 

179. To find the arc joining the poles of the circles inscribed in^ and circumscribed about 
a given spherical triangle,* 

Fig. 29. ^ Let be the pole of the circumscribed circle. 

Fig. 29, and 0^ that of the inscribed circle. Put 
0(y = D; then 




COS i) = cos ylO cos ^0' + sin ^Osin ^0' cos 0^4 0' 

Bv Art. 166, we have OAB=^S— C, whence 

P " OAO' ^ S - C- i A =r: i (B - C) 

We have also 

cos AO^ ^= cos O^P con AP^= cos r cos [s — a) 

, ^/ sin O^P sin r 

sm A()= -^ ■ — 

•sin (XAP sin J A 



* Hymer's Spherical Trigonometry. 
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Therefore, , 

cos 7) 



cos R sin r 



= cot r cos (8 — 



«) -f t*n iJ ««-i (^r^ 

sin i A 



Substituting by (319), (307), and (44), 

ms/) _ s in 8 cos i s — a) - f- 2 sin ^ 6 sin J c sin j {b -\- c) 
cos R sin r n 

s in g -f s in 6 -4 sine 

whence, by (53), 

(cos D Y n 1 -j- si n g s in 6 -[- sin a sin c -{- sin 6 s in c — cos a oos 6 cos c 
cos R sin r/ 2 n* 

by PI. Trig. (179), ^ /si n g -f 2 sin ^ ajlni.^i.n i cX* 

= (cot r + tan jB)=» 
cos" D — cos^ (jB — r) -f- cos* /2 sin* r 
sin* i) == sin* {R — r) — cos* iJ.sin* r (332) 

If the inscribed circle is inscribed in A^BC, Fig. 27, and its radius ^= r^, we have, 
by a similar process, 



sin* D' = sin* (R -f r') — cos* /2 sin* r' 



(333) 



180. To find the equilateral spherical triangle inscribed in a given circle. 
U R= radius of the given circle, and A — one of the angles of the equilateral 
triangle, we have, by (310), and PI. Trig. Art. 76, 



whence 



t«„« 1? __ — _co8 I A 3^cos J A — 4 cos^ ^ A 

cos* } A cos' J A 

\ V 4 + tan* i2 ; 



(334) 



181. To find the equilateral spherical triangle circumscribed about a given cirde. 

li r -= radius of the given circle, and a -= one of the sides of the triangle, ^e find 



6inha=^J I ^ \ 

\ U + cot* r / 



(335) 



182. Git^en the base and area of a spherical triangle, to find the locus of the vertex. 



Fici. 30. 




Let a - the given base, and K = area of ABQ Fig. 30. 
Produce AB and AC to meet in A\ Let O be the yuAe 
of the circle descril)ed about A^BC. The radius of tliis 
circle is given by the first equation of (311), which, by 
(224) becomes 



tan R' = 



tan h a 



sin J A" 



(336) 



The second member of this efjuation, being constant 
all the triangles of the same ba»*e a, and the same area 
shows that R^ is also constant, and consequently, that 
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point A is always found ujion the circumference of the same small circle A^'BC. But 
A and A^ being the extremities of the same diameter of the sphere, A is also found 
uiK)n a small circle, equal and parallel to the circle A^BC. 
The perpendicular distance (/>') of from the base BC^ is found by the. equation 

/ cos R' 

008 0'^ = 

cos i a 

and the pole of the locus of ^ is in the same perpendicular, at a distance from 
BC = T — p^ = p^ whence 

, cos jB^ /oo-\ 

cosp= — -— (33<) 

cos i a 

The equations (336) and (337) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to Lexdl, 

183. To find the angle between the chords of two sides of a spherical triangle, 

Fio. 31. 





In Fig. 31, O being the center of the circumscribed circle, the angle between the 
chords of the sides ^-ICand J3Cis half the spherical angle A OB. If, then, 

C| = angle between the chords of a and 6 

we have 

cos Cj =r cos ^0P= sin O^Pcos^P 

or, by Art 166, cos C^, ^ sin (6f — C) cos J c (338) 

By (72) this becomes 

cos Ci = sin J a sin J 6 -f cos J o cos J h cos C (339) 

184. The preceding problem is employed for geodetical triangles, in which C, differs 
very little from C, in which case it is expedient to compute the small difference 
C — C, — J. We easily reduce (339) to the following : 

cos Ci ^= cos J (a — 6) cos' } C — cos i (a -\- h) sin* } C 

= cos»i C— 2sin« J (a — 6) cos-' J C — sin'M C^ 2 sin' i (a -f 6) sin* J C 

Subtracting cos C ^=r fos' J C — sin' J C, we have, 

sin J (C'-f r,) sin J (C— C) :-^8in' \ (a + 6) sin' J C— sin' i (a — 6) cos' J C 

or approximately, taking 

sin ; (C-L C,) =8in C--2 8in J Ccos i C 
and sin [ (C - C,) = J / sin V 

X being expressed in seconds, 

r-r- -^ sin' J fa -f 6) tan J C— .^ sin' } (a — 6) cot } C (340) 

sm V^ ' sm K' 
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185. If a great circle i DEy Fijyr. 32 • biMrt the base oj a ifphcrirtil triamfie ut ritfht nn, i 
«y TiYo/ cirde {FG >, perpfmiicuhr v> it, tiividv* the sides {At\ li(') into <<i'./»io*/^ wL> 
timet art proportion<U; ilmt is. '*^* 

sin FA :sin FC f^'m GB:m\ GC 



let P he the pole of FD, { IH* 1*0° , and 
PGF any great cirrle drawn ihroiiifh P, and 
therefore periK*ndictiIar u> 1)F. Tlitn, since 

PB - PA =-■ 2 PI) - Irso^ 

we have, liv (3), 
sin Fs'm FA --. sin Psin PA -- sin 7^in /'/y 

^= sin fi -in //f? 
sin /'sin FC'- sin // sin //O 



1341) 




whence, bv division, the tlic<»i\n» \'\\\ ;. The arc Fd is analogous to iho 

the l«we in plane trian-Ies. P'^mlkd to 

1'^. 7/" <iro nrca of f/rtnt cirri, :<, J/*, CI), Fi^r. •>•?', fn-minufaf hy ^^y ^' , . 
tie products of the inniienlA of th>- .ittni-fwrntnfs nn: cijunl tn nuf uuotht'r ; \\yii • * "**''"*''^<, 

tan J .lA'tan \ FAl tan \ CEvaw \ Kl) 



(342) 



Lf t P be the jKiIe of the cir.lc DACll Join PE 
and draw the perin-ndicnlais PF, Pd, hisectin^ tlie ans 
AB and CD, Then we have 

cc»A FF _ co-^ /*/•/ ti>< rF ('()n(iF 

cos/7; c... /v; .«>W7> cosc.;/> 



cos /•'/•/ 


TM. /-v.' 


("lis ^f A 


cif^aii 


COS /■'/:' 


.M^'/; 


f 


.OS ^7> 



which, bv PI. Triir. ■ll"s :riv.> :\\'l 




1S7. If thro "":-■ /,. ff.-.nri, from f/n nnqji^ nf it snhcrirnl /,..7. /, 

tn nuet the nj,fn,>ifr s/'Ay. f/;. nr'M/nrfx ,,f tttr .<iiir.H of thr nit,' ] '"'".'/« fht saniK poini 

bee.i„„l. ' - """"J"'""-> 0/ the »ule, u,iii 

Tiiiiu ;., I/:,, -M ..... .'.«ii 1....... 



be t'tpnd. 

Thus, in V'l'j. :U. \v shall have 

Mil J/;'<iij r'.K.Jn />7 



'/ »/ 



For we <;i-ily tiinl 

m'm I/;' -m \r 

sin r//' .in rv 

^irir.r sin r/> 

.sin/;.K sii, /;/• 

«.in .K'^ sin .!/» 



sin C//'' sin i:^ 1/ • 



(343) 



-in I/V;' 

"in <7\p 
sin lilW 

<<in A7Y" 
sin .1/Y'/ 




Mnhipivf,,:: thrse equations loirnher, the t,r(Hhief ^f *i 

wh. M.v :u:;,. * "^'^"^^ of the second ineinbew is unity, 

Thr -aiih- pn)|MTfv is easilv extende<l h. »!.. 

s.„K- .,,.... :,. i„ ,,l.,n,. ,ri:,„^,l..s. ,|,,, i,. when , rllT""' '■",'•'• '^'"'' '*"'"*" '»•« 



>n tiiapfa^^^ 
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of the inscribed circle ; and when the three arcs are the three perpendiculars upon 
the sides. 

The tirst three of these cases are obvious. To prove the last, if A^y B^ and C^, 
Fig. 34, are right angles, we have 

cosyl^^ cos CM' cobBC^ _ C08.4 J3 cos CA ci^BC _ , 
cos CB' ' oobBA' ' coeAV^ cos CB ' cos BA ' cos AO'' 

whence cos AB^ cos CA^ cos BC^ = cos CB^ cos BA^ cos AC^ 

and in the same manner we find 

tan AB' tan CA' tan BC' = tan CB' tan BA' tan AC 

Tlie product of these two equations gives the condition (343), and therefore the per- 
pendiculars intersect in the same point. 

1 89. To find the are drawn from any angle of a spherical triangle to a given point in the 
opponite side. 

In the triangle PAA"j Fig. 35, let PA' be drawn; we have 




cos P^' sin ^ ^-'^ = cos P ^' sin (AA' -]- A' A") 

— cos P -4' cos A' A" sin ^4 yl' 4 cos P ^' cos A A' sin A' A" 
But in the triangles PA A'j PA' A" we have, by (4), 

cos P^4' cos A A' — cos P. 4 -- sin PA' sin A A' cos PA' A 
cos PA' cos A' A" ^ coi^ PA" -\- sin PA' sin A'A" cos PA'A 
which substituted above give 

cos P A' sin A A" = vt)sPA sin A' A" -f cos P.4'' sin A A' (344) 

which determines P A'y the sides P-4 and PA" and the segments of the side A A" 
being given, 

190. lA*t three arcs PA, PA', PA", Fig. 35, passing through the same point P, 
be intersected by two otliers .4 A" and B B" whose intersection is Q; we have several 
svmmetrical relations among the parts of the figure which find their application in 

astronomy- 

lA'i the points Ay A', A" Ik? given in position by their distances from Qy and put 

A Q — a A B -li P B =-r 

A' Q --- a' A' B' - li' P B' -r y' 

A"Q^a" A"B" 3" P B" =^y" 

Bv PI. Tri^. il7n, we have 

sin a sin (a'— a") — sni a' &m {a'^ — a) -\- sin a" sin (a — a'') =: 

and in Fig. 35, 

sin ,-? sin J^ . d sin 7'' sin P^' 

sin a r- - . - ~ *'*^ ■'^ "^ — . 

sm Q siny 



MlSCELLANEOUa PItOBLEMS. 



wliicli, siibetiluted above, give 

Again, if we «ipreas (344) in the not 
cos (..! 4- )) «in («'-»") -rw* W'+r') "> 
which, tuliied lo (34n), givee 



tioD of tliU article, it becom«« 

(«"-a)-rCOB {ii"+ i") aiii («-«')=0 (.■I46| 






")+ - 



l{a"-B)-r 



in (,*"+/'! ^ 



i')-0 (347) 



ui,1"8in(a — ci')=0 (S48) 
rcjru/iT po/yAedron, ami (Ac radii 



1»1, If P U the i>olc of A Q, we have 

;' + r = /*' + r' = ^" -t 

and (!)4o) nnd (347) hoth give 

Ian ji Bill ia'— a") + Ian ^' sin (a"— o 

1 B2. Til find l/u indination af too ailjaeenl fact 
of the inncribtil nod rirrurrucribni sphere*. 

I^'t V and E, Fig. SG, be the I'eiitrea of two ndjacent faces whoH comirion edge ia 
A B; O llio centre of the inscribed and circiimecrilMd spheres. Draw O l> bbwcling 
An al right angles; draw CD, ED, wliioli will also evidently be |ierpendicu1ar lo 
.4 IS; and put 

/ --^ imlination of the fiices ^ CD E *""^- ^■ 

n mdios „f t\w .ircuniMTil^ sphere -^OA^OB 

r = radius of [lie inscribed sphere ;= C= OE 

a ^ one of the edges ^ .1 R 

-■ nimiliw of faces thai form a Holld angle 



:r of sides of a face 
Siip|«)se a Hiihcre to bo described about the centre with 
any nuliii", nml e n rf Ihe triangle formed nptm its surface 
l.y lb.' pianos COD, CO A. AOD; tliia Irianjtle is riglit- 
:initKd :it (( and gives 



-coa con, and 

COD-W-CDO^ — 
2 

ead-^-i angle of the pla 



-1/ 
sOACanAOAE 




/ 
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therefore 



008 



sin } / ^^ 



m 



sin — 



(349) 



Th^n from the triangles OCD, A CD, etc, we find 

r = — tan ^ i cot -- 
2 n 



(350) 



r = Iic<3sae=-.Rcoi a c dcGt c a d=^- Rcot— cot — 

n m 



R= — tan 1 / tan 
2 m 



(351) 



193. To find the gur/aee and volume of a regular polyhedron. 

Let /— mioiber of facii} of the polyhedron ; 6*= the surface, and V= the volunie ; 
then the area of each face (the notation of the preceding article being continucil > iis 
t-quai to 



iABXCDXn = a^' ** cot - 

4 n 



whence 



and since V= S\i r, 



a 7 nf ^ IT 
S — a^ . _; cot — 

4 n 



r^a»."-^an Jicot»- 
24 n 



(352) 



(353 > 



Fig. 37. 



194. To fiiul the surface and volume of a parallel ojnpcdj given the edges and their intli,, i- 
tions to each other. 

Let P, Fig. 37, be a paralU-K-piiK.-*!. 
whose edges O A - a, OB- h, 'J (' c, 
and their inclinations Ji C a, .1 O ( ' - 3, 
A B — >, ai-e given. 

The area of anv faw, as B C, is foun<l l»v 
the formula be sin «, and therefore for the 
whole surface, we have 

S - - 2 (6 c sin a — ac sin /? -f a b sin > ) ( 354 ) 

To find the volume, let CD be the alti- 
tude, then 

V .- base ABXOD^-absin^X C I) 

Suppose a >''|)hore to be described about O, whose intei*sections with the jjlanes 
' B O r, A O (\ A OH and I) O C are IV C' - a. A' C ^ /3, A' B' = }, and C J)'. 
The trianjrie A^ C/ D' is rijrht-angle<l at 1)\ whence 

C n -- r sin C /r c sin ;^ sin C'A'B' 

or by (40), if a -: A (a ^ .^ - } ), 

n 




whence 



C Drr^ "[ *^ I • [sin <7 sin {a — a) sin {a — ,/?) sin (a — y)] 
sin;- 

V =^2 abci/ [sin o sin (a - a i sin (<t — /3) sin (a — y)] 



(355) 



THE END. 



To vrmd fine, this book ibould be retnmed oi 
or before the date last ttamped below 
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